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AN INVERSE BOUNDARY VALUE PROBLEM FOR

A FOURTH ORDER EVOLUTIONARY EQUATION

ARISING IN HYDROACOUSTICS OF STRATIFIED
LIQUID

Abstract

In the paper we study an inverse boundary value problem for a fourth order
evolutionary equation arising in hydroacoustics of stratified liquid. At first the
initial problem is reduced to an equivalent problem for which a theorem on the
ezxistence and uniqueness of the classic solution is proved. Further, using these
facts, we prove the existence and uniqueness of the classic solution of the initial
problem.

In the domain Dy = {(x,t); 0 <z <1, 0 <t <T} we consider the equation
[1,2]
Uttt (T, 1) — Uptzn (2, 1) + un (T, 1) — Uge = a(t)u(z,t) + f(z,1) (1)

under conditions
u(x,0) = @o(x), ut(x,0) = (), ug(z,0) = @o(x),

(2)
upe(2,0) = p3(z) (0 <2 <1),

w(0,t) = uz(1,t) =0 (0<t<T), (3)

u(l,t)=h(t) (0<t<T), (4)

where f(x,t), p;(z) (i =0,3), h(t) are the given functions, u(x,t) and a(t) are the
desired functions.

Accept the following

Definition. A pair {u(z,t), a(t)} of functions u(x,t) and a(t) possessing the
following properties:

1) the function u(z,t) is continuous in Dr together with all its derivatives en-
tering in the equation (1);

2) the function a(t) is continuous on [0,T];

3) all the conditions of (1)-(4) are satisfied in the ordinary sense, is said to be a
classic solution of problem (1)-(4).

The following lemma is valid.

Lemma 1. Let h(t) € C*[0,T], h(t) # 0 for t € [0,T], (1) = h(0), ¢,(1) =
= h(0), po(1) = "(0), @3(1) = h"(0). Then the problem on finding classic solution
of the problem (1)-(4) is equivalent to the problem on determination of the functions
u(z,t) and a(t) possessing the properties 1) and 2) of definition of the classic solution
of the problem (1)-(4) from (1)-(3) and

a®)h(t) + f(1,t) = A (@) + B (1) — upea (1, 1) — uge(1,8) (0<t<T). (5)
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To investigate the problem (1)-(3), (5) we consider the following spaces. By Bg'z.
[3] we denote a totality of all functions of the form

=S w(t)sin Mgz, A = g(% ~1),

considered in Dp, where each of the functions ug(t) is continuous on [0, 7] and

o 1/2
I(u) = {Z (x ||uk<t>||cm)2} < +oo, (6

k=1

~—

where o > 0. In this set we determine the norm as follows:
e, )l g, = T(0).

By Ef we denote a space By'r x C[0,T] of the vector-functions z(z,t) =
{u(z,t), a(t)} with norm:

12l g = llu(z, )l pg . + )l o7 -

It is known that By, and Ef are the Banach spaces.
We’ll seek the first component u(z,t) of the solution {u(x,t), a(t)} of the prob-
lem (1)-(2), (5) in the form

£) =3 wg(t) sin My, ()\k - g(% - 1)) , (7)
k=1

where .

up(t) = 2/u(x,t) sin \gzdz  (k=1,2,...).
0

Then, applying the formal scheme of the Fourier method, from (1) and (2) we
get:
afV (1) + OF + uf(6) + Mur(t) = Fuw,ast) (k=1,2,..) (8)

uk(o) = Pok>» U;C(O) = P1k> u;c/(o) = P2k> u;c”(o) = L3k (k = Oa 17 27 )7 (9)

where

1
Fi(u, a31) = alt)ur(t) + fu(t), fult) = 2/f(m,t) sinArdz (k=1,2,..),
0

1
vir(z) = 2/<pi(a:) sin \gzdr  (1=0,3; k=1,2,...).
0

Now, allowing for (7) from(5) we have:

a(t) = h=1(t) {h(4)( Y+ h"(t) — f(1,t) + ZA2 t) + ug(t ))} (10)
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After application of the method of the variation of constant solution of the
problem (8), (9) we find [4]:

1

ﬁ [()\i cost — cos Agt) o+

ug(t) =

sin Akt

+ ()\% sint — ) 011 + (cost — cos Apt) g+

(11)

t
i t 1
+ (Sint — Sln)\k > P3k + — / (()\k Sin(t — 7')_
Ak Ak
0

—sin \g(t — 7)) Fr(u,a;7)dr]  (k=1,2,...).

