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Akbar B. ALIEV, Famil V. MAMEDOV

GLOBAL SOLVABILITY OF THE CAUCHY
PROBLEM FOR THE SEMILINEAR HYPERBOLIC
EQUATION WITH ANISOTROPIC ELLIPTIC PART

Abstract

In the papers [1]-[8] the existence of global solutions was investigated for the
semilinear dissipative equations. In this paper we investigate global solvability
of the Cauchy problem for the semilinear dissipative hyperbolic equations with
anisotropic elliptic part.

We consider the Cauchy problem for the semilinear dissipative hyperbolic equa-
tion with anisotropic elliptic pats

3
Ugt + up + Z(—l)l’“Diifu:f(u), t>0, xe R, (1)
k=1
u(0,z) = p(z), w(0,z)=1v(z), x € Rs, (2)
0
where D,, = P k =1,2,3. Here f(u) is continuously differentable function and
k
[f@l < e, [f'(w)] <cluf™, ueR, (3)
where ¢ > 0,
2111513
1 lilo + lils + lals < 211151 4
p> +l1l2+lllg+lgl3’ Jor hLla+ lils +lals < 2[5, (4)
l1lo + U113 + 1ol
2 < 12 Q' Dol for 2Wilaly < Ly + Lls + loly < dlilols.  (5)

P lilo + ULils + lals — 2l115l3°
Let W(R3) is anisotropic Sobolev space with the norm
%

2 2
de+ [ Jul*dx |
R3

3
lullyy (s = (Z / ‘Di’“ku
k?les

where [ = (I1,12,13) (see [9]).

The main results of this paper is the following theorem

Theorem 1. Suppose that the condition (3)-(5) are satisfied. Then there exists
a real number 8y > 0, such that, if the initial data (¢,) € [Wi(R3) N L' (R3)] x
x [L2(R3) N Ly (Rs)] further satisfied ||pllyy1 gy 10l L, () TV Ly (o) HI Ly () <
< &g the problem (1), (2) admits a global solution u(t,z) € C ([0,00);Wy(R3)) N
C1 ([0,00) ;Lo(R3)) satisfying the decay property:

l1lz+l113+l213)

> || Dt |, s e+ R (6

La(R3)

lylgtlyiztlgls

[t M pyry) < cl+t)  Fhks (7)
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l1l2+l1l3+l2l3)

|| Dyult, ')”Lg(Rg) <c(1+ t)_(1+ 11103 (8)

with ¢ > 0 some constant t > 0.
Remark. In case I; = lo = [3 = 1, the analogous result was received in paper

[4].
By substitution v1 = u;, v = uy we can reduce problem (1), (2) to the Cauchy
problem
w' = Aw + F(w), (9)
w(0) = wo (10)

in the Hilbert space H = W}(R3) x Lo(R3), where w = (v, v2),
3 0 I
A== (-U)*D3r  —I), D(A)=W;5'(Rs) x Wi(Rs);
k=1

F(w) = (0, f(v1)), I-identity operator in La(R3).
Lemma 1. The operator A — J generates a strongly continuous contraction
semi-group in the space H, where
I 0
J = .
(o 1)

Proof. From definitions of Hilbert space H and linear operator A it, follows
that

3
< Aw,w >pg= > f DikaQDé’c vidx + f Vov1dr—

k

k=1 Ry Ra 11
3 (11)
-[> (—1)l’fD§f€kV11/2daz — [vovedr < [ vida.
R3 k=1 Rs3 R3
Consider the equation
Aw —w = F, (12)
where F' = (f1,f2) € H. From (12) we get
Vo — V1 = fl, (13)
3
— E (—1)llexkkl/1 — 2V2 = f2. (14)
k=1
From (13), (14) follows that
1 ~ ~ ~
vy = (f2+2f1>, vy =11+ fi,
€l +2

N
where Uy = F'[11], i =1,2, F is Fourier transformation, ||, = > le’“
k=1
Then form of the definition the norm in the functional space Wi(R3), follows
that

Il = J (1€l P ©F a6 < (el fallary + 21 ilaqan ) < 1 I1Fls

R3
lvallyiry) < clIFlly
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Thus A—J is dissipative and invertable operator, i.e., A—.J is maximal dissipative
operator. It is well known that maximal dissipative operator generates a continuous
contraction semi-group (see [12]).

Using the embedding theorem for the anisotropic space and taking into account
(3), (5) we obtain the following Lemma.

Lemma 2. The nonlinear operator F(w) is acting from H to H and satisfieds
the local Lipchitz condition in the following sense: for arbitrary w' w? € H

HF(wl) — F(w2

r) - ot =l

Mg <e
where T = leHH + HwQHH, c(r) e C(R4).
From Lemma 1 and 2 the condition of local solvability theorem is satisfied for
the Cauchy problem (9), (10). Therefore the following theorem is true.
Theorem 2. Suppose that f(u) is continuously differentable and in case 2lylsls <
lily + lLil3 + lal3 the condition (3) is satisfied, where p € [1,00), for
lils + ll3 + lol3

lila+1113+1al
l1l2 +l1l3 +l2l3 _ 2l1l2l3 7f0r 1o+ 3_|_ olg >

2l1lsl3 = l1lo+11l3+1sl3 and p € [1,

201 15l3.
Then for each (p,) € H there exists Ty = T (p, ) such that the problem (1),
(2) has a unique solution

u() € € ([0, 7o) Wh(Rs) ) 1 C* [0, T La(Fa)).

