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INVERSE EIGENVALUE PROBLEM FOR
DIFFUSION EQUATION WITH NONSEPARATED
BOUNDARY CONDITIONS

Abstract

The inverse problem of spectral analysis for a quadratic pencil of Sturm-
Liouwville operators on a finite segment is considered; sufficient condition for the
solvability of this inverse problem is obtained. Under some additional condition
on one of the coefficient functions these are also necessary conditions.

1. Introduction

The solution of partial differential equations by the Fourier method reduces to
the problem of spectral analysis of ordinary differential operators. In particular, the
solution of the wave equation with some initial and boundary conditions is reduced
to study of the quadratic pencil of ordinary differential operators (see e.g. [17, 19]).

In this paper we consider inverse eigenvalue problem for diffusion equation

y' (@) + [\ = 2p(2) — gq(a)]y(z) =0, z €[0,7] (1.1)
with the boundary conditions
y(0) +iwy(m) =0, (1.2)

—iwy'(0) + ay(m) +y'(0) = 0 (1.3)

where p(z) € W[0,7],q(x) € Ly[0, 7] are real-valued functions and w,a € R. By
W20, 7] we denote the Sobolev space of functions on [0, 7] that are absolutely con-
tinious and whose first derivative is square integrable on the segment [0, 7]. Let us
denote the problem (1.1)-(1.3) by L(p(x), ¢(z),w, @).

The direct and inverse problems of spectral analysis have been most compre-
hensively investigated for the Sturm-Liouville operator (see [7] and the bibliography
therein). Inverse so-called similar boundary-value problems (that is, for the case
of problems with characteristic functions differing by constant) for Sturm-Liouville
equation (p(x) = 0) with the boundary conditions (1.2), (1.3) have been investigated
in [15, 16].

Necessary and sufficient conditions of recovering of problems L(0, ¢(z),w, o),
j = 1,2 from two spectra and some sequence of signs is obtained in [6]. Some
versions of inverse problems have been analyzed for eq. (1.1), which is a natural
generalization of the Sturm-Liouville equation [3, 4, 5, 8, 9, 12, 13, 14].

In this paper we give sufficient conditions for solvability of inverse problem of re-
covering of problems L(p(z), ¢(x),w, o), j = 1,2 where |w| # 0,1 from two spectra.
In the case |w| =1 this problem has been considered in [13].
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2. Preliminaries
Let ¢(x,\) and s(z, A) be the solutions of (1.1) satisfying the initial conditions

c(0,2) = §'(0,A) =1, (0,\) = s5(0,\) = 0.

A is called an eigenvalue of the problem L(p(z),q(z),w, a) if there exist a non-
trivial solution y(z, A) of (1.1) satisfying (1.2) and (1.3).

It is easy to show that eigenvalues of the problem (1.1)—(1.3) coincide with the
zeroes of the characteristic function

AN) = wre(m, ) + as(m, ) + 5 (7, \).
Lemma 2.1.The following formulas hold

c(m,\) =cosm(A—a)—

aj cosT(A —a) + ey sinw(A —a) + f ‘1f1(t)ei’\tdt

—T

A 9

s'(m,A\) = cos(\ — a)

aicosm(A —a)+mersinm(A —a) + [ Wy (t)eMdt

+ )

A
where i
1 1
a o / ,C1 = o /
0 0
1 .
a; = 5[}9(0) _p(ﬂ-)]v \Il](t) € L2[—7T,7T],] = 1>2

This lemma is a generalization of representations in [11, p.38] and has been
proved in [5].
Lemma 2.2. For the functions P()\) and R(\) to be represented in the form

fA—a)

P(X\) =sinm(A—a) + AWM cos(A —a)+ 3 ;
—a

4A—a)? -1

sinm(A — a) _'_g()\fa)
A—a A—a ’

R(A\) = cosm(A—a)+ Brm

where

fA) = dosinmA + /f(t)emdt, F(t) € Lo[=m,7], (0) = f'(0) = 0,

—Tr

™

g(A) = di cos A+ / GBeMdt, Gt) € Lo[—m, ], g(0) = 0

—Tr
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it is necessary and sufficient to have the form

PN =r(r-a) ]] “’“‘A, uk:k—l—a—é—i-ik,

k=—00,k£0 k koK
~ ~
Vi — A 1. B 6’6
R(\) = —g—, Vp=k—signk+a+ —+—,
k:_lo:{k#o k — 5signk 2 ko k

o0 ~
where a,dy,dy, A, B are some scalars and > {|5k|2 + |5k]2} < 0.
k=—o00,k#0
This lemma is a generalization of lemma 3.4.2 from [11] and has been formulated

in [5] (see also [13]).

