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ON COMPLETENESS OF ELEMENTARY
SOLUTIONS OF A FOURTH ORDER
OPERATOR-DIFFERENTIAL EQUATION ON A
FINITE SEGMENT

Abstract

In the paper we find conditions providing completeness of elementary solu-
tions in the space of generalized solutions of operator-differential equation of
fourth order on finite segment.

Let H be a separable Hilbert space, A be a positive-definite self-adjoint operator
in H, and Hy be a space of Hilbert scales generated by the operator A, i.e. Hy =
D (AQ), () = (A%,Aay), x,y € D (Ae), @ > 0. For # = 0 we assume that
Hy=H.

Let’s consider the following boundary value problem

d*u 4 1 d*Iu
P(d/dt)u(t) = +Au—|—ZAjW:O, te(0,1) (1)
Jj=1
u (0) = ¢;, uY (1) =45, =0,1, 2)

where the vector-function u (t) with values from H, ¢;, ¥, (j = 0, 1) are the known
vectors from H, the derivatives are understood in the sense of distributions theory
[1], A; (j = 1,4) are linear, generally speaking, unbounded operators in H.

Let’s define the following Hilbert spaces [1]. Let a,b € R = (—00,00), a < b and

b 2
Lo ((a,b) s H) = § £+ 1 anyian) = / If01Pdt| <o

and
W3 ((a,b); H) = {u:u" € Ly ((a,b) : H), A*u€: Ly ((a,b); H)}

with the norm

1
2

2 2
lullwz((apy;m) = <Hu,/HL2((a,b);H) + HAQUHLQ((a,b);H))
Further, we denote by
02

W, ((a,b): H) = {u cue W2 ((a,b); H) ,u® (@) = u® (b) = 0,5 = 0,1}

Let D ([a,b]; Hs) be a linear set of vector-functions w (t) with values in Hy and
possesing compact carriers in the segment [a, b].
This set is everywhere dense in the space W2 ((a,b); H) [1]. The linear set

o

D ([a,b]; Hy) = {u:ueD((a,b);H),u(j) (a) = u¥) (b) :o,j:o,l}
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is determined in the similar way.

It follows from the theorem on traces [1,p.29] that the set D ([a,b] ; Hy) is every-
o2

where dense in the space Wy ((a,b); H).

The following lemma is specifically proved in the paper [2]:

Lemma 1. Let the following conditions be satisfied:

1) A is a positive-definite self-adjoint operator with completely continuons inverse
A"l =C.

2) Bj = AjA™7 (j = 1,2) and B; = A72A;A*77 (j = 3,4) are the bounded
operators in H.

Then the bilinear functional P (u,g) = (P (d/dt)w, g) 1, 01),m) continues by con-

tinuity from the space D ([0,1]; Hy) & D ([0,1]; Hy) to the space W2 ((0,1); H) +
2

W4 ((0,1); H) as a bilinear functional, acting in the following way:

P (u,g) = (U7Q)W22((071);H) + P (u,9), (3)
where
2 2
(U:9>W22((0,1);H) = (u//’g”)Lg((O,l);H) + (A u, A g)Lg((O,l);H)

and

4
(2—5) M 4—j
Py (u,g) <A u g >L2 (1) + E (Aju*.g La((0,1):) (4)

j:l ]:3

Mw

Definition 1. If the vector-function u € W3 ((0,1); H) satisfies the equality (3)
o2 .
forallg e W4 ((0,1); H) and }ir%Hu(J cpJHQ =0, hmHu —@/Jszijil =
0, 7=0,1, then u(t) is said to be a generalized solutzon of problem (1), (2).
In the paper [2] the following theorem is also proved:
Theorem 1 [2]. Let the conditions 1) and 2) from lemma 1 be fulfilled and it
hold the inequality

4
a=> m;|Bjll <1, (5)

j=1
h = _ _ ! = 1. Th H d
where my = mg = \ﬁ, mey = 5, mq4 = L. en for any ¢; € 2-j-1 an
Y € HQ_]._; (i = 0,1) there exists a unique generalized solution and for any

2
02

g€ Wy ((0,1); H) it holds the inequality

ReP (g9,9) > (1 —«) H9HW2 (0,1):H) * (6)

In the present paper under some additional conditions we’ll prove the four-fold
completeness of a system of chains of eigen and adjoint vectors responding to the
boundary value problem 1), 2) corresponding to the operator pencil

4
PA)=ME+ A"+ AN, (7)
j=1
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and also completeness of elementary solutions of homogeneous equation P (d/dt) u =
0 in the space of generalized solutions.

Under another conditions the similar problems were studied for instance, in the
papers [3,4,8,9].

