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ON SOLUTION OF THE INVERSE
STURM-LIOUVILLE PROBLEM WITH
DISCONTINUOUS COEFFICIENTS

Abstract

In the paper we prove a theorem on necessary and sufficient conditions on
solvability of the inverse problem of spectral analysis for Sturm-Liouville oper-
ator with discontinuous coefficients and give solution algorithm of the inverse
problem.

Consider the boundary value problem
—y" +q@)y=Npx)y, 0<z<m, (1)

y(0)=0, y(m)=0, (2)

where ¢ (z) € Lo (0, 7) is a real-valued function, A is a complex parameter and p ()
is a piecewise-constant function:

p(z) = - 0<a#l. (3)

We assume that a (1 + «) > ma.
The following theorem gives necessary and sufficient conditions for solvability of
the inverse problem of spectral analysis for boundary value problem (1) — (3).
Theorem. For the sequences {/\fl , O‘”}n>1 , where Ay, # A\ for n #£ m,

an > 0 for all n to be the spectral data of a problem L (q(x)) of the form (1) — (3)
with q (x) € Lo (0,7), it is necessary and sufficient to satisfy conditions

d k t
0 n n _ 0 n
/\n—)\n—kf)\o too an=an+ o (4)

n

Here /\2 are the zeros of the function

Ao(N) = % <1 1> sin)\(onr)\— aa + a) N % (1 B ;) sin)\(—oz7r>\+ aa—l—a);
= [T 0 p o)
1 1 sin\ut (z) 1 1 sin A (p~ ()
so(x,)\)2<1+ p(@) 3 —1—2(1— p(w)) \ ;

i (2) = =v/p (@) +a (17 Vo @) 5

dy, is a bounded sequence; {kn} € la, {t,} €la .
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Proof. Necessity of the theorem is proved in [1]. Let’s prove sufficiency. Let
the real numbers {)\,21 , O‘”}n>1 of the form (4) be given. Construct the functions
Fy(z,t) and F (z,t) by the formulas

S 9 sin N0z
(@) = Z( imnx B °(t’2§lg < > (5)
and
F(x,t) = % <1+ pl(x)> Fo (it () ,t) +% <1 — :(@) Fy (0~ (2),t). (6)

Let A (x,t) be a solution of the main equation of the inverse problem for boundary
value problem (1) — (3) (see [2]):

2 1—+/p(2a— t
— Az, ut(t A(z,2a —t) + F (x,t) +
T ) 1+m )+ Fl@0)
ph (@)
+/ Az, &) Fy (&,t)dsE =0, 0<t<uzx. (7)
0
Construct the function s (x, A) by the formula
pt(x) '
s (z,0) = 50 (2, \) + / Az, t) Slri\)\tdt, (8)
0
and the function ¢ (z) by the formula
4p (x d
0(0) = 8L A (ot (@), )

Denote

We can show that b(z) € W3 (0,7),

Fo (2,1) = ( !

111<1_ ! )[b(:c—,u(t))—b(iﬂ‘i‘/i(t))]’
Fy

) =b(z+put(t)]+

i cos )\naz _cos )\0
=1 an)\02 '

ﬁ

p (1)

and the functions Fy (z,t), F' (x,t), A (z,t) have the same smoothness.
According to (5) and (6) we have

Fg, (@,t) = p(t) Fy,, (z.8),  p() Fyy (2,t) = p (2) Fyi (1) , (10)

Fo(z,t)],_o =0, Fo(z,t)],_o=0, (11)
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0 0
—Fy (1 (2),t) = £/p (2) 5-F (&, 1) . (12)
O ¢ E=nt (@)
Using the main equation (7) it is easy to prove that
A(z,0) =0, (13)

p:dci“ M+(m)):%{A(:c,u_(ﬂc)—l—())—A(l‘,ﬂ_(l’)_o)}' (14)

