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Ziyatkhan S. ALIYEV

BIFURCATION FROM ZERO OR INFINITY OF
SOME FOURTH ORDER NONLINEAR PROBLEMS

WITH SPECTRAL PARAMETER IN THE
BOUNDARY CONDITION

Abstract

The fourth order nonlinear spectral problem with spectral parameter in the
boundary condition is considered. Existence of a global continua of solutions
bifurcating from zero or infinity, is proved.

We consider the following fourth order nonlinear problem

y(4) (x)−
(
q (x) y′ (x)

)′ = λy (x) +

+g
(
x, y (x) , y′ (x) , y′′ (x) , y′′′ (x) , λ

)
, 0 < x < l, (1)

y (0) = y′ (0) = y′′ (l) = 0, (2)

(aλ+ b) y (l) = (cλ+ d)Ty (l) , (3)

where λ is a spectral parameter, q (x) is strictly positive absolutely continuous func-
tion on the interval [0,l], Ty ≡ y′′′−qy′, a, b, c, d are real constants, and δ = bc−ad >
0, the function g (x, y, u, υ, w, λ) is defined on [0,l]×R5, is continuous in all variables,
and satisfies the condition:

g (x, y, u, υ, w, λ) = o |(y, u, υ, w)| as |(y, u, υ, w)| → 0, (4)

or
g (x, y, u, υ, w, λ) = o |(y, u, υ, w)| as |(y, u, υ, w)| → ∞, (4∗)

uniformly for (x, λ) ∈ [0, l] × Λ for any compact interval Λ ⊂ R, where |(·, ·, ·, ·)| is
the Euclidean norm of an element (·, ·, ·, ·).

Note, that the fourth order nonlinear Sturm - Liouville problem (when spectral
parameter is not included into boundary conditions) are investigated in papers [1,
2] of author (jointly with A.P.Makhmudov).

The present paper is devoted to studying of structure of solution set of nonlinear
problem(1) - (3) and is continuation of author’s researches carried out in papers [1,
2].

Under condition (4) or (4 *) problem (1) - (3) is linearized and the corresponding
linear problem is  y(4) (x)− (q (x) y′ (x))′ = λy (x) , 0 < x < l,

y (0) = y′ (0) = y′′ (l) = 0,
(aλ+ b) y (l) = (cλ+ d)Ty (l) .

(5)

Alongside with problem (5) we consider the following problem{
y(4) (x)− (q (x) y′ (x))′ = λy (x) , 0 < x < l,
y (0) = y′ (0) = y′′ (l) = y (l) = 0. (6)
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Eigenvalues of problem(6) are positive, simple and form infinitely increasing
sequence µ1, µ2, ..., µn, ...; the eigenfunction υn (x) corresponding to the eigenvalue
µn, has n− 1 simple zeros in the interval (0, l) [3].

Let’s define number N from the inequality µN−1 < −d
c ≤ µN . Problem (5) is in

details investigated in paper [4] (see also [5]) where in particular it is proved: there is
exist unbounded increasing sequence of eigenvalues λ1, λ2, ..., λn, ..., and λn > 0, for
n ≥ 2; the eigenfunctions of this problem possess the following oscillation properties:

a) if c = 0, the eigenfunction yn (x) corresponding to the eigenvalue λn, has
equally n− 1 simple zeros in the interval (0, l);

b) if c 6= 0, the eigenfunction yn (x) corresponding to the eigenvalue λn, for
n ≤ N − 1 has exactly n− 1 simple zeros, and for n > N exactly n− 2 simple zeros
in the interval (0, l).

By virtue of lemma 2.2 from [3] and lemma 3.3 from [4], we have:
i) if a ∈ (0, l) is a zero of yn (x) or y′′n (x), then y′n (x)Tyn (x) < 0 in a neighbor-

hood of a;
ii) if b ∈ (0, l) is a zero of y′n (x) or Tyn (x), then yn (x) y′′n (x) < 0 in a neighbor-

hood of b.
It is known [6,7], that problem(5) is reduced to problem on eigenvalues for the

linear operator L in Hilbert space H = L2 (0, l)⊕ C with the scalar product

(ŷ, û)H = ({y,m} , {u, s})H = (y, u)L2
+ δ−1ms̄,

where (·, ·)L2
is scalar product in L2 (0, l),

Lŷ = L {y,m} =
{
y(4) −

(
qy′

)′
, dTy (l)− by (l)

}
with the domain D (L) = {{y,m} ∈ H : y, y′, y′′, y′′′ ∈ AC [0, l] , (Ty)′ ∈ L2 (0, l),
y (0) = y′ (0) = y′′ (l) = 0, m = ay (l)− cTy (l)}, which is dense in H (see [6]).

