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BIFURCATION FROM ZERO OR INFINITY OF
SOME FOURTH ORDER NONLINEAR PROBLEMS
WITH SPECTRAL PARAMETER IN THE
BOUNDARY CONDITION

Abstract

The fourth order nonlinear spectral problem with spectral parameter in the
boundary condition is considered. FEzistence of a global continua of solutions
bifurcating from zero or infinity, is proved.

We consider the following fourth order nonlinear problem

yW (@) = (@)Y (@) = Ay (2) +

+g (z,y (x),y (2),y" (), 4" (x),)), 0<z<l, (1)
y(0) =y (0)=y"(I) =0, (2)
(aA+b)y () =(cA+d)Ty(1), (3)

where ) is a spectral parameter, ¢ (x) is strictly positive absolutely continuous func-
tion on the interval [0,l], Ty = vy —qy/, a, b, ¢, d are real constants, and § = bc—ad >
0, the function g (z,y, u, v, w, A) is defined on [0,/] x R3, is continuous in all variables,

and satisfies the condition:

g($7y7uﬂv?w’)\) :0‘(y7u?v7w)| as |(y7uﬁv7w)’ —>07 (4)
or

9@y, u,0,w,A) = of(y,u,v,w)|as [y, u,v,w)[ — oo, (4%)
uniformly for (x,\) € [0,1] x A for any compact interval A C R, where |(-,-,-,-)| is
the Euclidean norm of an element (-, -, -, ).

Note, that the fourth order nonlinear Sturm - Liouville problem (when spectral
parameter is not included into boundary conditions) are investigated in papers [1,
2] of author (jointly with A.P.Makhmudov).

The present paper is devoted to studying of structure of solution set of nonlinear
problem(1) - (3) and is continuation of author’s researches carried out in papers [1,
2].

Under condition (4) or (4 *) problem (1) - (3) is linearized and the corresponding
linear problem is

y W (@) = (q(2) ¢ () =My (z), 0<z <,
y(0) =y'(0) =y" (1) =0, (5)
(aXN+b)y () =(cA+d)Ty(l).

Alongside with problem (5) we consider the following problem
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Eigenvalues of problem(6) are positive, simple and form infinitely increasing
SEqUENCE [i], [y, -, Ly, ---; the eigenfunction v, (x) corresponding to the eigenvalue
iy, has n — 1 simple zeros in the interval (0,1) [3].

Let’s define number N from the inequality py_; < —%l < ppy. Problem (5) is in
details investigated in paper [4] (see also [5]) where in particular it is proved: there is
exist unbounded increasing sequence of eigenvalues A1, A2, ..., Ay, ..., and A, > 0, for
n > 2; the eigenfunctions of this problem possess the following oscillation properties:

a) if ¢ = 0, the eigenfunction y, () corresponding to the eigenvalue \,, has
equally n — 1 simple zeros in the interval (0,1);

b) if ¢ # 0, the eigenfunction y, (z) corresponding to the eigenvalue \,, for
n < N —1 has exactly n — 1 simple zeros, and for n > N exactly n — 2 simple zeros
in the interval (0,1).

By virtue of lemma 2.2 from [3] and lemma 3.3 from [4], we have:

i) if a € (0,1) is a zero of y, (z) or y/! (x), then y, (x) Ty, (z) < 0 in a neighbor-
hood of a;

ii) if b € (0,1) is a zero of y), (x) or Ty, (x), then y, (z) y)! (x) < 0 in a neighbor-
hood of b.

It is known [6,7], that problem(5) is reduced to problem on eigenvalues for the
linear operator L in Hilbert space H = L2 (0,1) ® C with the scalar product

(@ @)y = {y,m} {u,s}) g = (y,u)p, +07'ms,

where (-, ), is scalar product in Lz (0,1),

Lj=L{y,m}= {y(4) —(qy').dTy (1) — by (l)}

with the domain D (L) = {{y,m} € H: y,y/,y",y" € AC0,1], (Ty)' € Ly(0,1),
y(0)=y (0)=y"(1)=0,m=ay(l) —cTy(l)}, which is dense in H (see [6]).
The operator G : R x H — H we define as follows:
G(\g) =G\ {y,m}) = {g(z,y(2),y (x),y" (z),y" (z),)),0} .
Then, the problem (1) - (3) is adequate to the following nonlinear problem
Lj=Xj+G(\79). (7)
The operator Ly : D (L1) C Lo (0,1) — L2 (0,1) we shall define in the following
way:

D (L) = {y € Ly (0,0) : 5,9/, y" 4" € AC[0,1],y™® — (qy') € L2 (0,1),

y(0) =y (0)=y" (1) =0,by (I) =dTy(I)},

Liy=y" — (¢)".

