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SOME PROPERTIES OF THE FRACTIONAL

INTEGRALS ON THE

LAGUERRE HYPERGROUP

Abstract

Let K = [0,∞) × R be the Laguerre hypergroup which is the fundamental
manifold of the radial function space for the Heisenberg group. In this paper
we obtain pointwise estimates for the fractional integrals in terms of maximal
and fractional maximal functions on the Laguerre hypergroup. On the basis of
these results the analogue Sobolev’s theorem for the fractional integrals on the
Laguerre hypergroup is proved.

1. Introduction

In this paper we define fractional maximal function and fractional integrals on
Laguerre hypergroup which can be seen as a deformation of the hypergroup of radial
functions on the Heisenberg group (see, for example [2], [4]-[10]). We study the
pointwise and integral estimates for the fractional integrals in terms of maximal
functions and fractional maximal functions on the Laguerre hypergroup. On the
basis of these results the analogue of Sobolev’s theorem for the fractional integrals
on the Laguerre hypergroup is proved.

The paper is organized as follows. In Section 2, we present some definitions and
auxiliary results. In Section 3, we give the main results such as Sobolev’s theorem
for the fractional integrals on the Laguerre hypergroup.

2. Preliminaries

Let mα be the weighted Lebesgue measure on K = [0,∞)× R, given by

dmα(x, t) =
x2α+1dxdt

πΓ(α + 1)
, α ≥ 0.

We denote by Lp(K) = Lp(K; dmα) the spaces of complex-valued functions f , mea-
surable on K such that

‖f‖Lp(K) =

∫
K

|f(x, t)|p dmα(x, t)

1/p

< ∞ if p ∈ [1,∞),

and
‖f‖L∞(K) = ess sup

(x,t)∈K
|f(x, t)| if p = ∞.
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For 1 ≤ p < ∞ we denote by WLp(K), the weak Lp(K) spaces defined as the set
of locally integrable functions f with the finite norm

‖f‖WLp(K) = sup
r>0

r (mα {(x, t) ∈ K : |f(x, t)| > r})1/p .

Let |(x, t)|K = (x4 + 4t2)1/4 be the homogeneous norm of (x, t) ∈ K. For r > 0
we will denote by δr(x, t) = (rx, r2t) the dilation of (x, t) ∈ K, and by Br(x, t)
the ball centered at (x, t) with radius r, i.e., the set of Br(x, t) = {(y, s) ∈ K :
|(x− y, t− s)|K < r}, and by Br the ball Br(0, 0).

We denote by
fr(x, t) = r−(2α+4)f

(
δ 1

r
(x, t)

)
the dilated of the function f defined on K preserving the mean of f with respect to
the measure dmα, in the sense that∫

K

fr(x, t)dmα(x, t) =
∫
K

f(x, t)dmα(x, t), ∀r > 0 and f ∈ L1(K).

For (x, t), (y, s) ∈ K and θ ∈ [0, 2π[, r ∈ [0, 1] let

((x, t), (y, s))θ,r =
((

x2 + y2 + 2xyr cos θ
)1/2

, t + s + xyr sin θ
)

.

The generalized translation operator T
(α)
(x,t) defined on the Laguerre hypergroup

is given for a suitable function f by

T
(α)
(x,t)f(y, s) =


1
2π

2π∫
0

f (((x, t), (y, s))θ,1) dθ, if α = 0,

α
π

1∫
0

(
2π∫
0

f (((x, t), (y, s))θ,r) dθ

)
r(1− r2)α−1dr, if α > 0.∥∥∥T (α)

(x,t)f(y, s)
∥∥∥

Lp(K)
≤ ‖f‖Lp(K) (1)

(see for example [8]).
Let Σ = Σ2 be the unit sphere in K. We denote by ω2 the surface area of Σ and

by Ω2 its volume (see [3], [4]). For ξ = (x, t) ∈ K, consider the transformation given
by

x = r(cos ϕ)1/2, t = r2 sinϕ,

where −π/2 ≤ ϕ ≤ π/2, r = |ξ|K and ξ′ = ((cos ϕ)1/2, sinϕ) ∈ Σ.

The Jacobian of the above transformation is r2α+3(cos ϕ)α. If f is integrable in
K, then∫

K

f(x, t) dmα(x, t)

=
1

2πΓ(α + 1)

π/2∫
−π/2

∞∫
0

f
(
r(cos ϕ)1/2, r2 sinϕ

)
r2α+3(cos ϕ)αdrdϕ.
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Since

1
2πΓ(α + 1)

π/2∫
−π/2

(cos ϕ)αdϕ =
∫
Σ

dξ′,

we get ∫
K

f(x, t) dmα(x, t) =
∫
Σ

∞∫
0

r2α+3f(δrξ
′) drdξ′. (2)

Here dξ′ is the surface area element on Σ.

