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ON REQULARIZED TRACE OF ONE
STURM-LIOUVILLE PROBLEM WITH

EIGENVALUE DEPENDENT BOUNDARY
CONDITION

Abstract

In the paper formula for the trace of Sturm-Liouville operator with eigenvalue
parameter in one of the boundary conditions is obtained

Let H be separable Hilbert space. Let, else L2 = L2 (H, (0, π)) ⊕ H, where
L2 (H, (0, π)) is a hilbert space of vector-functions y (t) (t ∈ (0, π)) , for which
π∫
0

‖y (t)‖2
H dt <∞. Scalar product Y, Z ∈ L2 (Y = {y (t) , y (π)}, Z = {z (t) , z (π)})

is defined as

(Y, Z) =

π∫
0

(y (t) , z (t))H dt+ (y (π) , z (π))H .

Let’s consider the problem

l [y] = −y′′ +Ay + q (y) y = λy (1)

y (0) = 0 (2)

y′ (π)− λy (π) = 0. (3)

where A is selfadjoint, positively defined operator in H (A ≥ E,E is identity opera-
tor in H) and has completely continous inverse in H, q (t) is selfadjoint and bounded,
for each t, operator in H.

Assume also that operator-function q (t) is weakly measurable, ‖q (t)‖ is bounded
on [0, π] as a function of t and satisfies the following conditions:

1. q (t) has the second weak derivative on segment [0, π] and q(l) (t) , l = 0, 1, 2 are
selfadjoint kernel operators in H for each t ∈ [0, π]: q(l) (t) ∈ σ1 ,

[
q(l) (t)

]∗
= q(l) (t)

2. functions
∥∥q(l) (t)

∥∥
σ1

, l = 0, 1, 2 are bounded on segment [0, π] ;
3. q′ (0) = q′ (π) = 0

4.
π∫
0

(q (t) , f, f) dt = 0 for each f ∈ H.

For q (t) ≡ 0 equation (1) will take on the form

l0 [y] = −y′′ +Ay = λy (1′)

It is possible to associate with problem (1)′ , (2) , (3) and (1)−(3) the self-adjoint
operators L0 and L = L0 +Q respectivly, in L2 , where

L0 : {y (t) , y (π)} → {l0 [y] , y′ (π)}, Q : {y (t) , y (π)} → {q (t) y (t) , 0} (4)

d (L0) = D (L) = {Y = {{y (t) , y (π)} : Ay, y′′ ∈ L2 (H, (0, π))}