The operator L is self-adjoint, discrete and semibounded below in H and, there-
fore, L+ A\J ( J : H — H is the identical operator) is convertible for sufficiently
great negative values of \. Without loosing generality, it is possible to consider, that
A = 0. It follows, that A = 0 can not be an eigenvalue of the operator Li. Thus L1_1
exists and is an integral operator of the kernel we denote as k (x,t). Using method
of paper [8] it is possible to prove, that

LYy = L {y,m} = {/OZK<x,t>y<t>du,/0lK<z,t>y<t>du},
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where
K (z,t) = k(z,t), (z,t) € (0,0)*, K (I,z) = ak (I, ) — Tk (I,z),
K (,l) = ilinl {a(ak (l,z) — T, K (l,z)) — c(aTik (I,x) — cT,T, K (I, 2))},

T.k(l,x) = K" (l,x) — qK. (l,x), Tik(l,x)= ;g’ (I,z) — qK; (I, )

3

T, T,k (L,z) = K9, (1,2),

1323

[ is positive measure

[de, if Qc(0,0),
”(Q)_{E, if Q={1}.

Hence, problem (1) - (3) (or (7)) is equivalent to the following problem
g=L7'g+L7'G(\9), (8)

Therefore, it is enough to investigate structures of solution set of problem (1) -
(3) in the space C* [0, 1].
Through BCj we denote set of functions satisfying boundary conditions (2).
Let F = {a={u,m}eC?®0,]® C| ue BCy, m=ay(l)— cTy(l)} be banach
space with the norm
all = [{u, m}| = |uls +m],

where

lulz = luly + |u’}0 + ‘uu‘o + |u///

Denote: £L=L"t H(\g)=L"1G(\7).
Thus, problem (1) - (3) (or (7)) can be written in the following equivalent form:

|07 |‘O = maX"| .

§=Ly+H (7). (9)

Define the sets SY = {11 = {u,m} € E: u(z) has k — 1 zeros in the interval
(0,0); if u(&u" (&) =0, € € (0,1), then «' (x) Tu(x) < 0 in neighborhood of &;
if o (u)Tu(p) = 0, p € (0,1), then v (z)u” (x) < 0 in neighborhood of u; ze-
ros of the functions u (z) and ' (z), v (z) and Tu (z); v’ (z) and u” (z) interlaced,
lim vu (z) = 1}, v=+or —, S*kzg,jué,;

xr—

Lemma 1. The sets 5’,‘:, S’k_ and Sy, are open in E. If § € Sy, (85’,':,65’,;),
then y (x) has at least one quadruple zero.
Proof. The openness of the sets S;" | S, » Sk in E is obvious.
To find boundaries of these sets we use Prufer-type transformation of the following
form:
() =7 (z)siney (x)cos b (x
() =7 (x)cost (z)sing (x (10)
y" (z) =r () cosy () cos ¢ (x)
Ty (z) =r(z)siny (z)sinf (x)

y/
Yy

If j = {y,m} € S (5’;,5‘;), then the Jacobian J[y] = r®sin cos®) of trans-

formation (10) is does not vanish in z € (0,1).
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Without losing a generality, the function ) can be chosen so that i (z) € (0, g)

or ¢ (x) € (g,w> for x € (0,1). Initial values of the functions 6 (z), ¢ (x) can be
defined as follows

6(0.0) = ~Fsgnv(0), 9(0)=0, p(1)=2k= .

If §j € DS}, there exists a point xo € (0,1) such, that

a) or sini (xp) = 0;

b) or cos ) (xg) = 0;

c) or r(zg) = 0.

Let’s prove, that the cases a) and b) are impossible.

I. In case sin® (zg) = 0 by (10) we have y (x9) = Ty (x9) = 0. Thus either
y' (x0) =0, or i (zg) # 0.

Let’s assume, that ¢’ (zg) = 0. Without loosing a generality it is possible to
consider, that y (zg) > 0 for x € (0,z9). Then ¢ (z) increases in the point zy and,
hence 3" (x¢) > 0.