The operator G : R×H → H we define as follows:

G (λ, ŷ) = G (λ, {y,m}) =
{
g

(
x, y (x) , y′ (x) , y′′ (x) , y′′′ (x) , λ

)
, 0

}
.

Then, the problem (1) - (3) is adequate to the following nonlinear problem

Lŷ = λŷ +G (λ, ŷ) . (7)

The operator L1 : D (L1) ⊂ L2 (0, l) → L2 (0, l) we shall define in the following
way:

D (L1) =
{
y ∈ L2 (0, l) : y, y′, y′′, y′′′ ∈ AC [0, 1] , y(4) −

(
qy′

)′ ∈ L2 (0, l) ,

y (0) = y′ (0) = y′′ (l) = 0, by (l) = dTy (l)
}
,

L1y = y(4) −
(
qy′

)′
.

The operator L is self-adjoint, discrete and semibounded below in H and, there-
fore, L + λJ ( J : H → H is the identical operator) is convertible for sufficiently
great negative values of λ. Without loosing generality, it is possible to consider, that
λ = 0. It follows, that λ = 0 can not be an eigenvalue of the operator L1. Thus L−1

1
exists and is an integral operator of the kernel we denote as k (x, t). Using method
of paper [8] it is possible to prove, that

L−1ŷ = L−1 {y,m} =
{∫ l

0
K (x, t) y (t) dµ,

∫ l

0
K (l, t) y (t) dµ

}
,
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where

K (x, t) = k (x, t) , (x, t) ∈ (0, l)2 , K (l, x) = ak (l, x)− cTxk (l, x) ,

K (l, l) = lim
x→l

{a (ak (l, x)− cTxK (l, x))− c (aTtk (l, x)− cTtTxK (l, x))} ,

Txk (l, x) = K ′′′
x3 (l, x)− qK ′

x (l, x) , Ttk (l, x) = K ′′′
t3 (l, x)− qK ′

t (l, x)

TtTxk (l, x) = K
(6)
t3x3 (l, x) ,

µ is positive measure

µ (Ω) =

{ ∫
Ω

dx, if Ω ⊂ (0, l) ,

1
δ , if Ω = {l} .

Hence, problem (1) - (3) (or (7)) is equivalent to the following problem

ŷ = L−1ŷ + L−1G (λ, ŷ) , (8)

Therefore, it is enough to investigate structures of solution set of problem (1) -
(3) in the space C3 [0, l].

Through BC0 we denote set of functions satisfying boundary conditions (2).
Let Ê =

{
û = {u,m} ∈ C3 [0, l]⊕ C| u ∈ BC0, m = ay (l)− cTy (l)

}
be banach

space with the norm
‖û‖ = ‖{u,m}‖ = |u|3 + |m| ,

where
|u|3 = |u|0 +

∣∣u′∣∣
0
+

∣∣u′′∣∣
0
+

∣∣u′′′∣∣
0
, |·|0 = max |·| .

Denote: L = L−1, H (λ, ŷ) = L−1G (λ, ŷ).
Thus, problem (1) - (3) (or (7)) can be written in the following equivalent form:

ŷ = Lŷ +H (λ, ŷ) . (9)

Define the sets Ŝν
k =

{
û = {u,m} ∈ Ê : u (x) has k − 1 zeros in the interval

(0, l); if u (ξ)u′′ (ξ) = 0, ξ ∈ (0, l), then u′ (x)Tu (x) < 0 in neighborhood of ξ;
if u′ (µ)Tu (µ) = 0, µ ∈ (0, l), then u′ (x)u′′ (x) < 0 in neighborhood of µ; ze-
ros of the functions u (x) and u′ (x), u (x) and Tu (x); u′ (x) and u′′ (x) interlaced,
lim
x→0

νu (x) = 1
}

, ν = + or −, Ŝk = Ŝ+
k ∪ Ŝ−k .

