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SOME PROPERTIES OF THE FRACTIONAL
INTEGRALS ON THE
LAGUERRE HYPERGROUP

Abstract

Let K = [0,00) X R be the Laguerre hypergroup which is the fundamental
manifold of the radial function space for the Heisenberg group. In this paper
we obtain pointwise estimates for the fractional integrals in terms of maximal
and fractional maximal functions on the Laguerre hypergroup. On the basis of
these results the analogue Sobolev’s theorem for the fractional integrals on the
Laguerre hypergroup is proved.

1. Introduction

In this paper we define fractional maximal function and fractional integrals on
Laguerre hypergroup which can be seen as a deformation of the hypergroup of radial
functions on the Heisenberg group (see, for example [2], [4]-[10]). We study the
pointwise and integral estimates for the fractional integrals in terms of maximal
functions and fractional maximal functions on the Laguerre hypergroup. On the
basis of these results the analogue of Sobolev’s theorem for the fractional integrals
on the Laguerre hypergroup is proved.

The paper is organized as follows. In Section 2, we present some definitions and
auxiliary results. In Section 3, we give the main results such as Sobolev’s theorem
for the fractional integrals on the Laguerre hypergroup.

2. Preliminaries
Let m,, be the weighted Lebesgue measure on K = [0,00) x R, given by

x2otldudt
a>0.

dma(z,t) = =20 o>
Ma(@,?) m(a+1)

We denote by L,(K) = L,(K;dm,) the spaces of complex-valued functions f, mea-
surable on K such that

1/p

19,00 = | [ W@tPdmatat) | <oo it pelt o)
K

and

1/l L. x) = esssup|f(z, )] if p=oc.
(z,t)eK
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For 1 < p < oo we denote by WL, (K), the weak L,(K) spaces defined as the set
of locally integrable functions f with the finite norm

HMW%my:ggrmm«LweK:|ﬂawr>@ﬂ”.

Let |(x,t)|x = (x* + 4t%)'/4 be the homogeneous norm of (z,t) € K. For 7 > 0
we will denote by d,(z,t) = (ra,r?t) the dilation of (z,t) € K, and by B,(z,t)
the ball centered at (x,t) with radius r, i.e., the set of B,(z,t) = {(y,s) € K :
|(x —y,t — s)|g <}, and by B, the ball B,(0,0).

We denote by

Jolw,t) = =@ 1 (51 2,1))

the dilated of the function f defined on K preserving the mean of f with respect to
the measure dm,, in the sense that

/fr(x,t)dma(x,t) = /f(sc,t)dmoé(x,t)7 Vr > 0and fe L;(K).
K K

For (z,t),(y,s) € K and 6 € [0,2x[, r € [0,1] let

((z,t), (y,8))or = ((x2 + y% + 2zyr cos 9)1/2 ,t+ s+ zyrsin 9) .

The generalized translation operator T((fz) defined on the Laguerre hypergroup
is given for a suitable function f by

L F (@), (5 9))o) 0, i =0,

T((;t)f(y’ s) = 2 o

o [ (T 700000088 ) 02, >0
0 0

HT((x)f(y,s)H ) < ”f”Lp(K) (1)

Lp(K
(see for example [8]).

Let ¥ = 35 be the unit sphere in K. We denote by ws the surface area of ¥ and
by s its volume (see [3], [4]). For £ = (z,t) € K, consider the transformation given
by

2

z =r(cos)?, t =r?sinp,

where —71/2 < ¢ < 7/2, r = |¢|g and &' = ((cos )2, sinp) € L.

The Jacobian of the above transformation is 729"3(cos ¢)®. If f is integrable in
K, then

/ (@, t) dma(z, 1)
K

ﬂ'/2 o0

/ / f(r(cos @)2 12 sin ) r***3(cos ) “drdp.
—7/2 0

1
- 2l (a + 1)
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Since
w/2
1 (0% . !
(a1 1) /(COS@) d@—/df,
—7/2 b
we get
/f x,t) dme(x,t) //r2°‘+3f((5rﬁ') drd¢’. (2)
0

Here d¢’ is the surface area element on .
Lemma 1 [3], [4]. The following equalities are valid

r(eh) r(efh)

2T 2y e+ D3 + 1) e = dymla+2T(a+ DTS +1)

We define the fractional maximal function on the Laguerre hypergroup by

_B__
Mpgf(x,t) = sup(maBT) 3ata 1 /T((;i)\f(y, s)|dma(y,s), 0<pB<22a+4
r>0 ’
By

and the fractional integral by

%ﬂ%ﬂ—/ﬂ@%%)ﬁM4ﬂ%$Mmm$,0<6<M+4
K

If 6 =0, then M = M is the Hardy-Littlewood maximal operator on the Laguerre
hypergroup (see [4]).

The following theorem is proved in [4].
Theorem 1. 1. If f € L1(K), then M f € WL;(K) and

IM fllwr,yx) < Al fllz, k)

where A1 > 0 is independent of f.
2. If f € Lpy(K), 1 <p < o0, then M f € L,(K) and

M fllz,m) < Apll fllL,m)

where Ay > 0 is independent of f.

