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AN OPTIMAL CONTROL PROBLEM WITH
NONLOCAL CONDITIONS FOR WAVE EQUATION

Abstract

Some problems of modern physics and technology can be effectively described
in terms of nonlocal problems for differential equations. These nonlocal con-
ditions show that some data on domain are inaccessible to the measurement.
Therefore some averaged data of problem are given [see 1,2]. In the present
paper we derive the necessary condition of optimality in the optimal control
problem for wave equation with nonlocal boundary conditions.

1. Statement of the problem. Let the controlled process be described by the
following equation

@—AU*f(xtu(xt) VU (z,t)) (1.1)
8t2 - Y b ) b ) .
with the initial conditions
ou (x,0
u(e,0) = @), 200 _ g ), (12)
and nonlocal condition
ou
= [repund, (1.3)
Vg A

here w (z,t) characterizes the state of the process, 9 (x,t) is a control function,

Q={(z,t):2€Q, 0<t<T}, where 2 is a bounded domain in R" with smooth

boundary (n < 3), S{(z,t):z € 0Q, 0 <t <T} is lateral surface of cylinder Q, v

is an outer normal to S, ¢ € W (), ¥ € Lo (), k(z,y) € Ly (2 x Q), k(z,y) =

k(y,z), [[ (k2 (z,y) + 3 |V$k(x,y)\2> drdy = L < co. As a class of admissible
QQ

controls we take the set of the functions V' = {¥ (x,t) : ¥ (2,t) € L (Q) , ¥ € [, 5]},
a, B are given numbers.

It is required to find such a control from V' that together with solution of problem
(1.1)-(1.3) it delivers minimum to the functional

J(9) = /fo (2.t (x,8) , 0 (2, 1)) dadt. (1.4)
Q

If some control Yy (x,t) from V delivers minimum value to functional (1.4) then
this control is said to be optimal control. Solution of problem (1.1)-(1.3), which
corresponds to the optimal control. ¥¢ (z,t) we’ll denote by ug (x,t). Then the pair
(9o (x,t) ,up (x,t)) is said to be an optimal pair.
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At is assumed that the functions f (x,t,u,?) and fy (z,t,u,?) are continuous on

Q x R x [a, 3] and have continuous derivatives ——, %, moreover g is bounded
ou’ Ou ou
of
- s PY

and by wu it satisfies the Holder condition with exponent A % < A <1,
u satisfies Lipcshitz condition. At these conditions we can prove that for each
admissible control 9 (z,t) € V problem (1.1)-(1.3) has a unique generalized solution
u(z,t) from W3 (Q).

Under the generalized solution of problem (1.1)-(1.3) we understand such a func-
tion u (x,t) from W (Q) that for any function ¢ (x,t) € W3 (Q), ¢ (z,T) = 0 the
following integral identity

7/ (—g;“?;f—i-Vqub> dxdt—j/qs(x 9 /k ) dydsds —
0 Q

0 09
/f (z,t,u(x,t),9 (x,t)) ¢ (x,t) dxdt—i—/w dz, (1.5)
Q Q

is fulfilled, moreover the fulfilment of condition u (x,0) = ¢ (x) is understandood in
the sense of lim [ (u(z,t) — ¢ (z))*dz = 0.
t—>+OQ

For admissible control 9 (z,t) we introduce the following conjugate problem

R g / (€.2) 6 (6.6) ds + OH (z,t,up (z,t), 90 (z,t) ¢ (2,1)) (1.6)

o2 ou
v =0, XD _, (1.7
ol
|, =0 (1.8)

here H (z,t,u,9,v) = ¢ f (x,t,u,9) — fo(z,t,u,?¥) is a Pontryagin function, and
ug (z, t) is a solution of boundary-value problem (1.1)-(1.3), corresponding to ¥g (z,t).
Equation (1.6) is a linear equation and we can show that problem (1.6)-(1.8) in
W3 (Q) has a unique solution [see 1].

2. Some constructions and lemma. Let’s introduce some constructions for
deriving the necessary optimality conditions.

Let (o,7) € @ be Lebesgue point for all functions participating in the problem
and € > 0 be a sufficiently small number.

