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WELL-POSEDNESS OF THE CAUCHY PROBLEM
FOR HYPERBOLIC EQUATIONS WITH
NON-LIPSCHITZ COEFFICIENTS

Abstract

In this paper we prove the well-posedness of the Cauchy problem for hyper-
bolic equations with anisotropic elliptic part and some non-Lipschitz coefficients.

Let’s consider the Cauchy problem for a second order hyperbolic equation:
n
U — Z aij (t) Ug;z; + Zb JUug; +c(t)u=0, (t,z)€[0,T]x R", (1)
ij=1

with initial conditions

uw(0,2) =uo (z), u (0,2) =uy (z), v € R", (2)
where .
a(t,&) =Y ay(t) fg’ > Xo > 0. (3)
ij=1

It is known that if a (t,€) satisfies the Lipschitz condition and b; (t), c(t) €
Loo (0,T),5 = 1,2...,n, then for any ug € H*(R,), u; € H* ' (R,) the problem
(1), (2) has a unique solution

u(-) € C([0,T]; H* (R")) nC* ([0, 1], H*~' (R")),

where s > 1 (see [1], c.3). From here follows that the problem (1), (2) is well-posed
in C*® (R").

If we reject the Lipschitz condition then this result generally speaking, stop to
be valid (see [2]).

In the paper [3] it is proved that if a (¢,£) € LL, (0,T), i.e. if a(t,§) satisfies
the logarithmic Lipschitz condition:

la(t+7,8) —a(t,§)] < clr|-[log] 7] -w(|7]),

where w (|7]) monotonically decreasing tends to zero, and |log| |7| - w (|7]) tends to
infinity, then the solution loses some reqularity then there exists § > 0 such that,
for all ug € H*(R,) wu; € H*"!'(R,) the problem (1),(2) has a unique solution

ueC ([O,T] ,H(slgf)) nct ([O T], H(s 1) 5) (this behavior goes under the name of

loss of derivatives). But in this case the problem (1), (2) is well-posed in C*° (R").

In the paper [4] it is considered the case when a; ; (t) = 0, ¢ # j and one a part of
coefficients belongs to the class LL,, (0,7") and other part of coefficients satisfies the
Lipschitz condition. It is proved that the loss of derivatives occurs in those variables
xy, for which appropriate coefficient agy, (t) belongs to the class LL,, (0,7T).
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It is interesting to investigate the Cauchy problem for the equation (1) with
singular coefficients. Many interesting results have been obtained in this direction.
For example in the paper [4] it is supposed that for each £ € R"™|{0} a(¢,&) €
C' (0,T] and

t7)d (t,€)] < ¢, t€ (0,77, (4)

where ¢ > 1. It is proved that if ¢ = 1, the problem (1), (2) is well-posed in C*° (R™).
If ¢ > 1 and
tla(t,8)| < e, t€ (0,717, (5)
where p € [0,1) N [0,q — 1),then the problem (1), (2) is well-posed in the Geverey
class v(*) (R") , s < _]19 (see [4]).
In this paper we consider the Cauchy problem for a higher order hyperbolic
equation with anisotropic elliptic part

n

u — Y (D)% ag () D2su+ Y b, =0, (t,z) €[0,T] x R", (6)

= 71<:

with initial conditions

u(0,z) =wup (z), w (0,2) =uy (x), v € R", (7)
where I, € N, ap € NU{0}, k=1,2,..., ‘l‘ 7_|_ —1—%:,
ag (t) >a >0, t€[0,7], (8)
t% lag, (t)] < e, t€(0,T], k=1,2...,n, (9)
bo (t) € Loo (0,T) . (10)

In order to formulate the basic results we introduce some denotation. By Wi\ (R™)
we’ll denote a functional space with the norm

1
2
lullywpi ey = / (HZ&Q“C) )’ de|

where A > 0, 4 = F [u],F is a Fourier transformation.