Lemma 1. The relations
=" (2,A) + q(x) s (2, ) = Np(2) s (z,)), (15)

s(0,\) =0, §(0,\)=1 (16)

hold.
Proof. Assume that b(z) € W2 (0, 7). Differentiating twice on z the identity

o f) 2 . 1—+/p(2a—t) v 9

J( ,t)._HmA( 1 (t))+1+mA( ,2a —t) +
ut(z)
+F(as,t)+/0 Alw,€) Fo (€.1)dé = 0, (17)
using (11) we have
, 2 , 1-\VpRa—1) ,, -
J$(x,t)—1+mAw(x,u+(t)) 1+m (x,2a —t)+
ut(z)

+F, (w,t) + / AL (2,8) Fo (§,1) dE +/p (2) A (2, u™ (x)) Fo (uF (2) 1) +
+vp () Fo (0 (z),t) (A(z,p” (2)+0) — A(z,p~ (z) —0)) =0,

" — " + 1—+vp2a-t) , B
Ja:m (l', t) - 1t \/p(T)Axx ($,;L (t)) T mAxw (337 2 t) +
ut(x)
0A
+Fy, (z,t) + / A" (x,€) Fy (€,1) d¢ +/p () Fy (u* (2) 1) 8(?5) ( )+
0 E=pt(z

0A (z,€)
ox

E=p~(z)+0

AR ) (A

@ F (5 (@) 1) diA (. * (@) + V@A (247 (@) o Fo (u* (2), ) +
+vp(z) (A(z,p~ () +0) — A(z,pu~ (z) — 0)) 8—1:}7’0 (b (z),t)+
P @F (1 (2),1) % [A(z () +0) —A(w,p () —0) =0, (18)
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Differentiating the identity (17) on ¢ we have

2\/p A (st (1)) — 1—+/p(2a— t
1+F is 1+\/ﬁ
ut(z)

LF (1) + / A(r,€) ), (6.8) dE = 0,

0

Jl (z,t) = —t)+

1" o 2p<t) " T + 1- (2a ) " .20 —
Jtt(xvt)_ 1+mAtt( y K (t)) 1+m‘4tt( ’2 t)+

pt(z)
CF (2, 8) + /0 A, €) Bl (6.1) dE = 0.

According to (10)

1 —/p(2
1 1 wt(@) "
+mFtt (x,t) + /0 A (x7§) FO& (f,t) df —0.

Integrating twice by parts, using (11) and (13) we get

pt (@)
| Awor -

= (A(z,p ()= 0) — A(z,pu~ (z)+0)) ;EFO (3 t)‘
E=p~(z)

— Fo (z, 1~ (x)) aAa(?f)

_|_

+
{=p~ (2)-0

9A (z,§) ‘
05 lempt (@)

_FU (:E7/J“+ (l’)) +

)
+Fy (z, 1 (2)) 94 (z,¢) L - + /0 Age (z,6) Fo (€, 1) dE.

Thus we obtain:

1- p(2a )A// t) +

2
1+ +/p(t) 14++/p(2a—1t) i

! ! o — — x, (T 3
PRt (Ao (@) =0) = A (o™ (@) +0)) oo 6 ”L:u-(x)

5 L 9A(

+A (z,pt () 6§F0 (&, t)’g/ﬁ(x) —Fo(z,u (@) (gz . Lu(m)_o
OA (z,€) ’

2 P

Jip (@,) = Ay (2,17 (1) +

+

+

9A (x, )

+Fp (z,0) — Fy (2,17 (2)) D€

s
§=pt(x)
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pt(z)

+ / Al (&) Fo (€. 0)de. (19)
(z)+0

0

0A (z,8)

+F0 (I’,/.L_ (.’B)) 85

E=p~
Using (17) — (19) in the identity

Tl (@,0) = p (@) T (2,) — q(2) T (1) = 0

we have

1- 2
p(2a— )A" (z,2a —t) + F, (z,t) +

' x +(t)) 1 T
+p(2a —t)

2
—— A, (z,p
L++/p(t) (

pt(z)

+ [ AL @OREDE+ V@R (i ().