Let’s assume

9, (x,t) € I,
Je (x,t) =
190 (x’ t) ) ($, t) € Q\Hsa

where ¥ € [a, 3] is an arbitrary value and

HE:{(:n,t):ai<xL<ai+6, 1=1,n, T<t<T+€}CQ.
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We'll denote by . (z,t) the generalized solution of problem (1.1)-(1.3) corresponding

to Ve (z,t).
Then du. = u. — ug is generalized solution of the following problem:
25
88tg€ - A6U€ - f (.%',t, (%) + 6“87 196) - f ($7t7u07’l90) (21>
Odue (x,0
Sue (z,0) = 0, 20U @0) o (2.2)
ot

Odue

| = [k b ) dy (2.3)
Vils

Lemma. At above imposed conditions on data of problem for solution of problem
(2.1)-(2.3) it holds the estimation

Odue 2

ot

+ (| Vouc |7 ) < ™ Ve [0,T]. (2.4)

6uel2, ) + H
L2(Q)

Proof. Let (z,t) € Q x (0,7). In this case V. (z,t) = Vg (x,t) and problem
(2.1)-(2.3) takes the form

9%6u.

o2 — ANdue = f (LL‘, t,ug + 6“5) 190) - f (:L‘v t, up, 190) (25)
Suz (2,0) =0, W — 0, (2.6)
ddu

3 = = /k (x,y) due (y,t) dy. (2.7)
volg A

It is clear that du. (x,t) = 0 is a solution of this problem. Then by virtue
of uniqueness of generalized solution of problem (2.5)-(2.7) at (z,t) € Q x (0,7)
estimation (2.4) is automatically fulfilled.

Now let (z,t) € Q x (1,7 +¢). Here 9. (z,t) = ¥y (,1), (z,t) Ell, Ve (,t) =
v, (z,t) € Il..

Let’s apply Galerkin method for getting estimation (2.4) in Q x (7,7 +¢). Let
{¢k (z)} be a fundamental system in W (2) and the orthonormal property be ful-
filled

(pr 1) = /@k@ldm = 52-
Q
We seek the approximate solution of problem (2.1)-(2.3) in the form

N
sull (z,t) =Y e (t) @y, (@) (2.8)
k=1
from the relations

0?ouly al 0?06ul Oy, N
W@zdﬂﬂ“ /Z oz, axidﬂﬁ - /901 (z) /k (z,y) du; (y,1) dyds =
Q o k=1 o0 Q
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:/(f (x,t,u0+6uév,195) —f(:c,t,uo,ﬁo)) ¢ (x)dx, 1=1,2,...,N, (2.9)
Q
N (1) =0, (2.10)
d N
— t =0. 2.11
G| =0 (21)

k=1 Q =1
N
S ) [ o) / K (2, ) o3 (4) dyds =
k=1 29 Q

= / (f (a:,t,uo + 51@7,795) — f(z,t, uo,ﬁg)) o (x)dzx, 1=1,2,...,N, (2.12)

Q
N (1) =0, (2.13)
d N
—c, (t =0. 2.14
Gl o =0 (214)
Applying the inequality
/\wds < a/(\Vw + |w]) da (2.15)
o Q

valid for Vi € Wi () and for domain Q with smooth boundary [see 3], and then
Cauchy-Bunyakovskiy inequality, we obtain

Jor@) [k ) dyas| <

o0 Q

c 2 c 2 2
< — — .
<c+ 2/|w| dx + 2// (2k + |Vok| )dxdy
Q Q Q

Here and in future by ¢ we’ll denote the different constants that don’t depend
on admissible controls and estimated values.

It is clear that system (2.12) is a system of ordinary differential equations of the
2 N

second order by t for unknowns c{cv (t), k = 1,2,...,N, solvable relative to dfg .
Thus VN system (2.12) is uniquely solvable at initial conditions (2.13), (2.14) (see
d%cy

k e 12(0,T).

[4]), moreover 75
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Let’s show that for Jul (z,t) estimation (2.4) is true. Really, multiplying each
N

d
of equalities of (2.9) by its L we’ll come to equality

dt’
O%du (@,1) 35“ ooul (2, 1) 9*ud (,t)
/ o /Z aﬂfz Ox;0t d=
Q Q = 1
N
_/W/k (z,y) 5“5 (y,t) dyds =
Q o9
N
Q

Integrating it with respect to ¢ from 7 to t, ¢t € (7,7 + ¢) and multiplying the both