Lemma 1. The sets Ŝ+
k , Ŝ−k and Ŝk are open in Ê. If ŷ ∈ ∂Ŝk

(
∂Ŝ+

k , ∂Ŝ
−
k

)
,

then y (x) has at least one quadruple zero.
Proof. The openness of the sets Ŝ+

k , Ŝ−k , Ŝk in Ê is obvious.
To find boundaries of these sets we use Prŭfer-type transformation of the following
form: 

y (x) = r (x) sinψ (x) cos θ (x)
y′ (x) = r (x) cosψ (x) sinϕ (x)
y′′ (x) = r (x) cosψ (x) cosϕ (x)
Ty (x) = r (x) sinψ (x) sin θ (x)

(10)

If ŷ = {y,m} ∈ Ŝk

(
Ŝ+

k , Ŝ
−
k

)
, then the Jacobian J [y] = r3 sinψ cosψ of trans-

formation (10) is does not vanish in x ∈ (0, l).



20
[Z.S.Aliyev]

Transactions of NAS of Azerbaijan

Without losing a generality, the function ψ can be chosen so that ψ (x) ∈
(
0,
π

2

)
or ψ (x) ∈

(π
2
, π

)
for x ∈ (0, l). Initial values of the functions θ (x) , ϕ (x) can be

defined as follows

θ (0, λ) = −π
2

sgnψ (0) , ϕ (0) = 0, ϕ (l) = 2k ± π

2
.

If ŷ ∈ ∂Ŝk, there exists a point x0 ∈ (0, l) such, that
a) or sinψ (x0) = 0;
b) or cosψ (x0) = 0;
c) or r (x0) = 0.
Let’s prove, that the cases a) and b) are impossible.
I. In case sinψ (x0) = 0 by (10) we have y (x0) = Ty (x0) = 0. Thus either

y′ (x0) = 0, or y′ (x0) 6= 0.
Let’s assume, that y′ (x0) = 0. Without loosing a generality it is possible to

consider, that y (x0) > 0 for x ∈ (0, x0). Then y′ (x) increases in the point x0 and,
hence y′′ (x0) > 0.

Let ŷ = lim
n→∞

ŷn, ŷn ∈ Ŝk, yn = {yn (x) ,mn}. For sufficiently great n in small

neighborhood of the point x0 there exists a point x(n)
0 such, that y′n

(
x

(n)
0

)
= 0. It is

obvious, that in neighborhood U
(
x

(n)
0

)
of the point x(n)

0 yn (x) > 0, y′′n (x) > 0, it
is means yn (x) y′′n (x) > 0. The obtained contradiction shows, that sinψ (x0) 6= 0.

Now we assume, that y′ (x0) 6= 0. Without loosing a generality, it is possible
to consider, that x0 is the point nearest to zero where function y (x) accepts zero
value and y (x) > 0 for x ∈ (0, x0). Then there exists a point x1 ∈ (0, x0) such, that
y′ (x1) = 0. By (2) there exists point x2 ∈ (0, x1) such, that y′′ (x2) = 0. Besides,
by (2) (or more exactly by y′′ (l) = 0) there exists point x3 ∈ (x0, l) such, that
y′′ (x3) = 0. It is obvious, that y′ (x2) > 0, y′ (x3) < 0, y′′′ (x2) < 0, y′′′ (x3) > 0.
Hence Ty (x2) < 0, Ty (x3) > 0. It means that Ty (x) accepts values of zero in
the point x0 strictly increasing. Since ŷn → ŷ in Ê, for sufficiently great n in
neighborhood of x0 there exists point x(n)

0 such that, yn

(
x

(n)
0

)
= 0 and in the left

hand side neighborhood U−
(
x

(n)
0

)
of the point x(n)

0 y′n (x)Ty (x) > 0. The obtained
contradiction shows, that sinψ (x0) 6= 0.

II. In case cosψ (x0) = 0 we have y′ (x0) = y′′ (x0) = 0. Thus either Ty (x0) = 0,
or Ty (x0) 6= 0.

If Ty (x0) 6= 0, repeating the above-mentioned reasonings, we receive the contra-
diction.