Let § = nlggo Gns T € Sky Yn = {yn () ,m,}. For sufficiently great n in small

neighborhood of the point x( there exists a point x(()n)such, that v/, (xé")) =0. Itis

obvious, that in neighborhood U (xé")) of the point :p(()n) Yn () >0, y' (z) > 0, it

is means y, (z) y) (z) > 0. The obtained contradiction shows, that sin (zg) # 0.
Now we assume, that ¢’ (z9) # 0. Without loosing a generality, it is possible
to consider, that =z is the point nearest to zero where function y (x) accepts zero
value and y (z) > 0 for x € (0,z¢). Then there exists a point z; € (0,x) such, that
y' (z1) = 0. By (2) there exists point zo € (0,x1) such, that y” (z2) = 0. Besides,
by (2) (or more exactly by y” (1) = 0) there exists point z3 € (x0,l) such, that
y" (x3) = 0. It is obvious, that y' (z2) > 0, v/ (z3) < 0, ¥ (x2) < 0, y"" (x3) > 0.
Hence Ty (z2) < 0, Ty (x3) > 0. It means that Ty (x) accepts values of zero in
the point xy strictly increasing. Since ¢, — ¢ in E, for sufficiently great n in

neighborhood of z( there exists point xén) such that, vy, <x((]n)) = 0 and in the left

hand side neighborhood U~ <x((]n)> of the point :cé") yh () Ty () > 0. The obtained

contradiction shows, that sin (zg) # 0.

IT. In case cos ) (zg) = 0 we have ¥/ (x¢) = y” (zo) = 0. Thus either Ty (zo) = 0,
or Ty (zo) # 0.

If Ty (zo) # 0, repeating the above-mentioned reasonings, we receive the contra-
diction.

Let’s assume, that T'y (z¢) = 0.

We consider following Cauchy problem for the second order equation:

0" (2) +q(2) 0 (z) =0, 0 <z < L } (1)

o(l)=1, ¢ (1)=0.

It is known [9, lemma 2.1. (see also [10, theorem 12.1])], that o (z) > 0 for
x €10,1].

Change of variable

T l
t:t(sv):l/o o (s)ds, w:/oa(s)ds. (12)
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specifies bounded and bounded invertible operator V in the space E = C? [0,1]NBCy
with the norm |-|;. Notably any function y (x) € E passes, under action of this
operator in the function y (¢) € E of the following form

i) =%t e O) (' (@ (0) -0 @ (0) 0 @ 0)Y (= (1)
3 |
(la?’ (@ <t>>y<t>) — Y @) =g )y (= ().

Without loosing a generality, it is possible to consider, that zq is the point nearest
to zero, in which 3’ (z) accepts value of zero and ' () > 0 for z € (0,z9). By (2)
there exists points x1 € (0,20) and x2 € (zg,!] such, that y" (x1) = y" (x2) = 0,
y" () <0 for x € (w1, 22) \ {xo}. Therefore, there exist the points x3 € (21, x¢) and
zy € (x0,x2) such, that y"” (x3) = y"” (x4) = 0. Obviously, that y" (x9) = 0 and
y" (z) < 0 in the left hand side neighborhood U~ (z3) of the point 3, vy () > 0
for z € (z3,20), ¥ () < 0 for x € (z9,x4) and y” (z) > 0 in the right hand side
neighborhood U™ (x4) of the point 4. Hence Ty (z3) < 0, Ty (z4) > 0.

At change of variable (12) we have: 9 (t9) = ¥ (to) = (p¥) (to) = 0, where

3

p(t) = %03 (x (), to = t(zo), ¥ (t) > 0 for t € (0,%0), (p¥) (t1) = (pY) (t2) = 0,
b= (), b = t(m); (i) (1) = (P (t2) = O, (pi)) (£) > O for ¢ € (ts,1o),
(py) (t) < 0 for t € (to,t4). Denote x (t3) = x5, x (t4) = x¢. It is obvious, that
x5 € (23,20), T6 € (wo,24), Ty (x5) = Ty (ws) = 0, Ty(z) > 0 for x € (x5, 0),
Ty (z) <0 for x € (xp,x¢). Since zeros of the functions y (x) and Ty () interlaced,
there exists x7 € (w5,x0) and zg € (zg,zs) such, that y(x7) = y(rs) = 0, and
y(z) > 0 for x € (z7,28) and y (z) < 0 in the right hand side neighborhood U™ (z3)
of the point xg. A

Since ¢, — ¢ in F, in the neighborhood of the point zg there exists the point

xén) (for sufficiently great n) such that Ty, (xén)) =0and y, () <0,y (z) <0 in

neighborhood of the point l‘én). The obtained contradiction shows, that cos (xg) #
0.