3. Statement and proof of the main theorem
Theorem. Let two sequences of real numbers {ﬁl,k} ) {ﬁQ,k} satisfy the following
conditions

1 . A+ Bj Tk
1) Bk :k—581gnk+a+ k o (3.1)
where By < By, ). T?k <oo(j=1,2);
k=—00,k#0
2) 0< By < PBa1 <Pr2<PBo0 <y
(3.2)
0>p81_1>PB9_1>0B1_92>02_9> .
~1)*C + 6
3) Ai(k+a) — Ag(k+a) = w (3.3)
where C = 72(1 4+ w?) A(By — By) and
Aj(N) = (1+w?) —IT (3.4)
k_gk¢0 k — %Slgnk
4) |u(Xe)| = 2|wl, (3.5)
Jim k(u(2k +1) = 1= w?) =0, (3.6)
where BoAL(A) — BiAs(N)
_ b2A1(A) — B1As
u()) = i (3.7)
and \i(k = £1,42,...) are zeros of A1(\) — Az(N);
e}
9(Ak)
5) u(0) + 2w%s(0) Y s >0, (3.8)
b ootkr0 K (Ar)
where AL(D) — A0
S(O) _ 1( )_ 2( )

(1 4+ w?)(By — By)’
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1-— w2 1 + w2 k . 2
g ) = Wu()\k) + (—1)"sign(w® — 1)op/u?(Ag) — dw?,
where o, = 0 if |[u(Ag)| = 2|w|, ok = £1 otherwise and o, = 1 for sufficiently

large k. Then there exist problems L(p(x),q(z),w,q;),j = 1,2 with oy < o and
p(0) = p(m) which eigenvalues coinside with {Bl,k} and {527k}’ respectively.

Proof. From lemma 2.2 we obtain that A;()),j = 1,2 constructed by (3.4) are
of the form

AN = (1+w?) {cosm —a)+ (B + AT —a) | B =) } . (3.9)

A—a A—a

where
™

Py(\) = E cos A + / Pty dt, Pi(t) € Lo|—m, 7).
It is clear from (3.9) that

Pyi(k) —P2(k’)'

Ay(k+a)— Ay(k+a) = (1+w?) -

Now using (3.3) we obtain

_NkO
Pl(k)—PQ(k)zlij{( 1k)c+9k’“}.

Taking into account the representation of P;(\), we can write

(B1 = By)(-1)* + /[E(t) — Py(t)]eMdt = 1+1w2 {(_1):?4‘9]4}.

—T

From this equality, using the Rieman-Lebesque lemma, we find E1 = Fs.
Lemma 3.1. P, (t) — P5(t) has a square integrable derivative on (—m, ).
Proof. According to Carleson’s theorem [2] (see also [1]) concerning convergence
of Fourier series almost everywhere
D 5 1« —ikt
Pi(t) — Py(t) = [Pi(k) — Py(k)]e™™", a.e.

o7
k=—oc0

Therefore, taking into account

> sin kt
t=2 —1)* , —m<t<m,
kZ_l (—1) ’ T T

we find
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6 S (_1)k —ikt 1 - Ok —ikt
D DR ne R =D DI
k=—00,k#£0 k=—00,k#£0
Cit 1 & O iy
:COHSt‘f‘g—"% Z ?6 .
ke=—00,k0

Since § 0% < 0o, from the last formula we obtain that Pi(t) — Py(t) is equiv-
alent tko ao;{gécotion that has square integrable derivative on (—m,).
Let us denote ALY — As(N)
s(A) = ﬁv
where a; = 7(1 + w?)Bj,j = 1,2. Taking into account (3.9), integrating by part
(lemma 3.1) and using Paley-Wiener theorem [18, p.101], we find