Lemma 1 [3], [4]. The following equalities are valid

ω2 =
Γ(α+1

2 )
2
√

πΓ(α + 1)Γ(α
2 + 1)

, Ω2 =
Γ(α+1

2 )
4
√

π(α + 2)Γ(α + 1)Γ(α
2 + 1)

.

We define the fractional maximal function on the Laguerre hypergroup by

Mβf(x, t) = sup
r>0

(
mαBr

) β
2α+4

−1
∫
Br

T
(α)
(x,t)|f(y, s)| dmα(y, s), 0 ≤ β < 2α + 4

and the fractional integral by

Iβf(x, t) =
∫
K

T
(α)
(x,t)|(y, s)|β−2α−4

K f(y, s)dmα(y, s), 0 < β < 2α + 4.

If β = 0, then M ≡ M0 is the Hardy-Littlewood maximal operator on the Laguerre
hypergroup (see [4]).

The following theorem is proved in [4].

Theorem 1. 1. If f ∈ L1(K), then Mf ∈ WL1(K) and

‖Mf‖WL1(K) ≤ A1‖f‖L1(K),

where A1 > 0 is independent of f .
2. If f ∈ Lp(K), 1 < p ≤ ∞, then Mf ∈ Lp(K) and

‖Mf‖Lp(K) ≤ Ap‖f‖Lp(K),

where Ap > 0 is independent of f .

Corollary 1. If f ∈ Lloc(K), then

lim
r→0

1
mαBr

∫
Br

∣∣T (α)
(x,t)f(y, s)− f(x, t)

∣∣ dmα(y, s) = 0

for a.e. (x, t) ∈ K.
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3. Estimates of fractional integrals on the Laguerre hypergroup
We first prove a lemma in the following which is being pointwise estimate for

fractional integrals Iβf(x, t). Such type estimates are given in [1].
Lemma 2. Let 0 < β < 2α+4, 1 ≤ p < λ

β . Then for any locally summable function
f , and for every r > 0 and (x, t) ∈ K the following inequality is valid

Iβ|f |(x, t) ≤ C1 rβ(Mf)(x, t) + C2 r
β−λ

p (Mλ
p
f)(x, t), (3)

where C1 = Ω222α+4

2β−1
, C2 = Ω

1− λ
p(2α+4)

2 2
2α+4−λ

p

1−2
β−λ

p
.

Proof. For any r > 0 we have

Iβ|f |(x, t) =

∫
Br

+
∫

K\Br

T
(α)
(x,t)|f(y, s)| |(y, s)|β−2α−4

K dmα(y, s) =

:= J1(x, t, r) + J2(x, t, r).

Firstly we estimate J1(x, t, r). Summarizing on all k > 0, we have

J1(x, t, r) ≤
∫
Br

T
(α)
(x,t) |f(y, s)| |(y, s)|β−2α−4

K dmα(y, s) = (4)

=
∞∑

k=1

∫
B

2−k+1r
\B

2−kr

T
(α)
(x,t) |f(y, s)| |(y, s)|β−2α−4

K dmα(y, s) ≤

≤
∞∑

k=1

(
2−kr

)β−2α−4
∫

B
2−k+1r

\B
2−kr

T
(α)
(x,t) |f(y, s)| dmα(y, s) ≤

≤ Ω2r
βMf(x, t)

∞∑
k=1

(
2−k
)β−2α−4 (

2−k+1
)2α+4

=

= Ω222α+4rβMf(x, t)
∞∑

k=1

2−kβ ≤ C1r
βMf(x, t).

Therefore
J1(x, t, r) ≤ C1r

βMf(x, t). (5)

Secondly, we estimate J2(x, t, r).

J2(x, t, r) =
∫

K\Br

T
(α)
(x,t)|f(y, s)| |(y, s)|β−2α−4

K dmα(y, s) ≤

≤
∞∑

k=0

∫
B

2k+1r
\B

2kr

T
(α)
(x,t)|f(y, s)| |(y, s)|β−2α−4

K dmα(y, s) ≤
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≤
∞∑

k=0

(2kr)β−2α−4

∫
B

2k+1r
\B

2kr

T
(α)
(x,t)|f(y, s)|dmα(y, s) ≤

≤ Ω
1− λ

p(2α+4)

2 Mλ
p
f(x, t)

∞∑
k=0

(2kr)β−2α−4(2k+1r)2α+4−λ
p ≤ C2 r

β−λ
p Mλ

p
f(x, t),

where β − λ
p < 0.

Therefore
J2(x, t, r) ≤ C2r

β−λ
p Mλ

p
f(x, t). (6)

Then from (5) and (6) we get the inequality (3). Therefore the proof of Lemma 2 is
completed.