Thus, if y € 99 (65’,;, 85’;{), then r (zg) = 0, i.e. y (z) has at least one quadru-
ple zero.

The lemma is Prov§d. o X X R

Let £ =R x E, Y,:r:RxS,j,Yk_:RxSk_ and Yy = R x S;. Denote by
Uk = {’Uk mk} a unique eigenfunction of the problem (5), corresponding to the
simple e1genvalue Ak, such that @;g e S, = 1; and denote by T (T) the
solution set of problem(7) ((1) - (3)) in & (in &).

There holds the following

Theorem 1. Let condition (4) be fulﬁlled Then for every ke k+#N,
N-+land v =+ or —, there exists continuum DY C T such that DY C YYU{(\,0)},
0 = (0,0), which contams (A, 0) and is unbounded in &.

Proof. Note, that if (), 7) is a solution of problem (7), and § € 8SY (4 or —), then
by the method of the proof of the theorem 2.1 from [2] it is possible to prove, that
g =0.
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Let’s assume, that A = 0 doesn’t be eigenvalue of the operator L. Then problem
(7) is equivalent to problem (9). Eigenvalues of a problem (5) are characteristic
numbers of the operator L and all of them are simple. Under condition (4) we have:

H (X, 9) = o(||]|]) for § — 0 in E. Therefore all points (g, #), k € N, are bifurcation
points of problems (9) (or (7)) [11]. By theorem 1.3 from [12] (see also [13]) there
exists a continuum DAk = Dy, (Mg, 0) € Dy, for which Rabinovich’s alternative is
fulfilled. If (\,§) € Dy, and in the neighborhood  of (A, 0) § = avy + 1, by lemma
1.24 from [12] @ = o(|a|). Since SY it is open in E and vy, € Sy, then (), §) € V;,

and (f)k\{()\kﬁ)}) N Bg C Yy, for all small € > 0, where Bg is an open sphere

in & of radius ¢ with the center in a point (A, 6). By the above-stated remark
(ﬁk\{()\k, )}) N Y, = @. Hence, Dy C Yi U {(\,0)} and the statement (i) of
Rabinovich’s alternative doesn’t holds for k # N,N + 1.

It is reamin to develop Dy, on two subcontlnuums which contain the point
(Ak, @), are contained in Y+ U {(\g,0)} and Y U {(Ak, )}, respectively, and are
unbounded in £. If ()\,gj) is in a small neighborhood of the point (Ag,#) and
(N 9) € D\ {(Ak,0)}, then § = a¥y + @ and, we have aty, € Y if 0 # o € R”
and, hence, ([ﬁ\ {(Ak,e)}) NBe c Y, (D,;\ {(Ak,o)}) N Be C Yy for all small

§ > 0. Since DY\ {(\,0)} can not exceed Y} in the neighborhood of (\,#) and
Y” cannot contain a pair of points (A, 7), (A, —7), then by theorems 1.27 and 1.40
from [12] DZ , v =+ or —, is unbounded in Y}

If zero is eigenvalue of the operator L, the result is trivial for Ay = 0. Let A\ # 0
(k# N,N+1). Denote L. = L+ J. If by A (), k € N, we denote the eigenvalues
of the problem

Ley = Ay, (13)

then \; (€) = A\x + &. For small € > 0 zero isn’t be eigenvalue of problem (13) and,
hence, the above-mentioned reasoningsare valid for the nonlinear spectral problem

L= Aj+G (X 9). (14)

It is easy to see, that solution set of a problem (14) 7. = {(A (g), 7 (¢)) : 0 < € < ¢}

is precompact in £. Therefore there exists the subsequence (e, ;¥e,, of elements

sequence (Ag,,, Je, ) of the set 72, which for €n, — 0 converges in Yk” to the solution
(A, 9) of problem (7). Hence, the statement of the theorem is correct for a limit
problem as well, i.e. for problem (7).