Let H be some Hilbert space. For s > 1 we’ll denote by ~(%) (R™; H) the Geverey
space, i.e. u € v (R H) if u e C®°(R™ H), and for all compact K C R" there
exists ¢,M > 0 such that

We introduce the following denotations:

0%u ()

< ceMlel(a)®.
50 < cM'™ (al)

‘ H

/

r = (xlv "'7xn1)7 " = (xn1+1, ,l‘n) ’gl = (51, gnl) 76,, = (£n1+17 ’gn)

U=, lny)s U= (yyits oo ln) -
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The main results of this paper are the following theorems.
Theorem 1. Let the conditions (8)-(10) be satisfied, where

qr €10,1), fork=1,2,...,n1, (11)

g =1, for k=ni+1,...,n. (12)

27”’

A > 1 the problem (6), (7) has a unique solution

Then for any uy € C™ (R"Q'WQ)‘V (R;})), u € C® (R;L,Z,;WQ(’\_DV (RZ})),

we O (0,110 (R w3 (1)) ) nc* (1o.1150% (Ruswif ™" (1)) ).

Theorem 2. Let the conditions (8)- (10) be satisfied, where
qr €10,1), for k=1,2,...,n1, (13)

g > 1, fork=ni+1,..,n. (14)

Additionally, let the conditions

tPF la (1) < ¢, t€[0,T], for k=mni1+1,..,n. (15)

be satisfied, where p € [0,1) N [0,q — 1). Then for any ug € 4 (RZ,Q,; W (R?)),
and
€00 (R WP (R)), 1< s < ‘q]:—f

the problem (6), (7) has a unique solution
we € (10,7):5 (R W (Rz))) ¢ (10,7190 (R Wi (R1))).

Scheme of the proof. The proof is carried out by the standard regularization
method that is based on some energetic estimations.

We denote v (¢,€) = F [u] (t,€) , where F is a Fourier transformation, let’s define
the weighted energetic function in the following way::

E(t)z/[lv’(t,§)|2+(1+\f’ l,+d(t,£”))!v(t,§)\2]-(1+}5’ )Y x
Rn
/ —1
x (1+ !5“ l,,))‘ exp —/a(r,f’) dr + B €¢",5 | dg,

0

where X > 0,\" > 0, ‘5’

ni n
= Zfilk} ‘5”{1,, = Z Ezl’“, B > 0 is a sufficiently
k=1 k=ni+1
large number,
T_{s(q—l), for g>1
1, for ¢g=1"
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n

> ar(T)Er, for T e"], <1,
k=n1+1
n
d(t.e) =3 > “k<!€” z—~’1”> wh for T, > L€, <1,
k=ni1+1
n
S an ()&, for e, > 1,
k=ni1+1
and .
d(t.e)— Y a )&, for tr|¢"], <1,
k=nq1+1
a(tg") = > a'kta)silk‘
L : for #"[€"], > 1.
Z ak(t)ﬁilk
\ k=ny1+1

At first we prove some auxiliary lemmas. The first of them is obvious.
Lemma 1. There exists such cy > 0, that

a (t) < ap, k=1,2,...,n7.
Lemma 2. If ¢4 =1, k=mny1+1,...,n,, then there exists such c¢; > 0, cg > 0,

that
d (tvfﬂ) S [Cl + c2 In (1 + ‘g” l”)] ‘g”
Proof.Let ¢ = 1, k =ny + 1,...,n. Then from (9) we have

ll/ *

ar (t) < ax (T) + |ag () — ax (T)] < ax (T) +

T
T 1
—|—/’a;€t (s)’dsgak(T)%—cfn?Scl—FcQ In <1+t) (16)
t

It follows from (8) and (16), that

ao ‘é-/l

1% < d (tagll) < [63 +cq tn (1 + ‘5//}1”)] ‘5//|l” '

By definition, of d (t,f”) for }5” < 1 we have

l//

d(t.) = > a@&r <ale|,. (17)
k=ni1+1
If 7[¢"|,, > 1, and ¢ |€"|,, < 1, then

d (t7£//) — Z a (‘51/

k=ni1+1

=1\ 20
1 ) gk é

1 n

" k=n1+1

= (Cl + (&) Kn (1 + ‘5”}1//)) ‘5”}[” .
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If ¢|¢”

> 1, then

d(t,e) = > a®)&* < [01 +c2 In (1 - 1)] "], <

k=ni1+1

< [01 +co In (1 + }5"

p)] 1"

Statement of the lemma follows from (8), (17) and (18).

