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APPLIED PROBLEMS OF MATHEMATICS AND MECHANICS
Natik K. AKHMEDOYV, Sevda B. AKPEROVA

ASYMPTOTIC BEHAVIOR OF THE SOLUTION OF
AN AXISYMMETRIC PROBLEM OF ELASTICITY
THEORY FOR A RADIALLY-INHOMOGENEOUS
TRANSVERSALLY-ISOTROPIC CYLINDER OF
SMALL THICKNESS

Abstract

An axisymmetric problem of elasticity theory is studied by the method of as-
ymptotic integration of equations of elasticity theory [1] for a radially-inhomoge-
neous transversally-isotropic cylinder of small thickness when mized boundary
conditions are given on lateral surfaces.

Inhomogeneous and homogeneous solutions are constructed. It is shown that
when lateral surfaces are simply supported, some penetrating solution corre-
sponds to the first asymptotic process. The stressed state determined by this
solution is equivalent to the principal vector of forces applied on arbitrary sec-
tion & = const. It is obtained that deflected mode in the cylinder is composed of
penetrating deflected mode and edge effect similar to Saint-Venant’l edge effect
in the theory of transversally-isotropic inhomogeneous plates.

1. Let’s consider an axisymmetric problem of elasticity theory for a radially-
inhomogeneous transversally-isotropic hollow cylinder of small thickness. Refer the
cylinder to the cylindrical system of coordinates r, p, z :

rm<r<ry,0<e<2r, -L<z<L

In the axisymmetric case the equilibrium equations are of the form [2] :

0oy 00r,  Opp — Oy _

0
or 0z ro

Here 0yp,0p2,0..,04,, are the stress tensor components that are expressed by
displacement vectors u, = u, (7, z), u, = u, (r, z) in the following form [3] :

ouy Uy ou, B Oou,  Ou,
Urr—AnW—i-Au?—i-Amg, U'r’z—A44(aZ + 87’)’
ou, Uy ou,
zz — A - A 5 1.2
g 13 ( or ) 302 (1.2)

Oou, i ou,
Opp = A12W + A117 + A33E'
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After substitution of (1.2) into (1.1) we get an equilibrium equation is displace-
ments

(L0+81L1 +8%L1)H:6. (1.3)

Here Lj, are matrix differential operators of the form

Io— 0 (efep (bna + Eblg)) +eée (bu — b12) e P (8 — 8) 0
0 0 8 (€7Pbyyd) + cbyge™PO
Li— 0 5 (8 (b13) + b448)
eb130 + €2 (b13 + baa) + €0 (buy) 0
2 ep
L2 _ € b44€ ) 0
0 & b33€€p

2

o = (;95; 03 = 5{2; 0= aap; u = (up;ug)T; up (p,€), ug (p,§) are displacement
1
vector components; p = - In <:> , &€= ri are new dimensionless variables; ¢ =
0 0

1
3 In (7’2> is a small parameter defining the cylinder thickness; ro = /rira, p €
1

L
[—1;1], & € [-1;]] <l = 7“0) ; bij = bi; (p) are elastic characteristics considered as

arbitrary piecewice-continuous function of variable p.
Assume that on lateral surfaces of the cylinder the following mixed boundary

conditions are given:
0lpeg1 = (Mo +e01 M) ul,_yq = 7 () (1.4)
where & = (up, 00¢)" , 7 (6) = (W (§) 1 /= (€)"

1 0
0 6_1b446_8p6

0 0

My =
0 by 0

)Mlz

Assume that h¥* (€); f* (&) are sufficiently smooth functions and with respect
to e they are of order O (1).

Assume that arbitrary boundary conditions leaving the cylinder in equilibrium
state are given at the end faces of the cylinder.

2. Let’s consider construction of special solutions of equations (1.3) that satisfy
boundary conditions (1.4), i.e. inhomogeneous solutions.

