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ON CONTINUATION OF BOUNDED OPERATORS

Abstract

In the paper, the notion Fr-invariance of Banach space is introduced and
using this notion sufficient condition on possibility of minimal continuation of
a bounded operator is given.

Hahn-Banach classic theorem on continuation with preservation of norm (mini-
mal continuation) of a bounded functional in a Banach space is known well. In this
relation there arises a question if one get similar result for bounded (not everywhere
defined) operators. It is founded that it is not always possible. It is known that
if a subspace Xy of the Banach space X is not topologically complemented, there
exists a Banach space Y and a bounded operator T € £(Xy;Y) that has no minimal
continuation (here £(X;Y') is a Banach space of bounded operators acting from X
to Y). We can be acquainted with this fact in detail in [1, p.184]. Hilbert spaces
are excepted since any subspace is topologically complemented therein.

There are also results on possibility of minimal continuation of bounded operators
in concrete cases. The notion of Banach space of type 9t was introduced by Nakhbin
and he gave criterion on possibility of minimal continuation of bounded operators in
real spaces [2, p.241]. Notice that consideration of the real case is essential in these
results, and the criterion doesn’t cover complex analogy of Hahn-Banach classic
theorem.

Let Xo C X be some sub-space and

Denote by 7 an operator that associates to each f € X its minimal continuation
g€ X;: mf = g. The paper [3] is devoted to study of a uniqueness and linearity of
minimal continuation operator 7 in the terms of weak differentiability of the norm
and complementary subspace.

In the present paper we prove a sufficient condition on the existence of minimal
continuation operator. Cite some necessary denotation and definitions:

B-space —a Banach space;

||-|| x-the norm in X;

X*-a space adjoint to X;

T' | pr-contraction of 7" on M:;

T*-an operator adjoint to T

Dp-domain of definition of the operator T7;

Rp-a set of values of the operator T

‘M-closure of the set M:

L(X;Y)-a Banach space of bounded operators acting from X to Y

0-a composition sign.

Definition. Let X be a B-space and F = {F: F C X*} be some linear structure
from the subsets X*. X s said to be F-additive, if for Vo € X it holds

.CL‘(Fl + FQ) = l’(Fl) + x(Fg), VE, e F, i=1,2,
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where

(F) = inf f(z) + iggf(x)-

Before we pass to the statement of main results, we form some constructions.
So,let T € L(Dr,Y), Dr C X, X and Y be some B-spaces. In Y* we introduce
an equivalence ratio ~ in the following form:

g1~ g2 == g1(Tx) = ga(Tw),
where
Ve € Dy and ¢g; € Y* for i=1,2.

Thus, Y* is divided into the co-sets Y* | .. By G we denote the elements of Y* | .
Let g € Y*. Clearly, g(Tx) is a bounded linear functional on Dy, i.e. goT € Dj.
Denote the norm of the functional g o T on Dy by ||g o T'|| Di- Obviously

lgroT|ps =llg2oTlps» Vg € G, i=1,2;
T T

i.e. the norms of the functional of the same class co-sets coincide. The class G
containing 0 € Y is a zero element of Y*|.. Thus, for Vo € Dr: we can determine
G(x) = g(Tx) where Vg € G. Introduce in Y*|. a linear structure: under A\G we’ll
understand a class containing an element Ag for some g € G. Such a definition is
correct, since it follows from g; ~ go that Ag; ~ Ags and vice versa, if A\g € AG then
Af € MG for Vf € G.

By Gy we denote a class G' containing an element g. Define Gy, + Gy, as Gy, 44,

. d . oy .

ie. Gy, + Gy, =) Gg 44, It is easy to see that such definition of the sum is also
correct and thus Y*|. becomes a linear space. Accepting ||G||D; =|lgo THD} for
Vg € G and show that HG||D} is a norm in Y* | . We have:

H)‘Gg”D; = HAG)\QHD} = |I(A\g) OT”D; =
= [IMg o D)llpy. = [Al-lg o Tll py. = [Al- |Gyl ps
|Gy, + GQQHD,} = HG91+92HD% = [|(g1 + g2) OTHD; <
<llgroTllps +lg20Tllps = 1Gallpz + G|l ps -
HGQHD% =0 = ||9°T||D,} =0 = ¢g(Tz)=0, Vz € Drp.

Hence we have g € G, consequently G, = Go.
So, Y*|. with the norm ||-||D} is a normed space.
Obviously, a G1 # G9 will mean Jxg € Dr:

g1(zo) # g2(xo), where Vg; € Gi, i=1,2.