9 2
(<8 bug’ > +‘V5uN’ )d:p
_2//85u zt/kacyéu y,t) dydsdt =

T 00 Q

parts by 2, we get

t
N
- 2// (f (z,t,uo + 0ul ,9:) — f (x,t,u0,90)) &Sueat(x’t)da:dt. (2.16)

In the right part subtracting and adding the expression

t
N
2//f (x,t,ug,Ve) 85u€8t($,t)dxdt

T 00

2 2
((“" ) +\m5\2> da—

_2//85u zt) /k‘ z,y) oul (y,t) dydsdt = (2.17)

T OS2

we get

oouly

t
:2// [(f(mytauﬂ‘i’(;uévaﬁg)_f(ZE,t,uO7’L9€))8;
T Q

85u
Ot

We transform the integral by lateral surface in the following way

//aau ,t) / (z,y) 6ul (y,t) dydsdt = iy + iz + i3,

T Of)

dzdt.

+(f (xataanﬂa) - f($7t7u07790))
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where
//5u a:t/k )ddtds
on T Q

12—/6u :Ut/k:acyéu ,t) dyds,
Q

- / ol (a,7) [ ()00 (9. 7) dyds.
o0 Q

By virtue of 6ulY (x,7) = 0, hence it follows that i3 = 0. Using inequality (2.15) and
then Cauchy-Bunyakovskiy inequality we obtain

\M—//éu mt/ y)aé]:;t( )dddt<
T 00
//(5u xt/k( y)aéuat( )dy+
T 0N

douly (y,t
+|Voul (z,t) / k(2,y) ugat(y,)dw

Q
y) dxdt <

t 2
C UN
= ((6u§<x,t>)2+ ( [rew) Wdy) e
T Q Q

o0u (y.1)

40 (0,1) [ V(o) ]

2
—i—‘Vdu xt / 86” )dy +
Q
2
+ (6ulY /Vk 8‘5“6( Day| | dwdt <

2 2
< Zé((a Y(a,0)” + [Vou (a1 +
+/(k2 (w,y)+;\vxk(w,y)\2> dyé (W)Zdy) dwdt =

Q
t

= c// ((5uév(;1:,t))2 + ‘V&uév(:v,t)f) dxdt + cL]/ (8(51@253/,75))2 dydt.

T Q T Q
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Further we have the chain of inequalities

lig| = <

/ su (z,1) / () 6ulY (y.t) dyds
o0 Q

< (/ (ul (x,t))2d5)2 (///-c2 (z,9) dy/ (6ulf (y,t))2dyds) <

o0 o0 Q Q

=

<c2 (/ <5uév (x,1) }V(Suév (z, )] + (oul (x,t))2> dac) 5 X

Q
X3 (/ ((5u£v (:c,t))Qda:) <

Q

<c (/ (‘V(Suév (ac,1§)|2 + (6ul (x,t))2) dac) 2 (/ (6ulY (x,t))de> . (2.19)
Q

Q

D=

Introduce the denotation
sul¥\ 2
2N (1) :/ ((5u£7)2 + <8827L;> + ‘V(suéV‘Q) dx.
Q

Use the inequality [see 3]

t

/ (6ulf (:):,t))2d:): < 2/ (6ulf (:):,T))Qd:v + Qt/yN (t)dt, (2.20)

Q Q T
where )
N
o () = / <<(W> + |[Voud (m,t)|2> dz. (2.21)
Q
Since dulY (z,7) = 0 then from (2.19) it follows
1
t 2
1
lia] < c (2N (1))? <2t/zN (t) dt) : (2.22)

Under the conditions on data of problem from (2.17), (2.18) and (2.22) we have

T T

t t t 2
N < c/zN () dt + 2t/zN (t)dt + e (N (1)) (Zt/zN ) dt) 4
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2

1
+2/ 2 /f x,t, ug, 9 f(x,t,uo,ﬁo)\z dr | dt. (2.23)

Denote b N(¢) =2V (t) and
enote yT<r§1<az(+£z (&) =z" (t) an

N|=

/]f(x,t,uo,ﬁe) ~ F(atuodo)dz |
Q

then from (2.23) it follows that

) < (c+20) (t—1) 2N () +e(2t(t—1))7 2 (1) +

+2/||g Moo dt (2 (0)7

Determining ¢, from the condition (c + 2t1) (t; — 7) = 2 we obtain

N (1) < 20\/2(F = 7)FY —|—4/Hg M dt (2 ()

Now, selecting t3 from the condition 2¢1/2t3 (t2 — 7) = 3 Lat t < min (ty,ts,7 +¢)

1
)i < / lg &)l

Allowing for the form of the function ¢ (¢) and definition of impulse variation

we obtain

¢ (x,t), hence we have the estimation

or
2N () < e r <t <min(ty,te, T +¢).

