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SOME ESTIMATIONS FOR RIESZ POTENTIALS IN
TERMS MAXIMAL AND FRACTIONAL MAXIMAL
FUNCTIONS ASSOCIATED WITH THE DUNKL
OPERATOR ON THE REAL LINE

Abstract

On the real line, the Dunkl operators are differential-difference operators
associated with the reflection group Zs on R. In the work by means of the op-
erator of generalized shift, generated by Dunkl operator the maximal functions
(Dunkl-type maximal function), fractional-maximal functions (Dunkl-type frac-
tional maximal function) and Riesz potentials (Dunkl-type Riesz potential) are
investigated. We proved pointwise and integral estimates for Riesz potentials
in terms maximal and fractional maximal functions associated with the Dunkl
operator on the real line.

1. Introduction

For a real parameter o > —1/2, we consider the Dunkl operator, associated with
the reflection group Zs on R :

Mal)(w) = - f(2) +

2okl (Jie) S "

Note that A_;/o = d/dz. In the paper we investigate the maximal function, frac-
tional maximal function and Riesz potential using harmonic analysis associated with
the Dunkl operator on R. We get pointwise and integral estimates for Riesz poten-
tials in terms maximal and fractional maximal functions associated with the Dunkl
operator on the real line.

2. Main result

Let a > —1/2 be a fixed number and p, be the weighted Lebesgue measure on
R, given by
dptg(z) = (2T (@ + 1)) |22 da.

For every 1 < p < oo, we denote by L, = L,(dpu,) the spaces of complex-valued
functions f, measurable on R such that

1/p
||f||p,a=||fup,a=< / If(x)l”dua(w)> <o if pell o).

and

£l . =esssup|f(z)] if p=oo.
’ T€R
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For 1 < p < oo we denote by WL, ., the weak L, , spaces defined as the set of
locally integrable functions f(z), (z) € R with the finite norm

1 lys,. =507 (o fo €R = |f(@)] > rhVP.
Note that
L,o CWL,, and HfHWLp’a <|fll,q forall f € Lpa.
For all z, y, 2 € R, we put
Wolz,y,2) = (1 = 0pyz+ 020y + 02y2)0a(x,y, 2)

where

2,2 .2 .
- _ % if x,yeR\O,
TY,Z — .
Y 0 otherwice

and A, is the Bessel kernel given by

(D222~ (lel )12
Aa(l',y,Z) = { da [zyz|2> if |Z’ S Ax,yv

0 otherwice,

where do = (D(a + 1))?/(2°7 AT (a + 3)) and Ay y = [[lz] - |y|], |2] + |y[].
In the sequel we consider the signed measure v, ,, on R, given by

Wo(z,y,2)dp,(2) if z,y € R\ O,
Vagy = dé(z) if y=0,
ddy(z) if z=0.

Definition 1. For x, y € R and f a continuous function on R, we put

mﬂ@zéﬂ@ww@-

The operators 7, ¢ € R, are called Dunkl translation operators on R and it can be
expressed in the following form (see ref. [4])

T:f(y) = Cy /Oﬂ fe (\/x2 +y2 — 2|zy| cos 9) hi(z,y,0)(sin 9)2a do

+Ca/ f, <\/x2 + 42 — 2[zy| cos 9) ha(, y, 0) (sin 0)2® d6),
0

where f = f. + fo, fo and f. being respectively the odd and the even parts of f,
with Cp, =T(a+1)/(y/7T(a+ 1/2)),

(+9) [1sgnlay)cos6] 3¢ 1 4 ()

hi(z,y,0) =1—sgn(xy)cos® and ho(z,y,0) = Va2 +y?—2|zy| cos
0 if zy=0.

Let B(z,t) = {y € R : |y| €| max{0,|z| — t},|z| +¢[ } and ¢ > 0. Then
B(0,t) =] —t,t[ and po (] — t,8]) = (227 (a+ 1) T(a 4 1)) " 2042,
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We define the fractional maximal function associated with the Dunkl operator
by

o |
M f () = sup(p1 B0, 1)) =72~ / ol Fl@) dia (), 0 < 8 < 2a+2.
>0 B(0,r)

If 3 =0, then M = M, is the Hardy-Littlewood maximal operator associated with
the Dunkl operator (see [1]).
In [1] was proved the following theorem.

Theorem 1. [1] 1. If f € L1 o(R), then for every >0

po {2 € R: Mf(z) > B} < g /R (@) dpra (),

where C > 0 is independent of f.
2. If fe Lpo(R), 1<p<oo, then Mf e L,q(R) and

IM fllpa < Cllfllp.as

where C' > 0 is independent of f.