0

Vo @F (4 (), 1) (“;j 2

VPR (0 (2),0) = A (a1 (1)) + Vp@A (a7 (@) 5 Fo (1 (2),1) +
+vp (@) (A(z,p” (2)+0) — A(z,pn~ (z) — 0)) %Fg (b~ (z),t)+
VP @IFo (17 () 1) (A (a0 () +0) = A7 (2) —0)}-

—o(x 2 eyt 1_ (2a)//xa

1, _ - 9
+mFt/t (z,8) + (A (z, 1~ (x) = 0) = A (2, (2) +0)) 87§F0 (&1) e (a) -
d _ 9A (z,€)
+A (2,17 () 22 Fo (&,1) — Fo (z,p” (2) +
( ) e &l ., 1l (T
OA (z,€) N 0A (z,)
+Fy (2,0) — Fy (x, 1" (x) +
0 9 e o ) N )
oA ut(z)
LR (a1 () ézf) + / Al (2,€) Fo (6, 1) d€ | -
E=p~ (z)+0 0

ol 2 ot 1—+/p(2a—1t) v 9
q()(HMA(,u (t))+1+mA(’2 t)+

pt(2)

+F (2,t) + / A(a:,g)FO(f,t)dg) _

0
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from which using the formulas (6), (9) — (12) and (14) we get

1—+/p(2a—1t)
—— A" (z,uT (¢ Al (2,20 —t) —
o e (et 0) + AL w20

—o(x # "oyt 1 - p(2a ) " .
P( )<1+m‘4tt( s M (t)) 1+m“4tt( t))

2 1-Vp(2a—1) ,
—q () <WA (x, ut (t)) + T m A(z,2a — t)) +
pt(z)

+ / A (2,€) — p () Al (2,€) — q (1) A ()] Fo (6,0)dE = 0. (20)
0

Homogeneous equation (20) has only trivial solution (see [2]), i.e.
Al (z,t) — p(x) A}, (z,t) —q(z) A(z,t) =0, 0<t<um. (21)
Differentiating (8) twice we calculate

pt(z)

sm sin \ut (x
s (2, \) = sh (2, \) + / Al (z, ” V@A (w1t ( )Al;(hr

0

V@) Si; M@ g (i () 4+ 0) = A (1 () — O}, (22)
w () in M 0 in A +(w)
SN = @0 + [ AL ) S V) A oo
0 e
9 9 sin A~ (x)
+\/p(7) (‘%A(:E g t=p~ (2)+0 - %A(x " tu(fﬂ)—0> f%_
x)sin \ut (z
pVPESMNT @) &yt (2)) 4 p () A (15" () cos e (2) +

A dx

n p(x)si)r\l/\,u, (z) %{A (m,,u_ (x) —|—0) — A(ﬂc,,u_ (x) — 0)}—

—p (@) {A (w5 () +0) = A (v, () = 0) }cos A~ (). (23)
On the other hand, integrating twice by parts, using (13) we have

pt () )
W0 (a)s (0,0) = ¥op (@) 0 (@) + Xp (o) [ A(wt) 5 dt =

0

= —sg(z,\) + p(z) cos A\~ (z) [A (2,0~ () +0) — A (z, 1~ (z) — 0)] —
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—p (@) cos At (2) A (1 (@) + p () TN 0 -
0 sin \u™ (z) 0
~ LA () A () -
ot t=u(x)+0] Aot t=pt(2)
ut(z) -
r@) [ Ata) (24)
0
According to (8), (23) — (24) we get
ut(z) -
@) + X (@) (0 ) — a (@) s (0N = s e N+ [ AL o) T ek
0
n Ayt
V@) A, ST (o)
O =t A
0 0 sin \p~ ()
++v/p (2) <A(a:,t) — —A(z,t) ) —+
O t=p~(z)+0 ox t=p~ (xz)—0 A

x)sin \ut (z
PRI Ly () 1 o) A s (@) cosa ()4

+msi;wf DL A (o (@) +0) — A (™ () 0)}-

—p(x){A(z,p~ (z) +0)—A (z, 1 (z) — 0)}cos Ap™ (z)—sq (z, A)+p (x) cos Ap~ (z) x
x [A(z, 0 (@) +0) — A(z, 0™ (x) = 0)] — p(z) cos Ap™ () A (z,u™ (2)) +
x sinyi” (@) QA x — QA x
v TR | S| - gAGe| s
sin \ut (x) 0 v sin \¢
(o) D Dy o) [ Ay T
t=pt(z) 3
1 1 sin \ut ()
q(z) 2(1—!— p(.’lf)> 3 +