Moreover u can be unequaly continued to a mazimal solution which defined in
interval [0.7"), and at least one of the following statements is valid

(1) T'=o0

(44) t—1>171“p—0 E(u,t) = 400,

where E(u,t) = [lu(t,)llyi g,y + [t )l L, rs)-

Now let’s investigate the behavior solution of corresponding linear problems.

In order to solve it, we consider the following Cauchy problem

3
ug +u+ . (—1D)%D2ku =0, t>0, z€Rs, (15)
k=1
u(0,2) = p(x), u(0,2) =v(z), x€ Rs, (16)

For each ¢ € Wi(R3), ¥ € La(R3) the problem (15)-(16) has a unique solution
u(-) € C ([0,00); Wh(Rs)) NCH([0,00); La(Rs)).

Using the Fourier transformation, Plancherel theorem and the Hausdorf-Young
inequality we have the following result:

Theorem 3. Let ¢ € Wi (Rs) N Ly(Rs), ¥ € Wi™ Y (Ry) N Ly (Rs), 1<
r < 2, where Al = (A1, M2, \l3), X\ € R. Then the weak solution of the problem
(15)-(16), has the decay estimates

| DiDZ(t )|y gy < 6™ [0 lgrnt gy + [ lpa -] +
(17)

Z_,_&11213-‘-11a213+1112&3_~_(2 r) (1l3+lila+ial3)

—|—C(1+t) ( 201113 11213 )<HS0||LT(R3)+||w”LT(R3)) )
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22y

where a = (g, a9, a3), ap =1,2,..., k=1,2,3; i =1,2,..., mj = —
I lo l3

i, ¢ > 0 doesn’t depend form t > 0, ¢ and .
Proof of theorem 1. The solutions of the probelm (1)-(2) can be represented
as the following form:

t

u(t, ) = up(t,x) + {ul(t —1,2)* f(u(r,z))dr. (18)

where * is convolution to z, variable ug(t, z) is solution of the problem (15)-(16) and
ur(t,z) = F~ 1 ug] (¢, 2)

Here F~! is inverse Fourye transformation, (¢, €) is solution of the following
Cauchy problem

U, (1, €) +ur, (¢,€) + €, un(t,§) =0, t >0, § € R,

’171(0,6) = 07 alt(ové) =1, 6 € Rs.
Using the Theorem 3, from (18) we have

ot Mgy < €™ (10 + 10 Loy | +

lla+ll3+1ol3

+e(l4¢) Thih [\Is@Hm(Rs) + WHLMRs)} "

t _l1l2+lll3+l2l3

e [T U@y + (=) TR
0

lylo+igl3+iol
_lylgtlylz+igls _lhlatlylztigly

+(1+t—7) thkl ||f(u)|L1(R3)] dr <c(1+1) 1110503

X [0l aa) + 10 2oy + 120 sy + 100, | +

lilo+lyl3+iols

t
+c£(1 +t—7)  thik [Hu”’i%(Rg) + H“”Z(RS)} dr. (19)

On the other hand as well from theorem 3 it follows that

> ||l utt, |

§ C(l + t)_(2 4 11503
L2(R3)

U lo41113+1o1
1_~_12+13+23)><

% [Iellwicre) + 10 2agae) + 1902, ey + 190y 0| +

t 1, lilo+lylsz+lglsg
J— 7+7
reft=m) (3+ iz )(||u||§2p(R3)+||u|\§p(R3)>dT (20)

Further we will use the following multiplicative inequality of Galiardo-Nirenberg

t.>pe (SES [E])
q(13) Lo(R3) i Tj

Lo(R3)

(1 1 . 1 1\ hile + Lz + 1l
=12 =1,2,3 =1-(=-= 22
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Taking into account (21), (22) for (19), (20) we have the following inequality

l1la+l1l3+1013

lut, Wpyryy < L +1)7 T 0bi [||¢|\L2 oy + 1l o)

_lhlatlyiz+ialy

t 41
el + 1,y e[+ e=m) TR

g dr,
La(R3)

[HtﬂHw;(Rg) 1l 2oy +

Py,

3
l.
(nuﬁ?m Db+ el HHD%

La(R3)

_(1ihlatlilztlols
1 11505

z Hm c(1+1)

Lo(R3)

_(1halatlilz+lals
2 4 111513

3
1 25
<||u||ﬂ°Rd I1 || Dz ’ ) dr,
j=1 La(R3)
1 1 l1lo + 1113 + 15l3 1 (1 1 .
h =1—(===]- =1 - == =1,2,3
where 7y <2 p> 11113 v V= 2 )’ J 1459,