The Lemma is proved.

Lemma 3. If ¢ =1, k=n1+1, na +2,...,n,, then there exists such constant
c3 > 0,7 >0, that

- (18)

ll/) )

t
/a "Vdr <c3+7 In (1—&-‘{”
0

If u=q>1k=n14+1, n1+2,...,n, then there exists such 61 > 0, that

q—1
l//r + 1) .

Proof. Let’s consider the case when g =1, k=n1+1,...,n

t
/a (T,{”) dr <1 <|f”
0

IfT }5" o < 1 then
t T
/an//dT /a7’§”d7<
0 0
T n n
<1 ames - Y ameh|irs
0 k=ni1+1 k=n1+1
n T
< > @ [l -amldars
k=nq1+1 0
T
<T pnax g (T) |¢" o /ak (1) dr < ar,
0
T
1
whoro or = e ou(r)+ 7, s f o (r)dr < oo
0
If T'[€"|,, > 1, then
‘ ‘é-//‘l—/ll

/a 7,&")ds < / o (s, &) dr+

0 0
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T 1€t n
[ aterms [ i) Y am| i
|£”|71 0 k=ni1+1
Z"
n
2/
ro| 2 ahe (D& €1 €l
k=
+ / - dr < / d(r,&")dr + Z TaE / ay, (7) dr+
2(
I DI NOL S e
k=n1+1
g//ll//
dr
Z 52& / 7 / c1 —|—02€n 1+ |§” g,,)] ‘§I/|l// dr+
k ni+1 ”
! " 0
‘5//‘4//
dr
+Z€2£k' / gn d7-+ Z / 7_c1—|—02€n< +‘£N@H>
k=n1 0 k‘ ni+1l .,
|£ |gl/
l€” ) T
T d
+c ‘gﬂ o / In—drt + E / l = €3+ C4£n (1 + ‘5// K”) : (19)
T a T
0 |&” 1t

Now let’s consider the case gy > 1, k=n; +1,...,n. In thiscase r = (¢ — 1) s

It 7" ‘5” o é 1, then
t T . T
/a(T,gl/ dT /a T 5// dr Z /|ak (T) —ay, (7_)|£i£kd7_ <
0 0 k=nq1+1 0
T
" - "
S k:nr?fl)f,_”nak (T) ‘g {l” + /CT pdT ‘5 o S
0

<ar- Tl—'r te- LTl—P ’51/ w < aTTl—'r + LTl—p—r.
1—0p 1

—-D
If T|¢"|,, > 1, then

_1
t |€H‘Z//T T
/a T ‘f" dr < / a(7’,§”)d7'+ / a(7,§”)d7’§
0 0 _1

IE”IZII’,‘
1
|£//|Z“r n T
< / d(r, &)= > ap(r) ™| dr+ / a(r,&")dr <

0 k=n1+1

1
e//
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1" 1 1" _%
" 1
16”1, €1,

< Y a(le

k=nq1+1 k=n1+1 0

n

20 _1
el DL dk (TG €,

k=n
+ / ;Jrl dr < % : |‘SH o / dr+
[//

k=ni1+1

_1
‘5//‘2//?4 T

dr dr "
o / de a / ﬁ <c ‘f

0 _1
‘5//|eur

1 _1 c
o . ﬂ (’é—/! @//T> E < ’é—/!
—p

Dyq _1
+c ‘5” g// : ’5// éur +

de |£—//

1

<cle], oo \f”

el/ Z//

— 1— 1 —1
Asr:(q—l)sands<%,followsth&t 1—7p<7andq
q-— s

S r
according to the Young inequality there exists such § > 0, that

|£// 1z : < C15 + 51 ‘g

Thus, by (20) and (21) the following inequality is valid

0
a(2+p) c c(2+5)‘

where § = 0 ; Cs = C15
1-p a(g—1) 1—p
Lemma 4. There exists such M > 0, that

l// .

1"

E(t)<ME(0), tel0,T].