Let’s assume, that Ty (x0) = 0.
We consider following Cauchy problem for the second order equation:

−σ′′ (x) + q (x)σ (x) = 0, 0 < x < l,
σ (l) = 1, σ′ (l) = 0.

}
(11)

It is known [9, lemma 2.1. (see also [10, theorem 12.1])], that σ (x) > 0 for
x ∈ [0, l].

Change of variable

t = t (x) =
l

ω

∫ x

0
σ (s) ds, ω =

∫ l

0
σ (s) ds. (12)
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specifies bounded and bounded invertible operator V in the space E = C3 [0, l]∩BC0

with the norm |·|3. Notably any function y (x) ∈ E passes, under action of this
operator in the function y (t) ∈ E of the following form

y (t) = y (x (t))

ẏ (t) = y′ (x (t)) · ω

lσ (x (t))

ÿ (t) =
ω2

l2
σ2 (x (t))

{
y′′ (x (t))− σ−1 (x (t))σ′ (x (t)) y′ (x (t))

}
(
l3

ω3
σ3 (x (t)) ÿ (t)

)·
= y′′′ (x (t))− q (x (t)) y′ (x (t)) .

Without loosing a generality, it is possible to consider, that x0 is the point nearest
to zero, in which y′ (x) accepts value of zero and y′ (x) > 0 for x ∈ (0, x0). By (2)
there exists points x1 ∈ (0, x0) and x2 ∈ (x0, l] such, that y′′ (x1) = y′′ (x2) = 0,
y′′ (x) < 0 for x ∈ (x1, x2) \ {x0}. Therefore, there exist the points x3 ∈ (x1, x0) and
x4 ∈ (x0, x2) such, that y′′′ (x3) = y′′′ (x4) = 0. Obviously, that y′′′ (x0) = 0 and
y′′′ (x) < 0 in the left hand side neighborhood U− (x3) of the point x3, y′′′ (x) > 0
for x ∈ (x3, x0), y′′′ (x) < 0 for x ∈ (x0, x4) and y′′′ (x) > 0 in the right hand side
neighborhood U+ (x4) of the point x4. Hence Ty (x3) < 0, Ty (x4) > 0.

At change of variable (12) we have: ẏ (t0) = ÿ (t0) = (pÿ) (t0) = 0, where

p (t) =
l3

ω3
σ3 (x (t)), t0 = t (x0), ẏ (t) > 0 for t ∈ (0, t0), (pÿ) (t1) = (pÿ) (t2) = 0,

t1 = t (x1), t2 = t (x2); (pÿ)· (t3) = (pÿ)· (t4) = 0, (pÿ) (t) > 0 for t ∈ (t3, t0),
(pÿ)· (t) < 0 for t ∈ (t0, t4). Denote x (t3) = x5, x (t4) = x6. It is obvious, that
x5 ∈ (x3, x0), x6 ∈ (x0, x4), Ty (x5) = Ty (x6) = 0, Ty (x) > 0 for x ∈ (x5, x0),
Ty (x) < 0 for x ∈ (x0, x6). Since zeros of the functions y (x) and Ty (x) interlaced,
there exists x7 ∈ (x5, x0) and x8 ∈ (x0, x6) such, that y (x7) = y (x8) = 0, and
y (x) > 0 for x ∈ (x7, x8) and y (x) < 0 in the right hand side neighborhood U+ (x8)
of the point x8.

Since ŷn → ŷ in Ê, in the neighborhood of the point x6 there exists the point
x

(n)
6 (for sufficiently great n) such that Tyn

(
x

(n)
6

)
= 0 and yn (x) < 0, y′′n (x) < 0 in

neighborhood of the point x(n)
6 . The obtained contradiction shows, that cosψ (x0) 6=

0.
Thus, if y ∈ ∂Ŝk

(
∂Ŝ−k , ∂Ŝ

+
k

)
, then r (x0) = 0, i.e. y (x) has at least one quadru-

ple zero.
The lemma is proved.
Let Ê = R × Ê, Ŷ +

k = R × Ŝ+
k , Ŷ −

k = R × Ŝ−k and Ŷk = R × Ŝk. Denote by
υ̂+

k =
{
υ+

k (x) ,mk

}
a unique eigenfunction of the problem (5), corresponding to the

simple eigenvalue λk, such that υ̂+
k ∈ Ŝ+

k ,
∥∥υ̂+

k

∥∥ = 1; and denote by T̂ (T ) the
solution set of problem(7) ((1) - (3)) in Ê (in E).