Substituting uy(¢) from (11) into the representation (7) we get:

- 1
u(z,t) = Z {)\21 [(A] cost — cos Axt) pop+
k=1 ~"k

sin )\kt

+ ()\% sint — ) 011 1 (cost — cos Apt)pqr+

t
sin A\t 1
+ (sint — 2EARE Y3 ++— /()\ksin(t—T)—
Ak Ak
0

—sin Ag(t — 7) Fi(u, a; 7)d7]} sin A\gx.
Now, from (11) we have:

1
uy(t) = 2 1 [(—)\i sint + Ag sin Agt) pop+ ()\i cost — cos Apt) p1p+
2

+(—sint + Mg sin Agt) g, + (cost — cos Agt) @ap+ (13)
t
+ /(cos(t —7) —cos A\p(t — 7)Fi(u,a; 7)dT |
0

1
ul(t) = VI [AR (= cost + cos At) o+ Ak (— A sint + sin Agt) o1+
2 _

4(— cost + A7 cos M\gt)pop, + (—sint + \g sin A\gt) g5+

t
n /(_ sin(t — 7) + A sin \g(t — 7) Fjo(u, a; 7)dr | |
0
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1
ul'(t) = VI (A7 (sint — Ag sin Agt) o+ AR (— cost + cos Agt) @1+
2

+(sint — A3 sin A\gt) gy, + (—cost+ A2 cos At) Papt
t
+ /(— cos(t — 7) + A7 cos \p(t — 7) Fj(u, a;7)dr | |
0

1
ul(€4) (t) = V] [)\z (cost — A2 cos Akt) por + A2 (sint — A sin Agt) @qp+
2

+(cost — i cos Agt) ooy, + (sint — A2 sin Akt) Papt

t
+ / (sin(t — ) — N sin Ap(t — )y (u, s )dr | + Fo(u, as ).
0

Further, it is seen from (11) and (14) that

sin )\kt
Ak

vi(t) = ul(t) + ur(t) = @or cos Akt + o1y + gy, COS Apt+

cos )\kt (17)

¢
1
+©3p )\/ (u,a;7)sin A\, (t — 7)dr.
0

After substituting the expressions v (t) = u}(t) + ux(t) from (17) into (10), for
determining the components a(t) of the solution of the problem (1)-(3), (5) we find:

a(t) = h=1(t) {h( )(t) 4+ W' (t) — f(1,t +Z>‘ka } “L(t)x

x{h(4)()+h” F(1,t) +Z>\

sin A\t
Ak

X [(pOk cos At + Q1 — Pay, COS A\ t+

Mt 1 '
+903kcoi\kk +)\k/Fk(Uaa;T)Sln)\k(t—T)dT

Proceeding from the definition of the solution of the problem (1)-(3), (5), we
easily prove the following lemma.

Lemma 2. [t {u(z,t),a(t)} is any solution of the problem (1)-(3), (5) the
functions

1
up(t) = 2/u(x,t) sin \gzedz (k=1,2,...)
0
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satisfy the system (11) on [0,T].
Now, from (11), (13)-(17), we have:

1/2

T
4 4 4 )
ur(®)] < ol +4loul + 3 loml + 53 lessl + 3V | [ 1B anPar)
k
0

Ak Ak

1/2

2
lur ()| < 4 loor] +4101s] + 42,1 ’¢2k|+ |<P3k\+ zﬁ /’Fk(uaaﬁ)’ dr ;
Ak

T 1/2

4 4 ,

lup(t)] < 4 |@o| + 41o1k| + 4 0] + » sl + )\*kﬁ /\Fk@‘va% )" dr )
0

1/2

il (8)] < A lpor] + 4 L1kl + 4Nk [@or| + 4 |se] +4VT /IFk wa;T)Pdr |

(0] < 4 o] + 40w [oril + AN Loael + A0k [ ] + AV Agx

T 1/2
X (J/F%(U7G;T)2d7) ‘+|F%(Uaa§ﬂ|-
0

T 1/2
1 1 1
)] < loor] + = o] + o] + = [a] + VT /|Fk<u,a;f>|2df .
Ak Ak Ak
0

hence we have:

00 ) 1/2 00 1/2
(Z </\% Huk(t)HC[o,T]) ) <45 (Z X3 leonl) ) +

k=1 k=1
o0

12 o 1/2
+4v5 (Z (A |301k‘)2> +4v5 ( (Ak [arl) ) + (19)

k=1 k

—_

~ 1/2 T V2
+4/5 (Z (A |¢3k|>2> +4VBVT ( / 3" | Fi(u, a; msz) :
0

k=1 k=1

00 9 1/2 0o 1/2
(Z <)‘§ Huk( )HCOT]> ) 4\/5 (Z )‘k‘QOOk| ) +

k=1 k=1
. 1/2 - 1/2
+4v/5 <Z (A3 o)) ) +4v/5 (Z (A% larl) ) + (20)

o0

T oo
+4v5 (Z ()‘kw?’k’)z) +4v5VT (/Z e | Fr(u, ;7)) 2 dr |
0

k=1 k=1
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0o 5 1/2 00 1/2
(Z (Az Hu?c/(t)Hc*[oj]) > <4V5 (Z )‘k |900k‘ ) +

k=1 k=1
- 1/2 - 1/2
+4+/5 (Z (AR ’901k|)2> +4v5 (Z (A lp2kl) ) + (21)
. r 12
+4/5 <Z (Ai |c,03k|)2> + 45T (/Z A% | Fye(u, a; T )ZdT) ,
k=1 o k=1
o o\ 12 o 1/2
(Z CHRAGI R ) <4v5 (Z N leoil) ) +
h=t s~ 1/2 = 1/2
+4v/5 (Z (Ak ’901k|)2> +4v5 <Z (A7 lparl) ) + (22)
. . V2
+4+/5 ( (Mg |@3k\)2> +4V5VT (/ Z (A | Fi(u, a; 7)])? dT) ,
k=1 o k=1

> 2\ /2 © 1/2
(5 (0l )) =05 (S 0ttan?)

k=1 k=1
o

1/2 00 1/2
+4v/6 (Z ()‘% ’901k|)2> + 46 (Z ()‘12 |<P2k‘)2> +

k=1 k=1

- 1/2 T o 2
+M(Z(Azr¢3ko2> +4¢6ﬁ</ Z(Aszw,a;ﬂ)?dT) +
0

k=1 k=1
+ (

(i (A8 o ||COT])2>

k=1

St —

1/2
>° 2
S (M llFw e Dllepn) |
k=1

1/2 .

1/2
<v5 (Z (A ‘900k|)2> +

k=1

12 1/2
WS 0t vE (S o) o 2

k=1 k=1

[e.9]

1/2 - 1/2

+V5 <Z (/\%Wsk\)2> +V5vVT (/Z(/\%Fk(u,a;r)fdf) :
0
)-

k=1

Assume that the data of the problem (1)-(3), (5) satisfy the following conditions:

L g;(x) € C?0,1], ¢f(x) € L(0,1) and ¢;(0) = ¢j(1) = ¢/(0) = 0 (i =
0,1,2);

2. p3(x) € CM0,1], ¢i(x) € L2(0,1), ¢3(0) = ¢5(1) = 0;
3. f(x,1) € C)(Dr), faa(®,t) € La(Dr), f(0,8) = fo(1,t) =0 (0 <t <T);
4. h(t) € C*0,T), h(t) # 0 for t € [0, T).
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Then, from (19)-(24) we have:

- 1/2
2
(E ()\%HUkG)HC[o,T]) ) < 4V5 g (@) 0,1y +4VE 10T (@)1 100y +

k=1

+4V5 (|05 (@)l 1y 0,0) + 4V5 H@é(*’E)HLQ(o,l) +

+4/5VT lla(t)uy(x,t) + fa?(xvt)HLg(O,l) )
(25)

o 1/2
2
(Z( G Hcm)> < VB e @) g0 + V5 167 @ 01 +

k=

[y

+4v/5 105(@) | 1y 00,1) T 4v/5 HSDil%(x)Hon,l) -

+4/5VT lla(t)uy(x,t) + fx(l"at)HLQ(o,l) )
(26)

o 1/2
2
(Z( e (¢ HC[OT])> < VB 6l @) 01 + VB IR @l y0) +

k=1
VB [l ()] 0,1y T 4VE 15 (@) 0.0y +
—|—4\/5\/T Ha(t)uzgg(l', t) + fxx(xv t)HLQ(Dt) ’