The theorem is proved.

LetSZ:{y€E|@:{y,m}egl’;},V:+0r—,5:R><E,Yk+:R><S,j,

Yk’_RxSk,Yk—RxSk

Since between eigen pairs problem (7) and ( )- (3) there exists an isomorphism
(A, 9) < (N, y), then by substituting 5 Yk . Vi, Dk7 Dy by &, Y'Yy, Dy, D), we get
validity of the following theorem.

Theorem 2. Let condition (4) be fulfilled. Then for every k € N, k # N, N+1,
and v =+ or —, there exists continuum D} C T such, that D} C Y}Y U{(A\x,0)},
containing (Ax,0) and is unbounded in E.

Remark 1. The structure of the set Dj, v = + or —, for k = N,N + 1 will be
investigated in future.
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Theorem 3. Let condition (4*) be fulfilled. Then for every k € N there exists

unbounded component Dy C T , which contains (Mg, 0) € R X E. Moreover, if an
interval A C R such that ANo (L) = { Az} (o (L) is spectrum of operator L) and

McCé&isa neighborhood of (A, 00) whose projection on R lies in A and whose
projection on E is bounded away from zero, or either

19 Dy\M is bounded in & in which case (ﬁ\M) NR # &, where R =
{N )| NeR} or

29, D\M is unbounded in E.

If 1° occurs and D\M has a bounded projection on R, then D\M contains
(As,00), where A\s € 0 (L), As # k.

Component Dy, can be develop on two subcontinua D, D, and there ewists a
neighborhood Q c M of (Ag,00) such that (\,g) € lA),‘: (ﬁ,;) N Q and (N, 9) #
(Mg, 00), implies (A, 9) = (A, a0 + W), where a > 0 (a < 0), and |A— Xg| = 0(1),
|w|| =o(a) at o = 00. Thus Q can be chosen so that Dy N Q C Y}Y U (A, 00).

Proof. Assume, that A = 0 isn’t the eigenvalue of the operator L (problem (1) -
(3)). Then problem (7) is equivalent to problem (9). Let condition (4*) be fulfilled.
Let’s prove, that H (X, 9) = o (||7]]) at § = oo uniformly on (x, A) € [0,1] x A.

We have

HA9) =L7G (A §) =

l
~{ [ K09 u©0 0.0 00" 0.0 duno}. (15)
Let
@ (M) = \eAnax (lg (@, & py 7y, )|+ M).
€242 47242 < M2

It is obvious, that ¢ (M) is strictly increasing function and lim ¢ (M) = +oo0.

M —+400

Let S = {y €k H|g)|] > ¢ (M) }, where M is some fixed number. By (4*), for any
small € > 0 there exists the number M = M (¢) > 0 such, that if (x,\) € [0,{] x A,

1
E+pt+712+n0? > M?, then |g(z,& p,7,n,N)| < e (€ +p?+ 72 +n%)°. Hence,
by (15) for (A, 9) € A x S we have

3 !
IO =Y s | [ K @00 (6 (0.0 (0,07 (0. (0).0) di <
0

—c / g (£ (8) o' (1) 4" (2) 4" () N)| dyot
Y2 (t)+y 2 (t)+y" 2 (t)+y'""2(t) <M?

* / g (8,5 (8) 5/ (1) " (£) 5" (£) . A) [ du ¢ <

y2(t)+y'2 () +y"2 () +y""2 () > M?
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< C(l+<5*1) (o (M) +egl) (16)

where ¢ =  sup {‘ =0, 3}. It is possible to choose number M so

(z,t)€[0,]]?
great that the inequality ¢ (M) /¢ (M) < ¢ is fulfilled. Then from (16) we obtain

IHO I <2+ ellgll, (A\g) eAxS, (17)

which means, that H (\,9) = o (||§]]) at § = oo in E.

Now we prove, that H@HQH ()\, W) = W (A, 0) is compact. If W (A, 0) is
compact, we note, that the image of the set {()\,@) ceENeA o< || < p} for
display W is precompact in E for any 0 < 0 < p < co. Therefore, it is enough to
prove, that W (A X B’U> is precompact in E, where B, = {@ eFE ||| < a}, oc>0

is some number. From (17) we get

H ()\, va||2> H <2c(l+61)e (18)

~ 112
1]

i.e., the set W <A X B(;) is bounded in F.