There holds the following
Theorem 1. Let condition (4) be fulfilled . Then for every k ∈ /N, k 6= N ,

N+1and ν = + or −, there exists continuum D̂ν
k ⊂ T̂ such that D̂ν

k ⊂ Ŷ ν
k ∪{(λk, θ)},

θ = (0, 0), which contains (λk, θ) and is unbounded in Ê.
Proof. Note, that if (λ, ŷ) is a solution of problem (7), and ŷ ∈ ∂Ŝν

k (+ or −), then
by the method of the proof of the theorem 2.1 from [2] it is possible to prove, that
ŷ ≡ 0.
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Let’s assume, that λ = 0 doesn’t be eigenvalue of the operator L. Then problem
(7) is equivalent to problem (9). Eigenvalues of a problem (5) are characteristic
numbers of the operator L and all of them are simple. Under condition (4) we have:
H (λ, ŷ) = o (‖ŷ‖) for ŷ → 0 in Ê. Therefore all points (λk, θ), k ∈ N, are bifurcation
points of problems (9) (or (7)) [11]. By theorem 1.3 from [12] (see also [13]) there
exists a continuum D̂λk

≡ D̂k, (λk, θ) ∈ D̂k, for which Rabinovich’s alternative is
fulfilled. If (λ, ŷ) ∈ D̂k and in the neighborhood of (λk, θ) ŷ = αυk + ŵ, by lemma
1.24 from [12] ŵ = o (|α|). Since Ŝν

k it is open in Ê and υk ∈ Ŝk, then (λ, ŷ) ∈ Ŷk

and
(
D̂k\ {(λk, θ)}

)
∩ B̂ξ ⊂ Ŷk, for all small ξ > 0, where B̂ξ is an open sphere

in Ê of radius ξ with the center in a point (λk, θ). By the above-stated remark(
D̂k\ {(λk, θ)}

)
∩ ∂Ŷk = ∅. Hence, D̂k ⊂ Ŷk ∪ {(λk, θ)} and the statement (ii) of

Rabinovich’s alternative doesn’t holds for k 6= N ,N + 1.
It is reamin to develop D̂k on two subcontinuums, which contain the point

(λk, θ), are contained in Ŷ +
k ∪ {(λk, θ)} and Ŷ −

k ∪ {(λk, θ)}, respectively, and are
unbounded in Ê . If (λ, ŷ) is in a small neighborhood of the point (λk, θ) and
(λ, ŷ) ∈ Dk\ {(λk, θ)}, then ŷ = αυ̂k + ŵ and, we have αυ̂k ∈ Ŷ ν

k if 0 6= α ∈ Rν

and, hence,
(
D̂+

k \ {(λk, θ)}
)
∩ B̂ξ ⊂ Ŷ +

k ,
(
D̂−

k \ {(λk, θ)}
)
∩ B̂ξ ⊂ Ŷ −

k for all small

ξ > 0. Since D̂ν
k\ {(λk, θ)} can not exceed Ŷ ν

k in the neighborhood of (λk, θ) and
Ŷ ν

k cannot contain a pair of points (λ, ŷ), (λ,−ŷ), then by theorems 1.27 and 1.40
from [12] D̂ν

k , ν = + or −, is unbounded in Ŷ ν
k .

If zero is eigenvalue of the operator L, the result is trivial for λk = 0. Let λk 6= 0
( k 6= N ,N + 1). Denote Lε = L+ J . If by λk (ε), k ∈ N, we denote the eigenvalues
of the problem

Lεŷ = λŷ, (13)

then λk (ε) = λk + ε. For small ε > 0 zero isn’t be eigenvalue of problem (13) and,
hence, the above-mentioned reasoningsare valid for the nonlinear spectral problem

Lεŷ = λŷ +G (λ, ŷ) . (14)

It is easy to see, that solution set of a problem (14) T̂ε = {(λ (ε) , ŷ (ε)) : 0 < ε < ε0}
is precompact in Ê . Therefore there exists the subsequence

(
λεnk

, ŷεnk

)
of elements

sequence (λεn , ŷεn) of the set T̂ε, which for εnk
→ 0 converges in Ŷ ν

k to the solution
(λ, ŷ) of problem (7). Hence, the statement of the theorem is correct for a limit
problem as well, i.e. for problem (7).