1 -1 1 _
7_1_<1_)7 71:2l <1_)7.7:172737
‘ p)’ T p
From here by denoting

t
+ HSDHLl(RS) + HT/JHLI(R?,)} + c{(l +t—1)

P p'Yo

[l H || Dl

La(R3)

Lila+ll3+lgl3

yo(t) = llu(t, ) yegyy - (L +1)  Hnfls (23)
I (lJ’,M)
wet) = | Dt (TR (24)
k La(R3)
we have
l1la+l1l3+lol3 ¢ _Lla+lylz3+igl3

wo(t) <cBy+e(l+t) 2 L [fQ4t—g) NEE
0

3
vollala+lyl3+ial3) Lla+lilz+lgl3
p[ 4 lqlgls +(z+ A0y 1515 Z
X(1+7) k=1

ﬁ S, (25)

3 1 hilpthlstipls) —(4+hlathlstiols
ST yk(t) < cEp+c(1+ t)(2+ 4l Il ) . f(l +t—71) (2 a7y Il ) X
k=1 0
d (26)
p|:W0(l1lil+ll1ll3+1213)+( +l1121rlllll3l+l2l3) Z yj:| 3 .
x(1+7) n v = : m](T)dT,
3=0
where

Eo = llellwi(rs) + el ry) + 191 ycryy + 191, (ry)
Using the Young inequality from (25), (26) we obtain that

l112+l113+l2l3 t 1l2+1113+l213

z2(t) < cEy+c(l+1t) Hatals JA4+t—71) Hhtals
0
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X (14 7)PP2P(1)dT 4 ¢(1 + t) v X
t 1, l1lo+lqlg+19l

[t t— ) GFREEEEE) (1 (ryar, (27)
0

3
where 2(t) = 3 74(¢),
k=0
78 (lila + lils + lals) 1 Ll +hls+ i) &
0o — 1 _
0= Al1l5ls T T 2 U

~ hly 4z + ols n 11 1Y\ hlp+his+1ols

- 4lll2l3 2 2 P 4lll2l3
s (Ile + 11l3 + lals) 1 Llo+Lls+ 1ols

0, — -
1= 4lllgl3 * 2 * 4lll2l3 z =
lllz + 3+ l213 1 lilo + 1113 + l213
Let E(t) = sup z(s), then from (27) it follows that
0<s<t

Lilo+lylatlaly ¢ _lhlotlylz+ials

E(t)<cEy+c|(1+t) 2% . f4t—7) 0
0

1112+1113+1213)

1
(14 7)P0dr + (14 ¢) 30

t _(; m) P
JA+t—7) \2 ahlyl3 (14 7)7Prdr | EP(t). (28)
0

By the conditions (4), (5)

Lile + 1113 + 1al3
0 1, ply >
pbo > 1, pbo = 4l1l2l3

1 Lla+Llz+1als
0 1, pf; > =
pov = P = o

Therefore in base of Sigel’s lemma (see [14]) the following inequality is true

Lilao+lylztlaly ¢ l1lo+ll3+igl3

1+t) M fA4t—1) M (@4 r)Pdr <o, (29)
0

l1lo+1lql3+1o1 t lylo+lqlg+1g1
(140 FHEREEE) | p g - G g s <o, (30)
0

where ¢ > 0 doesn’t depend on ¢ > 0 (see [14])
Taking into account (29), (30) from (28) we get

E(t) < cEy+ c1 EP(t).

From here it follows that for sufficiently small Ejy

E(t) <M, t>0,
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where M is first root of the equation cjaP — x + cEy = 0. From (23), (24) and (31)
it follows that
lll2+lll3+l213)

< C(l —I—t)_(%+ 4171503
La(R3)

lylatlstigls
[u(t, My < c(l+1)  Thils (33)
By returning back to (18) and using the estimation (17) for the a = (0,0,0),i =1

we obtain that

Lila+lil3+ll3

| Dyult, -)HLQ(RS) <ec(l+ t)’(1+ T 1y1513 )Eo+

t (e
1°2'3
tef(L+t—7) 1 @y + 1 @lyrg] - (3
0
By repeating the above mentioned procedure (18)-(34) we have the following
estimation 1112+llz3+1213)

1Dwu(t, Yy < (1 + ) (R

Thus, for the sufficiently small Ey we have the a’ priory estimation
E(u,t) <e, t>0.

Therefore for the sufficiently small Ey the Cauchy problem (1), (2) has a global
weak solution.

Now, we reduce the result on nonexistence of global solutions to semi-
linear hyperbolic equation with anisotropic elliptic part.

Suppose that

[f(w)] = clul”, ueR, (35)

where ¢ > 0,

2011513
lily + I3 + o3’

Using the methot of test function we prove the following theorem about the
nonexistence of global solutions.

Theorem 4. Suppose that condition (35), (36) are satisfied, p(x) € L1,,.(R3),
Y € Lyy,.(Rs3) and lim [ (p(x) + ¥(z))dx > 0,

R—ool¢| <R
Then the Cauchy problem (1); (2) doesn’t nontrivial weak solution, which defined

in region Ry X Rg.

l<p<1+

(36)
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