Theorem 2. Let 0 < β < λ, 1 < p < λ
β , 1 ≤ r ≤ ∞, and 1

q = 1
p −

β
λ + βp

λr . Then for
any f ∈ Lp(K) and Mλ

p
f ∈ Lr(K) the following estimation is valid:

‖Iβf‖Lq(K) ≤ (C1 + C2)Ap
1−βp

λ ‖Mλ
p
f‖

βp
λ

Lr(K) ‖f‖
1−βp

λ

Lp(K). (7)

Proof. Taking

r = r(x, t) =

(
Mλ

p
f(x, t)

Mf(x, t)

) p
λ

,

in (3) for every (x, t) ∈ K we have

Iβ |f |(x, t) ≤ (C1 + C2)
(
Mλ

p
f(x, t)

)βp
λ (Mf(x, t))1−

βp
λ . (8)

Integrating on K and applying Hölder’s inequality to inequality (8) we get∫
K

Iβ|f |(x, t)qdmα(x, t) ≤

≤ (C1 + C2)q

∫
K

(
Mλ

p
f(x, t)

)βpq
λ (Mf(x, t))q−βpq

λ dmα(x, t)

≤ (C1 + C2)q

∫
K

(
Mλ

p
f(x, t)

)βpqs′
λ

dmα(x, t)

1/s′

×

×

∫
K

(Mf(x, t))(q−
βpq
λ

)s dmα(x, t)

1/s

,

where (q − βpq
λ )s = p, s′ = s

s−1 = λr
βpq , 1

q = 1
p −

β
λ + βp

λr .

Then we have ∫
K

|Iβf(x, t)|q dmα(x, t)

1/q

≤
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≤ (C1 + C2)

∫
K

(Mf(x, t))p dmα(x, t)

1/sq

×

×

∫
K

(
Mλ

p
f(x, t)

)r
dmα(x, t)


βp
λr

≤

≤ (C1 + C2)A
p
sq
p

∫
K

|f(x, t)|pdmα(x, t)

1/sq

×

×

∫
K

(
Mλ

p
f(x, t)

)r
dmα(x, t)


βp
λr

and therefore

‖Iβf‖Lq(K) ≤ (C1 + C2)A
p
sq
p ‖f‖

p
sq

Lp(K)

∥∥∥Mλ
p
f
∥∥∥βp

λ

Lr(K)

≤ (C1 + C2)Ap
1−βp

λ ‖f‖1−βp
λ

Lp(K)

∥∥∥Mλ
p
f
∥∥∥βp

λ

Lr(K)
.

Thus the proof of Theorem 2. is completed.
By using Lemma 2 and Theorems 1. and 2. it can be easily proved that the

following Hardy-Littlewood-Sobolev theorem for fractional integrals on the Laguerre
hypergroup is valid.

Theorem 3. Let 0 < β < 2α + 4 and 1 ≤ p < 2α+4
β .

1) If 1 < p < 2α+4
β , f ∈ Lp(K) and 1

p −
1
q = β

2α+4 , then Iβf ∈ Lq(K) and

‖Iβf‖Lq(K) ≤ (C1 + C2) A
p
q
p ‖f‖Lp(K).

2) If f ∈ L1(K) and 1− 1
q = β

2α+4 , then Iβf ∈ WLq(K) and

‖Iβf‖WLq(K) ≤ q(q − 1)1/q−1C
1/q
1 (C2)1−1/qA1‖f‖L1(K).

Proof. i) For r = ∞, λ = 2α + 4 from (1) and (7), we have

‖Iβf‖Lq(K) ≤ (C1 + C2) Ap

p
q ‖M 2α+4

p
f‖

1− p
q

L∞(K) ‖f‖
p
q

Lp(K)

≤ (C1 + C2) Ap

p
q ess sup

(x,t)∈K
‖T (α)

(x,t)|f |‖
1− p

q

Lp(K) ‖f‖
p
q

Lp(K) ≤

≤ (C1 + C2) A
p
q
p ‖f‖Lp(K).
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ii) From (3) for p = 1 and λ = 2α + 4 we obtain

Iβ|f |(x, t) ≤ C1r
βMf(x, t) + C2r

β−2α−4M2α+4f(x, t)

≤ q(q − 1)1/q−1C
1/q
1 C

1−1/q
2 (Mf(x, t))

1
q (M2α+4f(x, t))1−

1
q

≤ q(q − 1)1/q−1C
1/q
1 C

1−1/q
2 (Mf(x, t))

1
q ‖f‖

1− 1
q

L1(K).

Then applying Theorem 1. we have

µα {(x, t) ∈ K : Iβ|f |(x, t) > t}1/q

≤ µα

{
(x, t) ∈ K : Mf(x, t) > q−q(q − 1)q−1C−1

1 C1−q
2 tq‖f‖1−q

L1(K)

}1/q

≤ q(q − 1)1/q−1C
1/q
1 C

1−1/q
2

A1

t
‖f‖L1(K).

Therefore the proof of the theorem is completed.
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