The theorem is proved.
Let Sν

k =
{
y ∈ E| ŷ = {y,m} ∈ Ŝν

k

}
, ν = + or −, E = R × E, Y +

k = R × S+
k ,

Y −
k = R× S+

k , Yk = R× Sk.
Since between eigen pairs problem (7) and (1)-(3) there exists an isomorphism

(λ, ŷ) ↔ (λ, y), then by substituting Ê , Ŷ ν
k , Ŷk, D̂ν

k , D̂k by E , Y ν
k ,Yk, Dν

k , Dk we get
validity of the following theorem.

Theorem 2. Let condition (4) be fulfilled. Then for every k ∈ N, k 6= N , N+1,
and ν = + or −, there exists continuum Dν

k ⊂ T such, that Dν
k ⊂ Y ν

k ∪ {(λk, 0)},
containing (λk, 0) and is unbounded in E.

Remark 1. The structure of the set Dν
k , ν = + or −, for k = N ,N + 1 will be

investigated in future.
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Theorem 3. Let condition (4 ∗) be fulfilled. Then for every k ∈ N there exists
unbounded component D̂k ⊂ T̂ , which contains (λk,∞) ∈ R × Ê. Moreover, if an
interval ∆ ⊂ R such that ∆ ∩ σ (L) = {λk} (σ (L) is spectrum of operator L) and
M̂ ⊂ Ê is a neighborhood of (λk,∞) whose projection on R lies in ∆ and whose
projection on Ê is bounded away from zero, or either

1 0. D̂k\M̂ is bounded in Ê in which case
(
D̂\M̂

)
∩ R 6= ∅, where R =

{(λ, θ) | λ ∈ R} or
2 0. D̂\M̂ is unbounded in Ê.
If 1 0 occurs and D̂\M̂ has a bounded projection on R, then D̂\M̂ contains

(λs,∞), where λs ∈ σ (L), λs 6= λk.
Component D̂k can be develop on two subcontinua D̂+

k , D̂−
k and there exists a

neighborhood Q̂ ⊂ M̂ of (λk,∞) such that (λ, ŷ) ∈ D̂+
k

(
D̂−

k

)
∩ Q̂ and (λ, ŷ) 6=

(λk,∞), implies (λ, ŷ) = (λ, αυ̂k + ŵ), where α > 0 (α < 0), and |λ− λk| = o (1),
‖ŵ‖ = o (α) at α = ∞. Thus Q̂ can be chosen so that D̂ν

k ∩ Q̂ ⊂ Ŷ ν
k ∪ (λk,∞).

Proof. Assume, that λ = 0 isn’t the eigenvalue of the operator L (problem (1) -
(3)). Then problem (7) is equivalent to problem (9). Let condition (4∗) be fulfilled.
Let’s prove, that H (λ, ŷ) = o (‖ŷ‖) at ŷ = ∞ uniformly on (x, λ) ∈ [0, l]× Λ.

We have
H (λ, ŷ) = L−1G (λ, ŷ) =

=
{∫ l

0
K (x, t) g

(
t, y (t) , y′ (t) , y′′ (t) , y′′′ (t) , λ

)
dµ, o

}
. (15)

Let
ϕ (M) = max

λ∈Λ, x∈[0,l]
ξ2+µ2+τ2+η2≤M2

(|g (x, ξ, µ, τ , η, λ)|+M) .

It is obvious, that ϕ (M) is strictly increasing function and lim
M→+∞

ϕ (M) = +∞.