Corollary 1. If f € Lj,.(K), then

lim
r—0 ma

/‘T;‘i (y,5) — f(z,t)| dma(y,s) =0

for a.e. (z,t) € K.
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3. Estimates of fractional integrals on the Laguerre hypergroup
We first prove a lemma in the following which is being pointwise estimate for
fractional integrals I5f(z,t). Such type estimates are given in [1].
Lemma 2. Let 0 < f < 2a+4,1 <p< % Then for any locally summable function
f, and for every r > 0 and (x,t) € K the following inequality is valid

I51f|(z,t) < Cy 1M ) 1) + Ca 1”73 (M ) (a1, 3)

A
Q,220a+4 Ql_mfavu;f%
2 C 2
2 2

B_1 = _
-1 1-2°7%
Proof. For any r > 0 we have

where C =

Tolf1(@) / / T, )] [y, 9)lE 2 dma(y, s) =

BT K\Br
= Ji(z, t,r) + Jo(x, t, 7).

Firstly we estimate Ji(x,t,7). Summarizing on all £ > 0, we have

At £ [T Wl Dl dmaty,) = (1)
B
- / (:):t ’f(y7 )‘ ‘(3/7 S)|§_2a_4dma(y, S) <
M8y k1 \Byek,

X, \B—2a-4 .
<2 (2 kT) / T((x,y)f) | f(y,s)| dma(y, s) <

k=1
BZ_k+1r\B2_kr

< QorP M f(x,t) Z ( )6_2a_4 (2—k+1)2a+4 _

k=

= 2294 B0 f (1) Z 27k < CyrP M f(,t).
k=1

Therefore
Jl(mata T) S ClrﬁMf(xvt) (5)

Secondly, we estimate Ja(x,t,7).

Jo(a,t,r) = / T 1, )] |9 9) 2 dmaly, s) <
K\ B,

<> [ T el dmaty.s) <

k=0
Bok+1,\Bk,
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<Y (@)t / Ty, 5)|dmaly, s) <

k=0 Bykt1,\Bok,

o0
<0, TN (0,1) (2P @R < 0y T M (),
P
k=0

where 3 — % < 0.
Therefore R
Jo(w,t,r) < Cor”™ v M f(x,1). (6)
P

Then from and @ we get the inequality . Therefore the proof of Lemma 2 is
completed.

Theorem 2. Let 0 < 8 < A, 1<p<3,1<r<oo cmd1 l—§+%. Then for

any f € Ly(K) and My f € L,.(K) the following estzmatzon is valid:
p

Bp

_Bp _
116112, 00) < (O +Co) A~ HMgfnLr 11117, - (7)

M f(z.1) X
r=r(z,t) = (W) ,

in (3)) for every (z,t) € K we have

Proof. Taking

Bp

Islfl(@.1) < (Cy +Co) (M flat)) * (M f(,0)) (8)

Integrating on K and applying Holder’s inequality to inequality we get

[ 151516 amae ) <

K
% Bpg
< (Cl+02)q/(M;f(a:,t)> (Mf(z,£))7 X" dma(, t)
K
Spas’ 1/s
< (C1 + Cy)1 /(Mﬁ@,t)) Y dma(z,t) | x
K

1/s
- /(Mf(x,t))(q_m;q)s dma(z,t) |,
K

Where(q—@)s—p,s —:51:%,%:% §+%

Then we have

/ Lo f (a0 dma(e,1) | <

K
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1/sq
< (C1 + Cy) /(Mf(x,t))p dme(x,t) X
K
8
Ar
X / (MA f(x,t)) dma(z,t) | <
P
K
1/sq

< (Cy + Cp) A} /V@m%m@ﬂ <

Bp
Ar

X / (M%f(a:,t)y dme(z, 1)

K
and therefore

Bp
q A
5100 < (Co+ COAZ Iy [20as]])
Cr+ Co) A, R 1 5 || *
3 o
< (G O Wl 2 A

Thus the proof of Theorem [2] is completed.

By using Lemma 2 and Theorems [T] and [2] it can be easily proved that the

following Hardy-Littlewood-Sobolev theorem for fractional integrals on the Laguerre
hypergroup is valid.

Theorem 3. Let 0 < 3 < 20+4 and 1 < p < 224,

1)Ifl<p< 2‘15'4, f e Ly(K) and%—%— a1 then Igf € Ly(K) and

p
HmmmmstwM%uwmm

2)If f € L1(K) and 1 — 2a+4, then Igf € WLy(K) and

nwﬂm@N@Sq@—wﬂm*c#wzﬂ*mAﬂﬂum

Proof. i) For r = 0o, A = 2a + 4 from and @)7 we have

_p
q

» P
H[ﬁf”L (K) = < (C1+Cy) A p? HM%JCHLOO(K) ”szp(K)

1-2 r
< (Cr+ Co) Ayt esssup | TN 11, ey 117

(z,t)eK

p
< (Cr+C) A | fllL,x)
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ii) From (3]) for p =1 and X\ = 2a + 4 we obtain
Ig|f|(x,t) < C1rP M f(x,t) + Cor® 224 Mooy f (2, 1)
<qlg— DYV (M (@, 4) 7 (Maayaf(2,t)

_ 1 1-1
<q(q— DMt e 1oy M (2, 0)7 (11, .
Then applying Theorem [T we have

fio {(, 1) € K : Ig| f|(x, 8) > t}1/4
_ _ 1/q
< pg {(a:,t) eK: Mf(x,t) >q 9q— 1)q7101_1021 qtq”f”};l(qug)}

_ —1/¢A
< qlg = D10 fll .

Therefore the proof of the theorem is completed.
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