(A= a)s(A) = sinw(A — a) — A7 4\ —a) T(A—a)

WCOSW(A—G)‘F )\_a 5

(3.10)
where ¥(\) = DsintA + [ (t)e dt, W(t) € Ly|—m,x],D € C. Therefore,

lemma 2.2 implies that for zeros Ay (k = £1, £2, ...) of the function s(\) the following
asymptotic formula hold

[e.9]

Me=Fk+a+ o+ Y ri<oo (3.11)
k=—00,k0
From (3.7) and (3.9) we obtain
u(N) = (14 w?) {COSW(A —a)+ Awsmz()\_a) +
—a

Eicosm(A—a) + [ E(t)etP—)qgt

. 12
+ P (3.12)

From the last formula and (3.6) we find E; = Es = 0.
Lemma 3.2 The following inequalities hold

0< 61,1 < 6271 < )\1 < 5172 < ﬂ272 < )\2 < ..

0>p01_1>Pg1>A1>01_9>09_9>A 2.

Proof. Putting A = 0in (3.4) and taking into account (3.2) we obtain A;(0) > 0.
Again, taking into account (3.2), we find that in each interval (B, y, 3 1) and
(B2,—k> B1,—(k+1)) the function s(A) possess at least one zero A\, and A_g, respectively.

We denote G5 = {A:|A—a—n|>0d,n=0,£1,£2, ...} for some small fixed
0 > 0 and recall that

|sinm(A —a)| > Csel ™A, A € Gs,
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where Cjs does not depend on A (see e.g [20, p.13])(We remark that it also follows
from the fact that sinm(A — a) is a function of sine type [10]).

Taking into account the latter fact, the representation (3.10) and applying Rouche’s
theorem it can easily be shown that the function s(\) has exactly one zero A\g (A_g)
in each interval (B85, 81 (k+1)) <(527_k,ﬂ17_(k+1))> and s(\) does not possess other
Z€r0S.

Put
_ = 9(A\k)
g()‘) - ()‘) kzgk;éo (/\ _ )\k)sl(Ak) )
where

1—w? 1+ w?
M) = —2u(x
90) = =g ule) + =5

From (3.5) it follows that u?(\;) > 4w?. Consequently, all g(\x) are real. Using the
asymptotic formula (3.11), the representation (3.12) and taking into account the

(—1)*sign(w? — 1)op/u2(\g) — 4w?. (3.13)

following asymptotic formulas
cosz =1+ O(z?),
sinz = O(x),
\/le—l—g—i—O(acQ), as x—0

and the fact that o = 1 for sufficiently large k, it can easily be shown that

[e.9]

> (gw))? < oo

k=—00,k#0

Then ([5]) the function g()) is of the form

1 r ;
g(\) = / K(t)e" =9, (3.14)
A—a
where K (t) € Lo[—m,7].
Define the function s1(\) by
1 2w?
s1(A) = mu()\) 7 +w29()\)‘ (3.15)

According to (3.12) and (3.14),

B sinm(A —a) 1 itO—a)
s1(A) =cosm(A—a) + A s —i-)\_a/F(t)e dt.

—T

Therefore, using lemma 2.2, for zeros vy, (k = +1,+2,...) we obtain the following

formula
o0

I A ¢
Vk:k—§s1gnk+a+z+f, k_§k¢0§z<oo. (3.16)
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Taking A = A in (3.15) we find

s10) = % () — (~1)F sign(e? — Do /) — 42

This implies

From this equalities we obtain
sign s1(A\g) = sign u(Ag).
Since Aq(Ax) = Aa(Ak),
u(Ar) = Aj(A), J=1,2.