Continuing this process, for a finite number of steps we obtain the validity of the
estimation
Ny <ee"? r<t<T+e (2.24)

Now, we’ll obtain the estimation for dul¥ (x,t) on the segment [r +¢,7]. On this
segment U, (x,t) = Jg (x,t). Then again by means of Galerkin method from (2.1)-
(2.3) we obtain

0?oul (1) (%u ooul (z,t) O*ul (x,t)
/ o> / Z 83: dmor

i
Q
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/85u /k x,y) 5u y,t) dyds =

Q

ooul (,t) dx

= / (f (m t, uo+5u ?9[)) f(mvt,u()?ﬁo)) ot

Q
Integrating it with respect to t from ¢ to 7 + ¢ and multiplying the both sides by 2,
we obtain the equality

/ (<85u%t($’t))2 + |Voul (x,t)ﬁ) dor —

Q

N
:/(<a‘5“€ (;‘t’”g)) +|Vou (m+s)\2> dr-t
Q

//86u zt) /k z,y) oul (y,t) dydsdt+

T+EON

N
+2// (f (2,8, u0 + 6ul ,90) — f (2, t, u0,90)) dedt. (2.25)

T+edN)

Let’s transform the integral by the lateral surface in the following form:

//85u 1) / (z,y) 6ul (y,t) dydsdt = iy + ia + i3,

T+

here

//5u a:t/k 85“ )d dtds,

T+ed0 Q
12—/6u xt/kzwyéu ,t) dyds,
Q
—/8(5uév (x,7+¢) /k (z,y) oul (y, 7 + ¢) dyds.
09 Q

Using inequality (2.15) and then Cauchy-Bunyakovskiy inequality we obtain

i1 gc//((augv (,8))" + |Voul (x,t)f) dwdt+

T+EON

o [ [ (DY 220

T+



178 Transactions of NAS of Azerbaijan
[H.F.Kuliyev,H.T. Tagiyev]

/ ((Mév(m,t)/k(x,y)éu?(y,t)dy) ds
Q

o0

<of

Q

lig| = <

+

Vou2 (2.1) [ bl )0 (5. )y
Q

+ |6ud (2, 1) / Vok(z,y)oul (y, £)dy| +

Q

+ Sul (x,t) / k(z,y)oul (y,t)dy) da <
Q

2
< a/ (; ‘V(Suév(x,t)‘z + % (/k(x,y)duﬁv(y,t)dy> +

Q Q

2
1 1
T3 \5uév(w,t)\2 t3 (/ka(x,y)wév(y,t)dy) +
Q

2
+% }(5uév(x,t)‘2 + % (/k(x,y)éu?(y,t)dy) ) de <

Q

<o f (302 r.0)" + [0 @)+
Q

+L/ (5uév(y,t))2 dy)dr = a/ ((5u£/(az,t))2 +
Q

Q

+ |V5uév (x, t)‘2> dx + aLmesQ/ (6ul (z, t))2 dr < a (1 + LmesQ) 2N (1), (2.27)
Q

1 1
lis| < ¢ (zN (T+¢))? (ZN (t+¢)? = czN (1 +¢). (2.28)
Let’s use the inequality
t
/ (oul (x,t>)2d$ < 2/ (6ul (v, 7+ 5))2da: + 2t/zN (t) dt. (2.29)
Q Q T+e

Now adding (2.29) and (2.25), allowing for the estimations |i1], |i2|, |i3| we ob-

tain:
t

N (1) < 22N (1 4 2) + 2 / N (1) dit
T+€
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t
+c/zN (t)dt + AN (t) + 2V (1 +¢€),
T+€
where A = o (1 + LmesQ).
Let A < 1. Then from previous inequality and from inequality (2.24) at t = 7+¢

it follows that .