Assuming that the quantity e is sufficiently small, for constructing inhomo-
geneuos solutions we use the asymptotic method [1].

We’ll look for the solution of (1.3) (1.4) in the form:

Up = Upp + EUpy + ;. ue = €1 (ugo + Ugr + ..u) (2.1)



Transactions of NAS of Azerbaijan 155
[Asymptotic behavior of the solution of...]

Substitution of (2.1) into (1.3),(1.4) reduces to the system whose successive
integration with respect to p gives relation for the coeflicients of the expansion

Up, Ug:
p
- h(§) [ 1 b13
U = h7 (&) + agp /blldx+ /bn /bnd ’
ugo =c1 (&), ua =c2(§), (2.2)
doh’
f(g) = DL e[
0
where

11

. Py
_ [P [ (bF5 = biibss) 4
ar = | +—dp; qr= [ ——>——Lp"dp
] ]

Analysis of stress state shows that stresses o), 04y, 0¢¢ With respect to € have
order e~ 1, but 0 ¢ have a unit order.

3. Let’s consider a matter on construction of homogeneous solutions. Assume
gt (¢€) =01in (1.4). Searching the solutions of homogeneous systems in the form

up (p,€) = u(p) € ug (p, ) = w(p) e

we get the following not self-adjoint spectral problem

=3 -

(Lo +aolq + 042.[/2)
(Mo + aMy) a|p

where @ = (u (p),w (p))” .

For solving (3.1) we use the asymptotic method [1], based on three iteration
processes.

We can get homogeneous solutions corresponding to the first iteration process

from (2.2) if we put therein g+ (¢£) = 0. We have

p y
13 1 b1z (bi2 — b11)
u —dx +¢ —/ /d:c dy—
< /511 /511 b1 . b1 Y

P P Y
b b b d, 1 bio — b

/13 R /de gy | [ L /<1211>d$ dy+
b11 b1y b11 ag b11 b11

-1 1 —1 1
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b h 1 d
+ A—d— 12 /(m d +/<m[1— 3.2
/1511 1711 b11 Y b11 ag (32)

1 / 1 P bi3 (b b 1 / b i b
- — —13( LI 12)dx dp — — 12 /Bda? dp+
ap ) bn . b1 ag . b1 1511

P p
do / 1 /(b12—511) /b12/ 1 2
LU PR B I I e [P Y RN L0 (e
2 ! b11 . b11 P b11 . b11 P ( )

ul) = B+ De.

In (3.2) the constant E corresponds to displacement of the cylinder as absolute

solid. Therefore we can equale F to zero: £ =0
Double eigen values ay = 0 correspond to these solutions. Appropriate stresses

take the form:

p
d d bis (ba — b
>0 _p 0+51_/1ﬂwf1ﬁm+
PP ag ap b11

1 P
1 1 b1z (bi2 — b11) 512 /b13
+— daz dp — — —dx | dp+
ao / b1 (/ b1 P b1y b1 P
—1 1 71 1
do [ (biz —b11)

P 1
— do /512/
20 [ m o) g L S [ 22 2 ) dp—
agp b11 a? . bi1 J bn p

-1

1 p
1 (b12 — bn) doal 2
e ——dx | dp — 4+ 0 (e
/511 / b11 P a? ()

1 1
big (b11 —b12) . do bi2
<1>:D<131112+ obi2 2>
o £
e b11 ao biy (%)
2
(1) (biibss — bi3)  do bis
o) =D( ~—r-——"+ ——"14+0 (e 3.3
& < b11 ap b1y (€) (3:3)
1) _
Op = 0

There are no solutions having the edge effect character corresponding to the

second asymptotic process.
By the third asymptotic process, we look for the solution of (3.1) as follows:

u(3) :5(u0+5ul+...), w(3) :5(w0+5uﬂ+'“)7 (3 4)
a=c 1 (By+eb+..). .
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After substitution of (3.4) into (3.1) for the first terms of expansion we get a
spectral problem describing potential solution of transversally-isotropic plate inho-

mogeneous in thickness:

B (ﬁo)?o =0 (3~5)

where
B (Bo) fo = {t (Bo) fo, C(Bo) foly, = 6} ., t(B) fo = (Bo + BoB1 + B5B2) fo

C (Bo) fo = (Co + BoMi) fo, Fo = (uo3wo)”,

B 8(()118) 0 . B - 0 8(b13)+b448 )
0 0 8 (bud) |7 8 (bas) + 130 0 ’
bu 0 1 0
By = . Oy = .
2 0 by |’ 0 0 b448‘

Unlike the isotropic case [4, 5] for transversally isotropic plate of inhomogeneous
in thickness, 3, may accept pure imaginary values as well.
By the substitution

uo = =By (pov") + By ' pet + Byt (), wo = By%pot" —p1 (3.6)
spectral problem (3.5) is reduced to the following one:
(") = 83 | 01)" + pre” + (p2w')'| + Bipsv = 0
(=85% (pov") + B3 o’ + 85" (mrw) )| =0 (3.7)

p==x1
/
¢ }pZil =0
where
-1 2 -1
po =b110, p1=bi3f, pa=by, p3=bss0, 0= (bi3— bi1bs3)

(3.7) is a generalization of P.F. Papkovich spectral problem [4, 5] for inhomogeneous
transversally-isotropic case.
So, the solutions corresponding to the third iteration process are of the form:

u (p:€) =Y By {’B&f (pot?)" + Bor 1t + Byt (p2voy)’ + O (5)} P (@f)
k=1

u (p:€) = =3 Fi [Bofpovt, — paty + O (2)] exp (B(ff)
k=1
(3.8)

For stresses we have

o= 3 R+ 0 ey 225)
k=1
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o = 3" Fy (4 + 0 (€)) exp <5(§5>
k=1
®_\ 1 Boré
O¢e = Z Fy, (_ﬂok Y+ 0 (6)) exXp e
k=1

o) =Y Fi (p1 (bix — biz) Bt i + (bssbiz — bis) 0By + O () exp (%kf)

k=1

4. Let’s analyze deflected mode corresponding to different groups of solutions.
We represent the replacements in the form.

up (p,§) = “1(31) (p, &) + Z Frug (p) e*+$
! (4.1)
k=1

The second term contains displacements defined by the thirs group of solutions.
For stresses we have:

00 00
1 1
Opt = 01()5) + E Frox (,0) €ak§, Oge = Uéﬁ) + E Floop (p) ek (4.2)
k=1 k=1

where
o1k (p) = baa (e~ ), (p) + cuy (p))

ook (p) = bise™* (e uj, (p) + ug (p)) + arbsswy, (p) -

Let’s consider connection of homogeneous solutions with principal vector P, of
stresses acting in the section £ = const. We have:

1
P= 2775/ (0o + 0ce) €Pdp (4.3)
~1

Substituting (4.2) into (4.3) we have:

oo
P =2mzwoD + 212 Y | Fruwge™* (4.4)
k=1
1
d2
where wg = — —qo+ O (¢ / ok (p) + ook (p)) €2Pdp.
ao
-1
Show that all wy = 0 (k = ...). For that we consider the following boundary

value problem:

eakfj’

Up{‘gzgj =01k (P) 055‘5:5]‘ = 02k (P) eakfj (45)

where j =1,2.
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The principal vector that corresponds to stress state of problem (4.5) in the
section & = const is reduced to the form

Py, = 2mewy,ek* (4.6)

According to condition of solvability of elasticity theory problem the principal
vector P, must not depend on the variable {. However, in relation (4.6) the right
hand side depends on £.Hence it follows that P, = 0 i.e. wg = 0.