Definition 2. If for some Ay the equation P (Xo) ¢y = 0 has a non-zero solution,
the number X\ is said to be an eigen value of the operator pencil P (\), and ¢y an
eigen vector of the pencil P (X), responding to the eigenvalue \o. if the vectors ¢y,
©15---,0m Satisfy the equations

k

Z ]) )\0 Sok; —j» k:07m7
=0

then @g, ©1:---:9y, 5 said to be a chain of eigen and adjoint elements of the operator
pencil P (\), responding to the eigen vector .

Definition 3. If {¢g, ¢1,..., 0} s a chain of eigen and adjoint vectors of the
pencil P (\) responding to the eigenvalue \g, the vector-functions

t th
Up (t) = 6)\015 (Sph + nghfl “+ ...+ h'@0> s h = O,m

satisfy the equation P (d/dt) u(t) = 0 and are said to be elementary solutions re-
sponding to the eigenvalue Ao [5].
If Ao are eigenvalues, the elementary solutions have the following traces

w _ @&

“h @Uh (t)

dl/
dtv

) 7/1(V) Up (t)

t=0 t=1

that are said to be derivative chains.

By means of derivative chains gogly) and 1/)2”) (v =0,1) we determine the vectors

Pn = (w%o),sah 0 g )€H4 h=0,m.

By K (II) we denote all positive vectors ¢, responding to all eigen values and
eigen vectors of the pencil P ().

Definition 4. The system K (II) is said to be four-fold complete in the traces
space if the system K (II) is complete in the space

~ 1 1

Lemma 2. Let the conditions 1) and 2) be satisfied. In order the system K (II)
be four-fold complete in the traces space, it is necessary and sufficient that for any
vectors x € Hy_, 1 and 8; € H,_, 1,1 =0,1 from the holomorphic property of the

2 2
1
vector-functions Z:A%’;%P_1 (X)* ()\iA%i*%Xi + )\ie’\AQ”'*%Q,-) in the complex

plane 11 it follow; ;i =6,=0,i=0,1.

The proof of the lemma follows from Loran expansion (P_1 (X)yk in the vicinity
of eigen values (see [3], [5], [6]).

At first we prove that the pencil P ()), whose coefficients satisfy the conditions
1) and 2) from lemma 1, under some additional conditions has a discrete spectrum.
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It holds

Lemma 3. Let the conditions 1), 2) from lemma 1 be satisfied and the operator
E + By be invertible in H. Then the operator pencil P (\) has a discrete spectrum
with a unique limiting point at infinity. If A~ = C € o, p > 0, the resolvent
P~Y()\) is represented in the form of ratio of two entire functions of order p and
minimal type at order p.

Proof. Obviously

4 4
P\ = (NE+4Y) + 3 X174, = A2 [ (Mot + B) + Y NH024,0% | A% =
j=1 Jj=1

= A2 ((MC*+ B) + N*C? (A1 A7Y) C + M\2C? (AA7?) +
A (AT2AZATY) O+ (AT2ALAT?)) A% =
A2 (MO 4+ E) + N3C?B1C + N2C?By + AB3C + By) A* = A’L (\) A%,

4
where L (A) = MC* + E+ > X*7ITj, where Ty = C2BiC € 0,3, Ty = C*BC €
j=1
Op/3s T3 = B3C € Op, T, = By.
Since L (0) = E + T} is invertible, then the pencil

3
LN =E+T) | [ME+T) T+ NI (BT T+ E
j=1

by the Keldysh theorem is invertible except denumarable points that have a unique
limiting point at infinity. Since (E +Ty) ' C* e op/as (B + Ty) Ty €0p/u—yj, j=
1,3, then by M.G.Gasymov’s lemma from [6] L~ ()) is represented in the form of
ratio of two entire functions of order p and of minimal type at order p. This property
relates to the operator pencil P (\) as well. The lemma is proved.

Lemma 4. When fulfilling the conditions of theorem 1, for £ € R and ¢ € Hy
the following inequalities

Re (P (i€) v, ) > 0 (('E+ AY) p,9), £ € R, p € Hy (8)
Re (P (i€) p,0) > 61 ('"E+AY) p,0) , E€R, p € Hy (9)
hold.
Proof. Let’s prove inequality (8). Inequality (9) is proved similar to inequality
(8).
Let g (t) = n(t) ¢ where n(t) # 0 is an infinitely differentiable scalar function,

moreover 7" (t) =0fort <Oandt>1, k>0, and ¢ € Hy. Then by theorem 1
we have

Re (P (d/dt)n (t) ¢, n(t) SD)LQ((OJ);H) > (1 —a)n(t) SDHIQ/VQ?((OJ);H)