Now, using lemma 3.2 and the fact that A;(0) > 0 (j = 1,2) it is easy to see that
sign A;(\) = (—1)*. Hence,

sign s1(A) = signu() = sign A;(A) = (—1)"
and from (3.8) we have s1(0) > 0. Therefore, taking into account (3.16), applying
Rouche’s theorem, we find that the function s;(A) has exactly one zero in each

interval ...(A_2,A_1), (A=1,0), (0, A1), (A1, A2).... Consequently, zeros of s1(A) and
s(A) interlace in the following meaning

<A< Vo< A1 <r1<0<r <A <ra<A<.. (3.17)

Besides, sequences {\;} and {v;} behave as (3.11) and (3.16), respectively. There-
fore, according to [4] there exist functions q(x) € L2[0, 7] and p(z) € W20, 7] such
that {A\x} and {vy} are eigenvalues of the problems, associated with the equation

y' () + [\ = 22p(z) — g(2)]y(z) = 0

and boundary conditions
and

respectively; besides
s(A\) = s(m, A), (3.18)

s1(N\) = §'(m, N, (3.19)

where s(x,\) is the solution of the constructed equation satisfying the following
initial conditions
5(0,\) = s'(0,\) —1=0.

Let ¢(x, \) be the solution of constructed equation satisfying the initial conditions

c(0,0) —1=(0,\) =0.
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Lemma 3.3.The following identity holds
1
c(m,\) = m“@\) + 1 —i—ng()\)'

Proof. From identity
e(m, \)s' (m, A) — & (m, N)s(m,\) =1

and from (3.19) it follows that

1 1
c(m, \g) = = .
(m, 2e) s'(m, M) s1(Ak)
According to (3.13)
1 2
—u(A Ak) =
H_wQU( k) + 1+w29( k)

1 1 .
= 2—w2u()\k) + 27)2(—1)}C 81gn(w2 — Dogpv/u?(A\g) — 4w?

2
—u(e) — (=DFsign(w? — Dogy/u2(h) — dw?’
Hence, taking into account (3.13) and (3.15), we find

1 2 1

) g = .

1—|—w2u( k)+1+w29( 2 s1(Ag)
These imply

1 2

e(m, \g) o (Ak)leJr 59(Ak)

Define
() = e(m A) — | ——u(A) + ——sg(N)| = e(m, A) — 5'(m, A)
r(\) = c(m, T o? 1+w29 = ¢(m, s (m,

_ [ 1 u(\) + > (\) — s'(ﬂ,)\)} =c(m,\) — &' (7, \)

_ [ Lo+ 1+2w29(x) —31()\)} = o(mA) — 5 (m\) = 29(0).

1
Putting A = k +a + =(k € N) in lemma 2.1 and taking into account (3.19) we find

p(0) = p(m), where p(z) is a coefficient function of a constructed problems. Now
from the latter fact we find

17 .
=3 / Gt)eitdt,

for some G(t) € La[—m, w]. Therefore

ew\ImM
r(A) =o B , as |\ — oo. (3.20)
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1 1
Let I';, be a contour bounding the square {)\ |Red—al <n+ 3 [ImA\| <n+ 2}.
Then due to (3.10), there exist such a constant ¢ > 0 that

Is(m, )| > ‘%eﬂlmh AeT,, (3.21)

A
where ¢ does not depend on n. Since r(\;) = 0, TE)\i is an entire function and from
s
(3.20) and (3.21) it is clear that it tends to zero on the I';,. According to Liouville’s

A
theorem it yields TE)& = 0 which completes the proof of lemma 3.3.
s

Using lemma 3.3 and (3.18), (3.19) we find
wre(m,\) + 8/ (1, A) = u(N). (3.22)

Now, we will show that characteristic functions Aj()), Aa(A) of the constructed
problems L(p(x),q(x),w,a;),j = 1,2 coincide with Aq(\) and Ag(X), respectively.
Indeed, according to (3.18), (3.19) and (3.22)

Ar(N) = wle(m, ) + 8 (7, A) + ays(m, A)

= u() + s, ) = 2R o, DS ),

Similarly, we can show that N
AQ()\) = AQ()\)

The proof of the theorem is complete.

Remark. We note that under some restriction on the potential ¢(x), eigenval-
ues B, (7 = 1,2;k = £1,42,...) of the problems L(p(z),q(z),w, a;) with aq < ag,
p(0) = p(m) satisfy all conditions of the theorem.
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