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SOME PROPERTIES OF DEFECT BASES AND
BASES OF SUBSPACES

Abstract

In the paper we study some properties of defect bases in Banach spaces and
some closeness theorems for basicity of systems of subspaces of Banach spaces
is proved.

1. In this section we’ll give some necessary definitions and some related necessary
facts. With the help of these facts we’ll give also simpler proofs of some statements
obtained in the papers [1,2].

Let F be a Frechet space, ψ =
{
ψj

}∞
1

be a system of vectors of this space. This
system is said to be a defect basis, if we can eliminate a finite number of vectors
from this system so that the remaining system will be a basis of its own linear closed
span.

Since in each Banach space there may be found infinite dimensional subspace
possessing a basis, (see [3], p.206), then obviously, defect bases exist in arbitrary
Banach space.

In sequel, we’ll use the following notations:
R (M) is a subspace generated by the system M ;
α (ψ) is a minimal number of vectors, in eliminating of which ψ turns into a basis

of own linear close span;
β (ψ) = codimR (ψ) (finite or infinite);
χ (ψ) = β (ψ)− α (ψ) is an index of a defect basis ψ.
Obviously, the condition α (ψ) = β (ψ) = 0 is a necessary and sufficient condition

for the defect basis ψ to be a basis of the Frechet space F .
Remind that the system {xn}∞1 of the Frechet space F is said to be minimal, if

∀i ∈ N : xi /∈ R ({xn}∞1 , n 6= i). The following lemma shows that we can a little
”weaken” the last condition.

Conjecture 1. For the minimality of the system {xn}∞1 of the Frechet space F
it is necessary and sufficient to fulfill the condition:

∀i ∈ N : xi /∈ R
(
{xn}n>i

)
. (1)

Proof. Necessity of condition (1) is obvious. Therefore, we prove its sufficiency.
Assume the contrary:

∃i0 ∈ N : xi0 ∈ R ({xn}∞1 , n 6= i0) .

It is known that the sum of two subspaces of a linear topological space one of
which is finite dimensional is a subspace (see [4], Theorem 1, p.29). Therefore, we
can write the following relation:

R ({xn}∞1 , n 6= i0) = R
(
{xn}i0−1

1

)
+R

(
{xn}∞i0+1

)
.