() <ee"? 4 c/zN (t)dt.
T+e

Applying here the Gronwall lemma we have the estimation
N(t) <ee™? T8 < ™2 r4e<t<T. (2.30)
By virtue of du. (x,t) =0, (x,t) € Q x (0,7) and (2.24), (2.30) we obtain that
N <ee"0<t<T

or
NN 2
/ ((5u§)2 + <&;f> + \va@ﬁ) dor < ce"t?, 0<t<T. (2.31)
Q
Then we can assume that as N — 0o du. (z,t) is weak limit of sequence {u®'}
in W3 (Q)-
Since the norm is weakly lower semi continuous in Hilbert space, hence it follows
that for du. (x,t) estimation (2.4) is true. The lemma is proved.

3. Increment of functional and estimation of remainder term. Using
expansion
fo(z,t,up + due, Vo + 09:) — f (x,t,up, 9o + 00:) =
Of (z,t,ug, Vo + V)
- ou
fo (z,t,ug + due, 99 + 69:) — fo (x,t,ug, Vo + 09:) =
_ Ofo (x,t,ug, Vo + 50 )
B ou
and considering that functions du. (x,t) and ¢ (z,t) are generalized solutions of
problem (2.1)-(2.3) and (1.6)-(1.8) for increment of functional we obtain the following

due + w (ug, due) ,

6“6 + wo (U()’ 6“6)

expression:

5.7 (9) = —/(H (2,110, 0o, ) — H (4,10, 90, 0)) dadt -1 () (3.1)
Q

where

n(e) = / [1/) (x,t) w (ug, due) + wo (ug, due) + 99, H (mg, uo, Yo, ) Oue | dzdt,
U
Q
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6195H (xat7u077907w) =H <x7t7'u070€71/}) —-H (x7t7u071907w) .

By virtue of conditions on the function f (z,t,u,?) the theorem on mean value
[see 5] and embedding theorem W3 () C Lg () (at n < 3) we have

/ b (2, 8) w (o, Sue) dedt| < / ) (2, 0)] 1 (21, w0 + Sue, 02) —
Q Q

6f (.%',t,uO,’ﬁs)

—f (z,t,u0,9:) — o Su | dzdt <
§/|@b($,t)| sup of (x,t, ug + Bouc, ;) _ of (x,t,up, V) y
0<0<1 ou ou
Q
T 1/p
X [0ue| dedt < c/ /W (z,1)|” da y
0 Q
1/q
X /\6u8‘(1+)\)q d dt =0 (€n+1) 7

Q

< A < 1 we can assume

(S]]

here we take into account that at p > 6, g >q>1,
(I+XN)g=2.
Analogously we have

/wo (up, due) dzdt| <
Q
afo (l'at,uo_‘_eéuaaﬁe) 8fO (x7t7u0319€)
— X
ou ou

< c/ sup
0<6<1
Q

X |dug| dzdt < c/ |bue|? dadt = 0 (E”H) .
Q

Thus
/(w (x,t) w (ug, dus) + wo (ug, due)) dedt = 0 (5"“) . (3.2)
Q

By virtue of estimation (2.4) and determination of variation of control we have

/aaﬂEH (z,t, up, Vo, V)

9 dusdxdt| <

Q

< / a(H (xata UOaﬁﬂ/}) - H(xat’ u071907¢))
- ou
Il

) 3
d:ndt) X
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1

2

« / (Gus)dedt | = 0/(cmH). (3.3)
Q
Then from (3.2) and (3.3) we obtain

n(e)
€—>05n+1

=0.

Therefore from (3.1) for the first variation of the functional J () we obtain the
following expression
dJ (9)

51‘](190) - il_r% ent+l =

=—[H (o,7,ug(0,7),9,% (0,7)) — H (0, 7,ug (0,7),9 (0,7),% (0,7))] .

If (9¢ (z,t),uo (x,t)) is an optimal pair, then §1.J (Jg) > 0.
Thus the following theorem is proved.

Theorem. Let the above imposed conditions on data of problem (1.1)- (1.4)
be fulfilled. Besides, A = «a(1+ LmesQ) < 1. If (Yo,ug) is an optimal pair, and
Y (x,t) is a corresponding generalized solution of conjugate problem (1.6)-(1.8), then
almost for all (x,t) € Q and for all ¥ € |«, (] the inequality

H (x,t,up (x,t),0,¢ (x,t) < H (x,t,ug (z,t) ,9 (z,t) , 0 (z,1)) .

18 true.
The proved theorem is a necessary condition of optimality of Pontraygin maxi-
mum principle type for the considered problem.
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