Proof. We introduce the following functions:

t

H(t6) = (1+¢],)" (t+]¢"

0

By (t,€) = [\vttﬂ +(1+¢

< 1, then by definition of d (¢,£") we have

If ¢ |¢

e//

dEO (ta 5)

= 2Re [ (L OV (G + (1+]¢

Z,,) g2t / dr + Z P / ay, (1) dr+
0

1—¢q
E// > <

W e |- [alne)arsples

6//

o+ d (1) o (P H (1,6).

(20)

—. Then

(21)

g+ d (6,€) v (6, V(8] X
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xH (t,€) + Eo (t,€) - (—a (t,£")) - (22)
On other hand
v (68 ==Y ar () v (€ — D ba v (t,¢), (23)
k=1 lozf| <1

From (22) and (23) we obtain

dEy (t,§) - 26 ,
T—2Re =Y ap )&+ (14 ¢

o)t

b
Il
—

n

+dte) — S a®Er || v, (4 EH (t,€) -

k=ni1+1

—2Re Y ba (1) (i€)" v (t,€) vf (£, ) H (£,€) — a (t,€) Ey (t,€) (24)

|a:l]<1

By our supposition g¢p < 1 for £k = 1,2,...,n1. Therefore we can easily see
that a < a;(t) < apr k = 1,2,...,n1, where a;r is some constant for each
k=1,2,....,n1and T > 0.

Since t" |£], < 1, then using the definition of « (¢, §) and the Cauchy inequal-
ity we get

2Re (d (t€") = > alt )5%’“)

k=nq1+1

xu (t, &) vj (t,§)H (t,€) — a (t,£") Eo (t,€) <0 (25)

The other terms in (24) are estimated from above by Ejy (¢,&). Then from (24),
(25) we get that when ¢"|¢"],, < 1 there exists such a constant M; > 0,that

BB _anmy(ne). -
dt
If tT’ |£// o > 1 then
d
Eodgfm = 2Re [vfy (£,€) o] (LE) + (1+]¢/], +d (.€") x

xv (£,€) 0] (6,)] H (€)= o (1,€") Bo (4:€) +di (1,€") o (1,)[]* H (1,€),

where
n

dy (8,€") = D ap, ()&

k=n1+1

After simple transformations we get

dEy (t,§) _

7t = 2Re Zak %k - Z ba (t) (i)™ +

la:l] <1
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E’)] ( 5) ( 5) (t,f)—a(t,g”)Eo(t,f)—F

+(1+|¢

- Z ajy (8) v (8, ) H (¢,€) dé <

k=n1+1

<2Re [~ YO — 3 b ()G + (1+]¢],) | v (. EOH (1.6)+
k=1 la:l|<1

Y G0 | Y O o O H (6 < MaBo(t) (2D
k=ni1+1 k=n1+1

Thus, by (26) and (27) it follows that

dEO (tv 5)

08 < MyEy (1), (28)

where M = max (M, Mo).
By applying the Gronwall inequality from (28) we get

EO (tug) < MEO (t7€)7 M = M3T

0= [Egds<u [ B = MEQ).

Lemma 4 is proved.

If ¢ > 1 by Lemmas 1-3 there exists such constant 0<cy < c5, that for any
e >0, d3 >0, n < Xthe inequality

C4/€Xp [(ﬂ —61) [¢" =

} [‘vf: (t,§)‘2 + (1 +¢]) |v (t,é)ﬂ y

Rn
x (L [€],) " (1 e7,)" de <
B(t&) <cs [ exp[(6+ )6l ] [Jol (OF + (1416 lo . OF]
Rn
(€)Y (0 fe]) e, (29)

is valid. If ¢ = 1, the inequality (16) is valid for n = X"’ — v

Further, we consider a regularized problem by replacing the function ay, (t) with
the functions a. , (t) = te +ax (t), k=mni+1,...,n. The similar estimation is valid
for the regularized problem, where ¢4 and c¢5 are independent from € > 0. Obviously,
the appropriate Cauchy problem is well-posed for the regularized equation. Using the
inequality (29), we get necessary apriority estimations for wu. (¢,x), where w. (¢, )
is a solution of the Cauchy regularized problem. Further, by the standard scheme
(see [1], chapter.3) it is proved that the limit of regularized solutions wu. (¢, z) in
appropriate functional spaces is a solution of the problem (1), (2).
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