For the principal vector from (4.4) we get:

P =2mewoD (4.7)

Stress strain corresponding to the third group of solutions is self-balanced at each
section £ = const. Solution (3.2) corresponding to the first asymptotic process de-
termines the internal deflected mode of the cylibder. First terms of its expansion in
¢ determine momentless stress state.

The third asymptotic process is determined by solutions (3.8) that are of bound-
ary layer character. The first terms of (3.8) are equivalent to Saint-Venant’s edge
effect of inhomogeneous transversally-isotropic plate. For purely imaginary 3, the
Saint-Venant’s boundary layer damps very slowly and the soloutions (3.8) should
be reckoned to penetrating solutions. Therefore, in this case, deflected mode of
transversally-isotropic and isotropic shell differ qualitatively. When 3, is not pure
imaginary general picture of deflected mode in qualitative respect is similar to ap-
propriate picture for isotropic radially-inhomogeneous cylinders. In quantity respect
they differ by rapidity of damping of Saint-Venant’s boundary layer.

5. Let’s consider a question on stress relief from the end faces of the cylinder.
Assume that the following stresses are given at the end faces of the cylinder:

O-pﬁ‘g:ﬂ = fis (,0) , U&&‘g;ﬂ = fos (,0) (5'1)

Here fi5(p), f2s(p) (s =1,2) are sufficiently smooth functions and they satisfy
the equilibrium conditions.

1 1
2 / (11 (0) + fr (p)) P dp = 2me / (12 (0) + foz () *dp
—1 -1

As it was shown, not self-balanced part of stresses may be relieved by means of
penetrating solution (3.2) and relation between the constant D and principal vector
P is given by the equation (4.7).

Further we’ll assume that P = 0. By the accepted supposition D = 0.

We’ll look for the solution in the form (4.2) . For determining arbitrary constants
Fy (k=1,2,...) whose variations will be considered as independent as in [6 — 9],
we’ll use Lagrange’s variational principle. Since homogeneous solutions satisfy the
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equilibrium equation and boundary conditions on lateral surface, the variational

principle takes the form:

s=1

00 1
Z/ 0pe = fis (p) Oup + (0ge = fas (p)) Sug]| - e*Fdp=0  (5.2)
—1

£=-1

From (5.2) we get an infinite system of linear algebraic equations
oo
Y QuFr=75 (j=12..) (5.3)
k=1

where
1

Qi = / (011 (0) s (p) + 021 (p) w5 (p)) P

-1

x [exp (= (ak + ;) 1) + exp (i + a;) 1)]

(f11 (p) uj () + fa1 (p) wj (p)) €**Pdpexp (—ayl) +

+ [ (fi2(p)u; (p) + faz (p) w; (p)) €*Pdpexp (a 1) .

/
/

Solvability and convergence of the reduction method for the system (6.3) is
proved in [10].
We'll look for the constants Fj, in the form

Fp,=Fw+eFp+ ... (54)

After substitution of (5.4) into (5.3) we get:

> MyFio=g, (n=1,2,...). (5.5)
j=1

Here

1
My = / {wn | =87 (v + 8o mr + 8o, ()] +
-1

n+ Boi)l w+ Boi)l

9 9

1
an = [ {0 [5G (vt + Bitort, + B} (oo )] + fon [Bo 0ot — po]} dpx
1



Transactions of NAS of Azerbaijan 161
[Asymptotic behavior of the solution of...]

1
l / — / — /
X exp <—ﬁ(;"> + / {f12 [—ﬂ&f’ (povh) + Boap19 + Bon (p210,)'| +

_ Bonl
+f22 [Bor Py, — p2vby,| } dpexp <i” :
Definition Fi, (p =1,2,...) is invariably reduced to the inversion of the same
matrices that coincide with matrices of system (5.5) .
Notice that when b1s = b1g = \; by = G; b1 = bgz = 2G + A all the solutions
entirely coincide with the solutions for radially inhomogeneous isotropic cylinder
[11].
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