1 1 in Ap~ v in A
M sin \u~ () + / Az, 1) sin tdt
p () A

Hence using (9), (14) and (21) we obtain (15). For x = 0 formulas (8) and (22)
imply (16) . Lemma 1 is proved in the case b(x) € W2 (0, 7).

The proof of Lemma 1 in the case b(x) € W3 (0,7) is carried out by a standard
method (see e.g. [3], p. 56).
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Lemma 2. For each function g (x) € Lo (0,;p) the relation
s

- 2
/P(:I:)QZ(x)da::Zal (/P(t)g(t)s(t,kn)dt)
n=1 " 0

0

holds.
Proof. Using formula (5),

F(x,t)= i (So (t, \n) 50 (2, M) 50 (£, )\2) s0 (, )\97,)) |
n=1

an, ad
and
Sin )\é. SO (57 )\) ) 5 < CL,
o) 2 (S e ) Y e, esa
1+a’\a o’ 1+a? T

it is easy to transform formula (8) to the form

T

s(x,\) = s (z,\) + /,0 (t) ® (z,t) so (¢, \) dt,
0

and the main equation (7) to the form

xT

®@JHJW%Q+/p©¢@ﬁﬂW&O%=&

0

where
B 2 . 1—+/p(2a—1t) I
<1>(:¢:,75)_71Jr p(t)A( ,;ﬁ(t))JrlJr p(2a_t)A( ,2a —t).

Solving relation (27) with respect to sg (x, \) we get

xT

s0 (z,A) = s (z,\) +/p(t)H(x,t)s(t,>\) dt.
0

By the standard method we can prove that

Hmw:Fmﬁ+/ﬁ@@m@Fmo@,OStsL
0

where H (x,t) is defined by (29).

(25)

(26)

(28)

(30)

Denote Q (\) = /,0 (t) g (t) s (t,\) dt and using (27) transform it to the form
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where
iy

h(t) =g () + / p(€)g(€) D (£,1) de. (31)

In a similar way, using (29) we get

g(t)=h(t)+ / p (€)1 (€) H (£,1) dE. (32)

According to (31) we have

™

[owno pena /[g / ()@ (€. 1)de | p
0 t

0

~ [p0190) | F t>+/p<5>¢><t,g>F<x,5>d5] dt =
0 0
~ [pr900 F(x,t)+/p(§)<1>(t7§)F(x,£)d§] dt+
0 0
+ [ oy a) |F )+ p(f)@(t,w(m,f)df] dt.
/ /
Using (28) and (30) we get
/p(t)h(t)F(x,wdt:/p(t)g(t)H(m,wdt—/pa)g(t)cb(t,m)dt. (33)
0 0 x

From (26) and Parseval’s equality we obtain

/p(t)h2(t)dtJr//p(t)p(x)h(t)h(x)F(a:,t)dxdt:
0 0 0
T T 2
2 > 1
:/p(t)h (Bdt+ > {a (/p(t)h(t)so(t,)\n)dt) _
n=1 n

0
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According to (33)

o) 2 n * K.
S X fommwat [pwne {/p(wg(tm(x,t)dt] di—
n=1 n 0 0 0

p (t) h? (t) dt+

LT

- [r@h) {/pu)g(t)@(t,w)dt] dz =

+[o®a {/p@)h(mmx,wdw dt—

- [r@h) {/p@)g(tm(uw)dt d,

whence by the formulas (31), (32)

o~ Q% (M) _
L T

s s

[r@w@at [p®s® o0 )i

0

=]

i.e. relation (25) holds.

