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AN OPTIMAL CONTROL PROBLEM WITH

NONLOCAL CONDITIONS FOR WAVE EQUATION

Abstract

Some problems of modern physics and technology can be effectively described
in terms of nonlocal problems for differential equations. These nonlocal con-
ditions show that some data on domain are inaccessible to the measurement.
Therefore some averaged data of problem are given [see 1,2]. In the present
paper we derive the necessary condition of optimality in the optimal control
problem for wave equation with nonlocal boundary conditions.

1. Statement of the problem. Let the controlled process be described by the
following equation

∂2u

∂t2
−∆u = f (x, t, u (x, t) , ϑ (x, t)) , (1.1)

with the initial conditions

u (x, 0) = ϕ (x) ,
∂u (x, 0)

∂t
= ψ (x) , (1.2)

and nonlocal condition

∂u

∂ν

∣∣∣∣
S

=
∫
Ω

k (x, y)u (y, t) dy, (1.3)

here u (x, t) characterizes the state of the process, ϑ (x, t) is a control function,
Q = {(x, t) : x ∈ Ω, 0 < t < T}, where Ω is a bounded domain in Rn with smooth
boundary (n ≤ 3) , S {(x, t) : x ∈ ∂Ω, 0 < t < T} is lateral surface of cylinder Q, ν
is an outer normal to S, ϕ ∈W 1

2 (Ω) , ψ ∈ L2 (Ω) , k (x, y) ∈ L2 (Ω× Ω) , k (x, y) =
k (y, x) ,

∫
Ω

∫
Ω

(
k2 (x, y) + 1

2 |5xk (x, y)|2
)
dxdy = L < ∞. As a class of admissible

controls we take the set of the functions V = {ϑ (x, t) : ϑ (x, t) ∈ L∞ (Q) , ϑ ∈ [α, β]} ,
α, β are given numbers.

It is required to find such a control from V that together with solution of problem
(1.1)-(1.3) it delivers minimum to the functional

J (ϑ) =
∫
Q

f0 (x, t, u (x, t) , ϑ (x, t)) dxdt. (1.4)

If some control ϑ0 (x, t) from V delivers minimum value to functional (1.4) then
this control is said to be optimal control. Solution of problem (1.1)-(1.3), which
corresponds to the optimal control. ϑ0 (x, t) we’ll denote by u0 (x, t). Then the pair
(ϑ0 (x, t) , u0 (x, t)) is said to be an optimal pair.