For the fractional maximal operator associated with the Dunkl operator Mg the
following theorem is valid.

Theorem 2. [3] Let 0 < § < 2a + 2, }17 3

1)If f € L1o(R), then for all >0

e s( [ 1@ ldnaa ) )

{zeR:Mp f(x)>0}

B
2a+2 ’

where C' is independent of f.
2) Let 1 < p< 22, f e Lyo(R), then Mgf € Lyo(R) and

< /R (Mﬁf(w))qdﬂa($)>; <C < /R !f(m)]pd,ua(x)>;. (3)

where C' is independent of f.
3) Let p = %, f € Lya(R), then Mgf € Loo(R) and

sup Myf () < € ([ 1760 Pana(o >)’1’, (1)

z€R

where C' is independent of f.

Now we define the Riesz potential associated with the Dunkl operator by

2aﬁ+2 1 B—2a—2
Isf(x) = sup (1o B(0, 7)) Talyl Fy)dpa(y), 0<pB<2a+2.
>0 B(0,r)
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Theorem 3. [2] Let 0 < 3 < 2a + 2, %—%:%, 1§p<%.
1)If f € L1,o(R), then for all 6 >0

o) < (5 [ 1F@ldnate)) )

{xeR:I5f(x)>0}

>
=

where C' is independent of f.

2) Let 1 <p < 2232, f € Lyo(R), then Igf € Lg,a(R) and

(/R(Iﬂf(x))qdua(x)y <C </R \f(gg)pdua(x)) 7 ©)

where C' is independent of f.

The following theorems is our main result in which we obtain pointwise and
integral estimates for Dunkl-type Riesz potentials in terms Dunkl-type maximal
and fractional maximal functions.

Theorem 4. Let 0 < < 2a+2, 1 <p < % Then for any locally summable

functions f exists the positive numbers C1 and Ca, such that for every r > 0 and
x € R the following inequality is valid:

(Islf)(@) < Crr® (M f)(w) + Cor’ 3 (M f)(a). ™)

Theorem 5. Let 0 < <\, 1 <p< %, 1<r <0, %:l—g—i-%. Then for any
functions f € Ly o(R) and M f € Ly o(R) the following estimations is valid:
p

Bp 1_8p
o0 < Co DL FIE 150, ®)

where C > 0 is independent of function f.

3. Proof of the Theorem 4 and 5

Proof of Theorem 4. Let r be an arbitrary positive real number. We write
the integral as the sum of two integrals:

Il f|(x) :/B(O )\yIB_M_QTyIf(fU)Idua(y)

+ / 22, | £ (@) dhia(y) = i (@,7) + Ja(e,7).
B(0,r)

First we shall estimate J;(z,7). Summarizing on all £ > 0 we have

Ji(a,r) = /B @)
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3 / P22 | £ ()| ()

k=0p(0,2-k)\ B(0,2-+—1r)

> L B—2a—2
< () T @l

k=0

o0 —2a—2
— B(0,27Fr)

< 22426 B0 f () Z 27% = CyrP M f(z),
k=0

where
92a+2—0

T 1-27F
On the other hand, for Jo(x,r) we have

C

To(,r) = /UB(O Ry )

-y / [yIP=22=27, £ () dp (1)

2042-2 53 N k(2 B) (oht1, ) b 202
=92 pr” p ZQ P (2 T‘) Tyf(ﬂ?)dua(y)
B(0,2++1r)

o
A A 2 >
< 22 M () Y 27T < 0T ML f(a),
P k=0 ’

as under our assumption 3 — % < 0, where

22a+2—%
Cy=—.
1-2°7%

Now the statement of a Theorem directly follows from these two estimations for
Ji(z,r) and Jo(z,r).
Thus the proof of Theorem 4 is completed.

Proof of Theorem 5.
Taking
M f(x)\ §
r=r(z)=| -—2t—
=\ @
L 1_BP

Isf(@)| < Cs (Maf(@)) " (Mf()'F (9)

in @ we have

S
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for every z € R.
Then we have

[ 1@ due) <8 [ (33 @) Q@) F digo) <

<y ( [ ()™ dum)m ( /R ) )

where (¢ — Z)s=p, s’ = ;=g 1=1_04 2
Therefore
1 1 . Bpa
([ 1ms@r aua@)" ca ([ 015 ana@) ™ ([ (3450)" o))
R R R\ P
1 Bpg
sq r Ar
<ar( [irorin@)” ([ (@) duw)
R R\ P
or
% 2
o N, < Cx IFIE, ||Mas L =G|y LmeHL,,a -
Thus the proof of Theorem 5 is completed.
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