. 1/2
2
<§ (Ak HUW HC[OT) ) <45 H(p{)/(x)HLQ(O,l) +4v5 ”90/1(37)HL2(0,1) +

k=1

+4v/5 H‘Plzl(x)HLQ(o,l) +4v5 H‘Pé(x)HLQ(OJ) +

+4vV5VT |la(t)ug (z,t) + ful(z, Mooy

00 2 1/2
(5 (e 0l) ) = O+ Bt

k=1
+4/6 6|5 (x )HLQ(O,I) +46 HSOU(«T)HLQ(OJ) +

+4\/6\/T ||a(t)uzx(xa t) + f:cx(x7 t) ”LQ(Dt) +

+4V6VT Hlla(t)ux(%t) + fal@ Dlleom HL2<D )



102 Transactions of NAS of Azerbaijan
[G.A.Salimova]

k=1

oo 1/2
2
(Z (Ai ||Vk(t)||c[o,T]) ) < V5 11eg (@) 1y 00,0y + V5 Il (@)l 0,0y +

(30)
+v5 105" (@)l £, 0,1y + V5 16" (@) Ly0,1) +

HVEVT [la(t)uge (2, ) + fm(xat)HLQ(Dt) )
Further, from (25) we find:
lu(z,t)l gz, < AT) + Bi(T) [la®)ll ooy llulzt) g3 . (31)

where

AT) = 45 [66(@)| . 0,1) +4V5 01 @] 0, +
+4V5 |02 1, 1) + 45 3@ 0. +

+AVIOT || ol )|y 01> B1(T) = 4V10T.
Now, from (18) allowing for (30) we have:

la®llcor) < A2(T) + Ba(T) la@)llco,r) lul@ Dl 53 . (32)

where

As(T) = Hhil(t)Hc[o,T} {"h(4)(t)“ + Hh/l(t)Hc[o,T] + 1O o, +

c[0,T7]

~ 1/2
F(300) [l + VBT VB O+
k=1

+V5 || (@)]] 1,01 + V10T IIfM(xyt)HLQ[DTJ } , Bo(T) = | (0)]| oy - VIOT.
From inequalities (31) and (32) we deduce:
futt)lg, + 0o < AT) + B la®loom s, . (39

where

A(T) = Au(T) + Ao(T), B(T) = B\(T) + Ba(T).

We prove the following theorem.
Theorem 1. Let the conditions 1-4 be fulfilled and

B(T)(A(T) +2)* < 1. (34)
Then the problem (1)-(3), (5) has a unique solution in the ball
K=Kp (HzHE% < R=A(T)+ 2)

from E3.
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Proof. In the space E% consider the equation
z =Pz, (35)

where z = {u,a}, the components ®;(u,a) (i = 1,2) of the operator ®(u,a) are
determined by the right hand sides of equations (12), (18), respectively.

Let’s consider an operator ®(u,a) in a ball K = K from E2. Similar to (33)
we get that for any z = {u,a}, z1 = {u1,a1}, 20 = {ug,a2} € Kpg the following
estimations are true:

192]] g3 < A(T) + B(T) la(®)llco,r) (@)l 3 . (36)

[®z1 — Pzofl g <2B(T)R <Ha1(t) — ax(t)ll o,y + llulz,t) — U2($¢)||Bg’T> - (37)

Then allowing for (35), it follows from estimations (36) and (37) that the operator
K = Kg acts in the ball K and it is contractive. Therefore in the ball K the
operator ® has a unique fixed point {u,a} and this point is the solution of equation
(34).

The function u(z,t) as an element of the space Bg”T has continuous derivatives
Ug(z,t), ugy(z,t).

It follows from inequalities (26)-(29) that wuy(x,t), w2, t), wee(x,t),
u (1), e (x,t), Upgs(x,t), wp(x,t), uyy(z,t) are continuous in Dp. Further,
it is easy to verify that equation (1) and conditions (2, (3), (5) are satisfied in the
ordinary sense. So, {u(x,t), a(t)} € E3 is a solution of the problem (1)-(3), (5).
The theorem is proved.

Thus, by lemma 1, the following theorem is true.

Theorem 2. Let all the conditions of theorem 1 be fulfilled, and

(1) = h(0), @1 (1) = h'(0), wa(1) = h"(0), @3(1) = n"(0).

Then the problem (1)-(4) has a unique classic solution in the ball
K = Kn (|l2llg < R = A(T) +2)

3
from Ex.
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