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BOUNDARY CONTROL PROBLEM FOR STRING
VIBRATIONS EQUATION. II

Abstract

In the paper we consider string vibrations equation. Assuming that the state
of a string is given at initial time, we study a problem on finding such boundary
controls at the ends of a string that reduce the state of a string the to given state
at finite time. In the paper we establish necessary and sufficient conditions on
initial and finite functions and in fulfilling these conditions we find obvious form
of desired controls.

The present paper is continuation of the paper [1]. Therefore statement of the
text and enumeration of formulae of the present paper is direct continuation of the
paper [1]. Notice that by accomplishing this paper we have used some facts from
the paper [2].

§1. Necessary conditions of existence of solutions
in Ŵ 2

2 [Ql] of problem III from [1]

In this section we’ll establish necessary conditions of existence of the solutions
in Ŵ 2

2 [Ql] of problem III from the paper [1] provided T = l.
Theorem 3. It T = l and for arbitrary four functions ϕ(x) ∈ W 2

2 [0, l], ψ(x) ∈
W 1

2 [0, l], ϕ1(x) ∈W 2
2 [0, l] and ψ1(x) ∈W 1

2 [0, l] there exists the solution u(x, t) from
Ŵ 2

2 [Ql] of problem III, this solution satisfies the following three requirements:

ut(0, 0)− ux(0, 0)− ut(l, l) + ux(l, l) = 0, (30)

ut(l, 0) + ux(l, 0)− ut(0, l)− ux(0, l) = 0, (31)

l∫
0

ut(x,0)dx+ u(0,0) + u(l,0) +

l∫
0

ut(x,l)dt+ u(0,l)− u(l,l) = 0. (32)

Proof. At first we prove this theorem for the special case u(x, 0) = ϕ(x) ≡ 0
and ut(x, 0) = ψ(x) ≡ 0 for 0 ≤ x ≤ l, i.e. we prove that for the special case the
solution from Ŵ 2

2 [Ql] of problem III satisfies the three requirements:

−ut(l, l) + ux(l, l) = 0, (30∗)

ut(0, l) + ux(0, l) = 0, (31∗)
l∫

0

ut(x,l)dx− u(0,l)− u(l,l) = 0. (32∗)

Since the boundary values u(0, t) = µ(t) and ux(l, t) = ν(t) of the solution
u(x, t) from Ŵ 2

2 [Ql] of problem III belong with respect to t to the classesW 2
2 [0, l] and