Moreover, it is easy to see that G € DX ie. Y* /. C D}. Take some Hamel
basis F = {Ga}pcpy CY* |~ inY* | and VG € Y*|.. Assuming

Xg={a" € X** Jp, = G; |7l = Gllpy }
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we consider a family {Xéa }ae a Determine

AXE Y X5, Vaec

and
* x det o x
XGa+XG5 = XGorf‘Gﬁ'

Thus, under AX¢ + puX E‘,@ we’ll understand X3, | G’

det
AXG, + 1XE, F X3Gatucy

We denote the obtained linear space by Fr. In other words, on the base of Hamel
basis Fr we take {Xéa }ae - 1t is easy to see that with respect to the introduced

linear operations, the family {X Ea} is an independent system. Thus, for VF €

aeM
Fr there exists a unique finite sequence of numbers {\;} C C: F = X*Z:/\ o
kG oy

k

and vice versa, for VG' € Y*|. there exists a unique element F' € Fpr: F = X{.
Considering that for G 3! {\;} C C: G = Y A\,Gq, we have X[ = X*Z)\ o € Fr.
k kGag
k

We get that between Y™ | and Fr there exists a linear one-to-one correspondence
T: Y*|. < Frp defined by the expression:

T (%AkGak> = XZMG% € Fr.
k
Determine the norm Fr in [|-[| £, in the following way:

IF |5, = “T‘lF’ VF € Fr. (1)

9y
*
DT

Now, show that [|-[|z, is really a norm in Fp. Notice that X = {0} ie.
X§, contains only zero functional from X*. In fact, it follows from [|Gol| = 0
that ||z*[|y. = 0 for Va* € X and so z* = 0. Consequently, 710 = G whence
TGy = 0. So, we have:

=0 = T 'F=Gy = F=0.

IFllg, =0 = |T7'F|
T

The relation [[AF[|z, = |A[ - [[F £, is obvious. Further,

”F1 + FQH]:T = HfilFl + TﬁlFQ‘

<
T

<[

TR H — ||IF 5. .
D;JFH 2 e 1F1ll £, + [1F2]l £,

So, ||/l £, is a norm in Fp. It directly follows from (1) that T is an isometric
isomorphism between Y* | and Fp: T € £ (Y* |- ; Fr) Let’s consider T* : Fr —
(Y*|<)*. By the definition of adjoint operator we have:

FYTG) = (T*F*)G, YGeY*|., VF*eFpr (2)
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Now we formulate the main lemma.

Lemma. Let X; Y be real B-spaces, Y =Y. T : Dr — Y be a bounded
operator, Dy be a subspace of the space X. If X is Fr invariant and Ry =Y then
we can continue the operator T on the whole of the space X preserving the norm.

Proof. Let’s take Vo € X and consider the functional x : F;r — R determined
by the expression:

xz(F) = L [}ggf(x) +supf(z)|, F € Frp.

2 feF

Show that this functional is bounded. Really, if f € F', then

@) < Il - lelly = | 771

bs’ el x = llzllx - 1Fll 2 »

and as the result,
lZ(F)| < ol x - | Fllg,, VEF€Fr. (3)

Consequently, the functional z(F') is bounded. Obviously, if A > 0 then
z(AF) = Az (F).
We have:

20(—F) = nf, (@) + sup () = Inf (~f)(z) + sup(~)(z) =

= —supf(x) + | —inf f(z) | = —2z(F).
supf(e) + (= jut (0)) = —20(8)

It directly follows from this relation that x(AF) = Az(F), A < 0 and so x(F)
is a homogeneous functional. It follows from the condition of the lemma that it is
additive as well. As the result we get that X is imbedded into F7.. Now in (2) as F’
we take z € X

(TG) = (T*z)G, VG eY*|.. (4)

If x € Dy, clearly N
z(TG) =g(Tx), Vge€QG. (5)

Really, TG € Fr consists of functionals f € X* for which f /Dy = G and
consequently f(z) = G(z) = g(Tz), Vf € TG and Vg € G.

On the other hand, it is easy to see that if R = Y then each class of G € Y* |
consists of a unique element g € Y*. Thus, in this case we get the imbedding
Y* C Y*|. and this imbedding is continuous since for Vg € Y* we have:

l9lly+,. = 1Gglpx = llgoTllps < ITllp, - lglly- -

Consequently, (Y*|.)" C Y* =Y and as the result, f*:}"} —— Y. Taking into
account (5) in (2) we get:

9(Tx) = g(T*z), VgeY™,
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and so B
Tx =T*x, Vx € Dr. (6)

Thus, the operator T* is a bounded continuation of the operator 1" from Dy to
F71., moreover X — Fr.
Further, the operator T* acting from F7 to (Y*|.)" has the norm equal to a
unit, since
I~

On the other hand we can consider T* as an operator acting from X to Y. In
this case we’ll have directly from (6):

I~

Moreover, from (4) we have:

=1.

L(Fr(Y=|~)") - HTvHﬁ(Y*\N Fr)

> |\|T .
P

|(T2) G| < el - TG, = lallzy - 1Golly =

= || Fr lg OT”D; < HQUHF; ANTlp, - lglly~, VgeY™

Considering T*z as a functional acting from Y* we get

. <1, - 2l -

Identifying Y** with Y we get:

|, < I, - Nzl 5
On the other hand, it follows from (3) that

HxH]-‘it < |zl x -
As the result

HT*:U < HTHDT .

| < Il el = |

L(X;Y)

From the last two relations we get

HTHL(X;Y) =ITlp,
that completely proves the lemma.

Now, let’s consider the general case, i.e. let, generally speaking, Ry = Y #
# Y. It follows from Y = Y** that ¥, = Y;*. In the previous lemma considering
instead of the operator T:Dp — Y the operator T:Dp — Y we get the main result
of the paper.

Theorem. Let X;Y be real B-spaces, Y = Y** and the operator T:X — Y be
bounded on Dy C X. It the space is X Fp-invariant, then we can continue T on
the whole of X preserving the norm.
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