Assume w = W (A, 0); @ = {w (z) ,aw (I) — cT'w (1) }. It is obvious, that function
w (z) is solution of the differential equation.

R v UI U” ,U///
w® (2) — (q(2)w (@) = 0] 9 ( v v v m) (9
1ol 1ol ol o]
By (18) we have |lw||; < 2¢(1+671) eM ', and by (4*) we have

. v U/ U// ,U/// 9 1
16179 (2 T2 o ) = (1l + o+ o+ o))
[ol= ol o)™ o]

for [|v||; — 0. Then from (19) it follows the inequality

‘w(4) (x)‘ < ¢y, x€]0,1],

where

co = 2c1c (l + (5_1) g0 +co, ¢1 = sup |g¢(x)|+ sup ‘q' (a:)‘
x€[0,7] z€[0,7]

C2 = 02 sup |g (3%57#»7'77]’)\”7
z€[0,l],AeA

(&mrmEls—1,00)

hence, by Artsel-Askoly theorem, the set {w} is precompact in F, and in turn the

set {w} is precompact in E , i.e., W is the compact operator from Ein E. Thus, all
conditions of theorem 1.6 and consequences 1.8 of paper [14] are fulfilled, whence it
follows the validity of the statement of theorem 3 .

If A = 0 is eigenvalue of the operator L, then we again substitute the operator
L by the operator L. = L + ¢J, where € > 0 is sufficiently small. It is obvious, that
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zero is not the eigenvalue of the operator L., and therefore L. has bounded inverse
L=, hence problem (14) is equivalent to the problem

]] = )\L"e@ + H. ()‘, Z}) ) (20)

where L. = L_ , He = L‘lG Then there exists a continuum ﬁke, which satisfies to

the statement of theorem 3 Let ykabe image of the set Dka under transformation

HQIIQ'
statements of lemmas of 1.2 and 1.3 of paper [14] are true. Let A be an open
bounded. neighborhood of the point (A (€),0), such that (A; (¢),0) ¢ A, for j # k.

A
Then (A, (¢)) € A for small € and, hence, there exists (y, (€),vk (€)) € OA N Vie.
As here in before, it is easy to show, that the fourth order derivative from vy, (¢) is
uniformly bounded. The set {||0f (¢)||} is separated from zero and is bounded, and

the functions wy, (€) = |0 ()|~ v (¢) satisfy the equation

wi (€) = (qui (€)' = py (&) wy (£) +

g — 0 = Thus ykgls continua containing (A (¢),0), and for which the

0k (@)1l g (z,9e () yk () K €)Wk (£), ) - (21)

From (21) it follows, that {wy, (¢)} is uniformly bounded in E, therefore, without

loosing a generality it is possible to consider, that lin% wig(e) =win E, |0|| =1
e—

and lir% . (€) = A. Moreover, from (21) it follows, that wy () — w in C*[0,1]. If
E—>
(g, (8) ywg (€)) — (A, 0) for e — 0, then from (21) we get

w® (z) — (¢ (2)w (@) = w (z), 0<z<I, (22)

and hence, A = )\; and w = y; or —y; for some j € N. In this case we have
(g (), (€)) — (Aj,0) as € — 0 and (A\j;6) € OA, which contrary to the con-
struction of A. Thus (Mg (e),w; (6)) — (A, w) as € — 0, where w # 0 and
(\g) = </\, ]2 w) satisfies equation (7).Since it is true for each such set A,

it follows from an elementary argument from point set topology, that problem (7)

has unbounded component Dy, which satisfies statements of the given theorem.
Existence of DZ, v = + or — and neighborhood @ of (\g, c0) is proved similarly,

using continua ykeand neighborhood Q8

We have: if (\,y) € @ N Dy, then (A 9) = (A, a0 + W), where va > 0 and
|w] = o(ra) at o = co. Since Sk is open and (va)~ ' is sufficiently small for o
near o = oo, relative to vy, € S’,’; then 0y, + a b, and also § = Oy, + W € S‘}; for o
near oco.Theorem 3 is proved.

Isomorphism (\,4y) — (A,y) shows, that the statements of theorem 3 are also
true for problem (1) - (3). Thus 7', Dy, M, E, g, D,€7 Q are substituted by T, Dy,
M, E, & D, Q.
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