Let Ŝ =
{
y ∈ Ê

∣∣‖ŷ‖ ≥ ϕ
(
M

)}
, where M is some fixed number. By (4∗), for any

small ε > 0 there exists the number M = M (ε) > 0 such, that if (x, λ) ∈ [0, l]× Λ,

ξ2 + µ2 + τ2 + η2 ≥ M2, then |g (x, ξ, µ, τ , η, λ)| ≤ ε
(
ξ2 + µ2 + τ2 + η2

) 1
2 . Hence,

by (15) for (λ, ŷ) ∈ Λ× Ŝ we have

‖H (λ, ŷ)‖ =
3∑

k=0

max
x∈[0,l]

∣∣∣∣∣∣
l∫

0

K
(s)
xs (x, t) g

(
t, y (t) , y′ (t) , y′′ (t) , y′′′ (t) , λ

)
dµ

∣∣∣∣∣∣ ≤

≤ c

l∫
0

∣∣g (
t, y (t) , y′ (t) , y′′ (t) , y′′′ (t) , λ

)∣∣ dµ =

= c


∫

y2(t)+y′2(t)+y′′2(t)+y′′′2(t)≤M2

∣∣g (
t, y (t) , y′ (t) , y′′ (t) , y′′′ (t) λ)

∣∣ dµ+

+
∫

y2(t)+y′2(t)+y′′2(t)+y′′′2(t)≥M2

∣∣g (
t, y (t) , y′ (t) , y′′ (t) , y′′′ (t) , λ

)∣∣ dµ
 ≤
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≤ c
(
l + δ−1

)
(ϕ (M) + ε ‖ŷ‖) , (16)

where c = sup
(x,t)∈[0,l]2

{∣∣∣K(s)
xs (x, t)

∣∣∣ , s = 0, 3
}

. It is possible to choose number M so

great that the inequality ϕ (M) /ϕ
(
M

)
≤ ε is fulfilled. Then from (16) we obtain

‖H (λ, ŷ)‖ ≤ 2c
(
l + δ−1

)
ε ‖ŷ‖ , (λ, ŷ) ∈ Λ× Ŝ, (17)

which means, that H (λ, ŷ) = o (‖ŷ‖) at ŷ = ∞ in Ê.
Now we prove, that ‖υ̂‖2H

(
λ, υ̂

‖υ̂‖2

)
≡ W (λ, υ̂) is compact. If W (λ, υ̂) is

compact, we note, that the image of the set
{

(λ, υ̂) ∈ Ê |λ ∈ Λ, σ ≤ ‖υ̂‖ ≤ ρ
}

for

display W is precompact in Ê for any 0 < σ ≤ ρ < ∞. Therefore, it is enough to
prove, that W

(
Λ× B̂σ

)
is precompact in Ê, where B̂σ =

{
υ̂ ∈ Ê |‖υ̂‖ ≤ σ

}
, σ > 0

is some number. From (17) we get

‖υ̂‖2

∥∥∥∥H(
λ,

υ̂

‖υ̂‖2

)∥∥∥∥ ≤ 2c
(
l + δ−1

)
ε (18)

i.e., the set W
(
Λ× B̂δ

)
is bounded in Ê.

Assume ŵ = W (λ, υ̂); ŵ = {w (x) , aw (l)− cTw (l)}. It is obvious, that function
w (x) is solution of the differential equation.

w(4) (x)−
(
q (x)w′ (x)

)′ = ‖υ̂‖2 g

(
x,

υ

‖υ̂‖2 ,
υ′

‖υ̂‖2 ,
υ′′

‖υ̂‖2 ,
υ′′′

‖υ̂‖2 , λ

)
. (19)

By (18) we have ‖w‖3 ≤ 2c
(
l + δ−1

)
εM

−1, and by (4∗) we have

‖υ̂‖2 g

(
x,

υ

‖υ̂‖2 ,
υ′

‖υ̂‖2 ,
υ′′

‖υ̂‖2 ,
υ′′′

‖υ̂‖2 , λ

)
= o

((
|υ|2 +

∣∣υ′∣∣2 +
∣∣υ′′∣∣2 +

∣∣υ′′′∣∣2) 1
2

)
for ‖υ‖3 → 0. Then from (19) it follows the inequality∣∣∣w(4) (x)

∣∣∣ ≤ c0, x ∈ [0, l] ,

where
c0 = 2c1c

(
l + δ−1

)
εσ + c2, c1 = sup

x∈[0,π]
|q (x)|+ sup

x∈[0,π]

∣∣q′ (x)∣∣
c2 = σ2 sup

x∈[0,l],λ∈Λ

(ξ,µ,τ,η)∈[δ−1,∞)4

|g (x, ξ, µ, τ , η, λ)|,

hence, by Artsel-Askoly theorem, the set {w} is precompact in E, and in turn the
set {ŵ} is precompact in Ê, i.e., W is the compact operator from Ê in Ê. Thus, all
conditions of theorem 1.6 and consequences 1.8 of paper [14] are fulfilled, whence it
follows the validity of the statement of theorem 3 .