Lemma 2 is proved.
Corollary. For any functions f (x), g(xz) € L2 (0,7;p) the relation

™

(At [ p(0)g(0)5 (2.0, d

[ PR
O/p@:) —;%/ /

holds.
Lemma 3. The relation
[ |0, n # k,
[rwsaayseaga={ % "7
0
holds.
f(0) = f(m) =0. Consider the series

Proof. 1) Let f (z) € W20, ],

o0
E ens (

=1

3

where .
- p (@) f () s (2, \n) da
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Using Lemma 1 and integrating twice by parts, we get

Cn = al)\Q /07r f (l') (_5” (ZL', )\n) +4q (l’) $ (l‘, A”)) dr =

_ 1 [f’ (7) s (m, An) + /Oﬂs(x,)\n) (=f"(z)+ f (z) g (x)) d:c] )

an\?

Applying asymptotic formulas (4) and

s(z,A) =0 (’ Y |1mw*<w>> . §(z,\)=0 (eilmwﬂz))

we can see that as n — oo

- (;}) s(z, M) = O <711>

uniformly on [0, 7] . Hence, series (36) converges absolutely and uniformly on [0, 7].
By (34) and (37) we have

/Op()f dac—ch/ s(t,\p)dt =
- /0 0803 s 1) = /0 p (1) (1) 7 (b) dt.

By arbitrariness of g (z) we conclude that f* (z) = f (), i.e.

= Z cns (T, An) - (38)

n=1

2) Fix k > 1 and assume f (z) = s (z, Ag) . Then, by (38)

s(x, \p) = inksx)\

n=1
where -
ek =— | p(x)s(x,\y) s (x, A\g) de.
(679 0

We can show that the system of functions {so (z, An)},,>1 is minimal in Lg (0,7 p) .
Then by (8) the system of functions {s (z, An)},,>; is minimal in Ly (0, 7; p) as well.
Therefore ¢, = dpr (0nr is a Kronecker symbol) and we arrive at (35) .

Lemma 3 is proved.

Lemma 4. For all n > 1 the equality

s(myAp) =0

holds.
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Proof. It is easy to show that
(A2 —22) / p(x)s (2, ) 8 (2, ) dz = s (m,\n) 8" (1, Am) — 8" (70, An) s (0, Am) -
0

By (35) we get
s(mA\n) 8" (m,Am) — 8" (7, An) s (1, A) = 0. (39)
We shall prove that for any n, s'(m,\,) # 0. Assume the contrary, i.e. there exists
such m that s’ (m, ;) = 0. Then from (39) we have s’ (7, \,,) = 0 for n # m.
On the other hand

wr(m) : . "
s (1, An) = s( (7, A\n) +/ AL (m,8) sin )\ntdt + asin A\, ut ()
0

An An

A (m,pt (7)) +

asin \ppu~ (7 _ _
O g (1= () 40) — A (7 ()~ 0)),
ie. s (m An) ~ 8§ (m,Ay) # 0 as n — oo, that contradicts the condition & (m, A,,) =
0, n # m. Thus ¢’ (7, \,) # 0 for any n, and from (39) we have

3(7“/\71) _ S(ﬂaAm> def H

s (myAn) S (m, Am)
i.e. for any n, s (m,\p) H = s(m, \,). Since s(m,\,) = 0(1) as n — oo, we have
H=0,1ie s(mA,) =0.
Lemma 4 is proved.
It follows from Lemmas 1, 3 and 4 that the numbers {)\,21 ’O‘"}n>1 are spectral

data of the constructed boundary value problem L (¢ (x)).

The theorem is proved.

Algorithm of the consruction of the function ¢ (z) by spectral data {)\% ,an}
follows from the proof of the theorem:

1) By the given numbers {)\% ’O‘n}n>1 the functions Fy(x,t) and F (z,t) are
constructed by the formulas (5) and (6), respectively;

2) The function A (z,t) is found from equation (7);

3) q (z) is calculated by the formula (9).
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