After the Fourier transformation we have

Re (P (i€) 9. 0) 7 (€)I> = (1 = ) ((6%7(€) €1 () #) (o) +
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+A2ﬁ €3] 90) 7A2ﬁ €3] W))Lz(R;H) =(1-a) ((§4E + A4) <P><P)L2(R:H) ”ﬁ(f)”%g(R:H)

Hence the truth of inequality (8) follows.
Lemma 5. Let the conditions of theorem 1 be fulfilled. Then for & € R the

following estimates

HAQP_1 (i€) AQH < const, £ €R (10)
|A2P~1 (¢) A®|| < const, €€ R (11)

hold.
Proof. Let’s prove inequality (10). Inequality (11) is proved in the similar way.

Obviously,

Jj=1

4
A?PTl(¢) A% = A? (§2E + AT (i) Aj) A2 =

-1

4
= (25E—|—A2 1( Zz£4jz£E+A2) X

X Aj (—i€2E + A2)*1) (i2E + A2) 7" A2 (12)
It follows from spectral expansion of the operator A that
12 12
HA2 152E+A2 ‘ < sup —— < sup —— <1 (13)

uca(A) ( 4 52)% u>p>0 (H4 + 54)%
On the other hand, it follows the equality
H(i€)3 (IE2E + A%) " Ay (—ig?E + A%) ™ H -
= H (i6)? (i€2E + A%) "' (A1 A7) A (—i€2E + A2) " H

Since ||A1A7Y|| = || B1]|, and

2
i2i2E—|—A2_1§su§7§1
H(&) (i ) ‘ #230\/544-#4
and €l .
Ai€) (—ie?E+ A | < sup AL <
| i) (~ie N =5
then

I (14)

H(z'£)3 (i€2E + A%) ™" Ay (—i€%E + A2)*1H < \}5 I1B1 ]l

Let’s estimate the other terms. Obviously

(6)? (i€2E + 4%) ™" Az (—igE + 4%) 7| <

<o B + 427 (ara72) 42 (mi2E + 22) 7 <
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< ||e? (1B + 47| 1Ball - |42 (—ig2E + 42) 7| <
. & i
VeV

In sequel, we have:

1
1Bzl < 5 [1Be] (15)

H (i€) (i€ E + A%) " A3 (—i6?E + A?) ™ H =

- H (i€2E + A%) " A2 (A243A47Y) Aig (—i€?E + A?) " H <

. -1 . . -1 1
< |42 GeE a7 4ol - [AGe) (B 40| < Bl a0)
Finally, we have:
(€E+4%) " 4y (B + 4%) 7| =
=B+ a3 a2 (a2 4,42 a2 (B A2 <l (1)

Considering inequalities (13)-(17) in the equality (12), from inequality (5) we get
the proof of the lemma.

For proving the four-fold completeness of the system K (IT) we’ll use the method
of the papers [3,4]. Therefore, we’ll reduce the unbounded operator pencil to the
bounded pencil [3].

Denote L (A\) = A 2P (\) A2 = C?P ()\) C%

As is seen from the proof of lemma 2

4
L(\) =E+XC'+ Y AT,
j=1

where T1 = 02310, T2 = C2B, T3 = BgC, T4 = B4.

Denote the space of generalized solutions of the problem (1), (2) by Po. It
follows from the uniqueness of solutions and from the Banach theorem on the inverse
operator that for u € Po it holds the inequality

calellg < HUHWQQ((OJ);H) <cllelg. ©=(po,e1:%0,¥1) (18)

For proving the completeness of elementary solutions of first we’ll prove that the
system K (II) is four-fold complete in H.

Theorem 2. Let the conditions of theorem 1 and one of the conditions:

a) Al €0,, 0<p<2;0rb) B €00, A7' € 0p, 0 < p < 00; be fulfilled.

Then the system K (II) is four-fold complete in H.

Proof. Obviously, the four-fold completeness of the system K (II) is equivalent
to four-fold completeness in H* of the system of all derivative chains of eigen and
adjoint vectors of the pencil L (), responding to eigenvalues \; by the collection of
operator-functions (see [3], p.24)

(C%, AC%,eAC%,AeAC%) .
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If there is no four-fold completeness of the indicated system, then (see [3], p.8)
there will be found such non-zero vector z = (xo, r1,Y0,y1 € H 4), that the vector-
function

1
RN = (L* (V) [ YNz, 4 ANO3 Dy, | =
§=0

= (") x
is entire.