If λ = 0 is eigenvalue of the operator L, then we again substitute the operator
L by the operator Lε = L+ εJ , where ε > 0 is sufficiently small. It is obvious, that
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zero is not the eigenvalue of the operator Lε, and therefore Lε has bounded inverse
L−1

ε , hence problem (14) is equivalent to the problem

ŷ = λLεŷ +Hε (λ, ŷ) , (20)

where Lε = L−1
ε , Hε = L−1

ε G. Then there exists a continuum D̂kε, which satisfies to

the statement of theorem 3. Let
∧
Ykεbe image of the set D̂kε under transformation

ŷ → υ̂ =
ŷ

‖ŷ‖2 . Thus
∧
Ykεis continua containing (λk (ε) , θ), and for which the

statements of lemmas of 1.2 and 1.3 of paper [14] are true. Let A be an open
bounded. neighborhood of the point (λk (ε) , θ), such that (λk (ε) , θ) /∈ A, for j 6= k.

Then (λk (ε)) ∈ A for small ε and, hence, there exists (µk (ε) , υk (ε)) ∈ ∂A ∩
∧
Ykε.

As here in before, it is easy to show, that the fourth order derivative from υk (ε) is
uniformly bounded. The set {‖υ̂k (ε)‖} is separated from zero and is bounded, and
the functions wk (ε) = ‖υ̂k (ε)‖−1 υk (ε) satisfy the equation

w
(4)
k (ε)− (qwk (ε))′ = µk (ε)wk (ε) +

+ ‖υ̂k (ε)‖ g
(
x, yk (ε) , y′k (ε) , y′′k (ε) , y′′′k (ε) , λ

)
. (21)

From (21) it follows, that {wk (ε)} is uniformly bounded in E, therefore, without
loosing a generality it is possible to consider, that lim

ε→0
wk (ε) = w in E, ‖ŵ‖ = 1

and lim
ε→0

µk (ε) = λ. Moreover, from (21) it follows, that wk (ε) → w in C4 [0, l]. If

(µk (ε) , wk (ε)) → (λ, 0) for ε→ 0, then from (21) we get

w(4) (x)− (q (x)w (x))′ = λw (x) , 0 < x < l, (22)

and hence, λ = λj and w = yj or −yj for some j ∈ N. In this case we have
(µk (ε) , ŵk (ε)) → (λj , θ) as ε → 0 and (λj ; θ) ∈ ∂A, which contrary to the con-
struction of A. Thus (λk (ε) , ŵk (ε)) → (λ, ŵ) as ε → 0, where w 6= 0 and
(λ, ŷ) =

(
λ, ‖ŵ‖−2 ŵ

)
satisfies equation (7).Since it is true for each such set A,

it follows from an elementary argument from point set topology, that problem (7)
has unbounded component D̂k, which satisfies statements of the given theorem.

Existence of D̂ν
k , ν = + or − and neighborhood Q̂ of (λk,∞) is proved similarly,

using continua
∧
Ykεand neighborhood Q̂ε.

We have: if (λ, ŷ) ∈ Q̂ ∩ D̂ν
k , then (λ, ŷ) = (λ, αυ̂k + ŵ), where να > 0 and

‖ŵ‖ = o (να) at α = ∞. Since Ŝν
k is open and (να)−1 ŵ is sufficiently small for α

near α = ∞, relative to υ̂k ∈ Ŝν
k then υ̂k + α−1ŵ, and also ŷ = αυ̂k + ŵ ∈ Ŝν

k for α
near ∞.Theorem 3 is proved.

Isomorphism (λ, ŷ) → (λ, y) shows, that the statements of theorem 3 are also
true for problem (1) - (3). Thus T̂ , D̂k, M̂ , Ê, Ê , D̂ν

k , Q̂ are substituted by T , Dk,
M , E, E , Dν

k , Q.
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