Here, taking into account lemma 5 and lemma 3 we get that on an imaginary
axis and on negative semi-axis the vector-function R (\) grows no more rapid than
a polynomial, but on a positive semi-axis it grows exponentially. Then by the
Fragmen-Lindeloff theorem [7] the vector-function R ()) is a vector-function of ex-
ponential type and in the left half-plane it grows no rapid than a polynomial.

Now, let’s consider the entire scalar function [3,4]

By = (L ()

X)X ) = (RO, () = A )+ B ()

where
and

are entire functions. Let’s prove that on an imaginary axis Fj (A) and F3 (\) behave
as o (|)\|_1>.
Prove it for Fy (A). For F; ()) it is proved in the similar way. Represent L (\) in

the form

L(A)=Lr(A)+Li(N),
where

4
Lr(A) =Re (I+MC") +Re ) ATy,
j=1

4
Ly(N) =Im (I +X'C*) +Tm Y AT,
j=1

It follows from lemma 4 that
Lr(i€) >0 (¢'C*+E), €€ R (19)
Similar to the problem [3] for £ € R we denote

G (i€) = (I —i?C?) ™" L (i€) (I +i€*C?) .
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Then, obviously, for £ € R
(G (i) ¢, 0) = (Lr (i€) (B +i62CY) " o, (B +i€2CY) ') =

> o (¢ + E) (B+i6CY) ™ ¢) (B +i€2C?) T p) 2 0 (p,9)

Thus, G (i€) > o then G~ (i§) < o7, £ € R.
For ¢ € R we have (see [3], p.18)
1

L*(i€) " = (B+i€C?) G2 (i§) [ — i (T (i€)] " G2 (i€) (B — i€*C?) ",
where

4
T (i€) = G2 (i€) (B —i€?C?) ™" [Im Y (ig)"™ Tj] x
j=1

x (E +i€2C?) G2 (i€).
Since T (i€) is a self-adjoint operator for any & € R, then

|-y | <1 eer

Since G2 (i€) < O'_%, then for £ € R we have
1
B (i©) < e 3 || (Le (%) " 3D, 035 | <
i,j=0

2i+41

(6% ) (B~ T (i) 6% (ig) (B —i2C?)) 0*F (B - ig%C?) 7 x

1
ey Jgt

i,j=0

1
< )| = e 30 I o (167 ) =0 (1871 Jel — oo,
i,j=0
where f; =x; or f =vy; (i=0,1).
Here we used the the following lemma from the paper [3].
Lemma 6 [3, p.13]. Let Q > 0, Q € 0 then in the domain A. = {\ : |arg \| > ¢},
—m <argA < for B €(0,1) and for any T € 0 the estimations

-2~ Q7| <clemin,

lim  sup HAﬁ (E - 2Q)~! QﬁTH —0.
=0\ >n, \EA

are fulfilled.
In the similar way we can get |F; (§)] = o <|)\\_1) for £ € R = (—00:0),

& — oo
Since F} (M) is an entire function and grows no more than a polynomial, then by

the Fragmen-Lindeloff theorem F (§) = o (|/\|71) in the left half-plane. F (\) has
the same property, i.e. F5(§) =o0 (])\|_1) in the left half-plane.
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Now, let’s denote ® (A) = Fy (A) + F»()) that in the left plane decreases as
0 <\)\]71>. It is easy to see that Re ® (\) = Re Fy (A\) for A = i¢€. Then Re ® (i£) > 0
for £ € R,i.e. Re(—® (i§)) < 0. If Re ® (i£) # 0 differs from zero even if at one point,
then by the Caratheodory inequality (see [3], p.20, or [7] p.28) for { € R_ = (—o00 : 0)
and €] > 1 we get |® (€)] > ¢|€]7!, ¢ > 0. This contradicts the estimation o (\)\|71>.

So, Re®(\) = ReFp(A) = 0 for A = i{. Hence by inequality (19) we get
X (A) =0. So, 29 = 1 = yo = y1 = 0. The theorem is proved.

Now, we can prove a theorem on completeness of elementary solutions.

Theorem 3. Let all the conditions of theorem 2 be fulfilled. Then the system of
all elementary solutions is complete in the space of generalized solutions of problem
(1), (2)

Proof. Let u(t) € Po (a space of generalized solutions). Let u(0) = ¢,
v (0) = ¢y, u(l) =g, v/ (1) = ;. Then by theorem 2, for any ¢ > 0 we can find
such a number ¢ y (€) that

N
€
Z ¢k, (€) CPJ(CV) — Py < 2y
K=1 Hz—l/—%
N 5
S an @9y — v, <gov=01
K=1 Hgfuf% 2
Then by inequality (18) we get
N
w(t) =Y ern (€)uk (1) <e.
K=1

W3((0,1);H)

The theorem is proved.
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