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NECESSARY OPTIMALITY CONDITIONS IN A
VARIABLE STRUCTURE CONTROL PROBLEM
DESCRIBED BY A SYSTEM OF
TWO-DIMENSIONAL VOLTERRA TYPE
INTEGRAL EQUATIONS

Abstract

We consider an optimal control problem described by a system of Volterra
type two-dimensional integral equations. Necessary optimality conditions of first
and second order are derived under assumption that the control domain is open.

We consider a variable structure control problem described by a system of two-
dimensional Volterra type integral equations.

Necessary and sufficient optimality conditions are derived provided that the con-
trol domain is open.

Introduction. The optimal control problems described by integral equations
have been studied relatively little to day. In this direction we can notice the papers
[1-4].

Recently, the questions related with investigations of variable structure control
problems that in applications simulate multi-stage or so-called multi-step processes
[5-7] are of great interest.

The papers [8-12] and others are devoted to variable structure optimal control
problems described by different differential and difference equations.

The suggested paper is devoted to deriving necessary optimality conditions of
first and second order in a variable structure control problem described by a system
of nonlinear two-dimensional Volterra type equations.

1. Problem Statement. Assume that in the given domain
D =D1UDy (DZ = [ti—hti} X [wo,X] , b= m)

a controlled process is described by a system of non-linear two-dimensional integral
equations

t x
z(t,x)://f(t,af,T,s,z(T,s),u(r,s))dsdT, (t,z) € Dy,

to xo

t x
yita) = [ [ 9t msy(rs) 0(re) dsdr + Gz () ()€ Do (1)

t1 xo
Here f (t,z,7,s,z,u) (g (t,x,7,s,y,v)) is a given n (m)-dimensional vector func-
tion continuous in D; x D; x R™ X R" (Dg x Dy x R™ x R?) together with par-
tial derivatives with respect to (z,u) ((y,v)) up to the second order inclusively,
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to < t1 < to, o < X, G(z) is a given twice differentiable in R"™ m—dimensional vec-
tor function, u (t,z) (v (t,x)) is r (¢) dimensional piecewise-continuous (in the sense
of [13]) vector of controlling effects with values from the given non-empty bounded
and open set U (V), i.e.

u(t,x) eUCR", (t,z)e Dy v(t,x) eV CRI, (t,x)€ Dy . (2)

Such controlling functions are said to be admissible.
We estimate the quality of the process by the functional

S (u,v) = 1 (2 (01, X)) + g (y (2, X)) - (3)

Here ¢, (2), 9 (y) are the given twice continuously-differentiable scalar func-
tions.

The optimal control problem is in finding of such an admissible control
(u® (¢, x),v° (¢,2)) at which the values of the functional (3) is least in comparison
with other values for admissible controls.

In this case the admissible control (u®(t,z), v°(¢,z)) is said to be an opti-
mal control, its appropriate state (zo (t,x), y° (¢, a:))-an optimal state, the process
(uo (t,z), v (t,x),20 (t,z), 3° (¢, x))—an optimal process.

2. The first and second variations of the quality functional. Let in
the system (1) the state (z°(t,z), y° (t,x)) correspond to the admissible control
(u®(t,z), v°(t,z)), the state

(u(t,z) =u’ (t,z) + Au(t,z), v(t, ) =" (t,2) + Av (¢, 7))
to the admissible control

(z(t,z) = 2D (tx)+ Az (tx), §tz)=y° (t,z) + Ay (t, z)) .

)
Then, it is clear that (2° (¢,z), y° (¢, z)) will satisfy the system of integral equa-
tions

AZ(t,:E):/t/x[f(t,:E,T,S,Z(T,S),U(T,S))—

to xo

—f (t, x,7,8,2° (1,5),u° (1, s))] dsdr,

Ay(t,x):/ti[g(t,x,T,s,y(T,s),v(r,s))—

—g (t,z,7, 5,9° (1, 8),0% (1, s))| dsdr + [G (z (t1,2)) — G (zo (t1,2))] . (4)

By 49 (t,z), i = 1,2 we denote until unknown n and m—dimensional vector-
functions, respectively.
Then, the identities are valid

t1 X t1 X t1 X

//zp?' (t,x)Az(t,x)dmdt:// //M (7,8) [f (7,8, t,3,% (t,2), T (t,z)) —

to xo to xo t x
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—f (T, s, t,x, 20 (t,x) ,u (¢, x))] dsdT] dtdzx,

to X

//¢ (t,x) Ay (t,z) dedt = //1/12 (t,2) [G(Z(t1,2)) — G (2° (t1,2))] dwdt+
// {// wz 7,8) g (1,8, t, 2,7 (t,z),v (t,x)) —
| 0—g (1,8t 2,y O(t,z),° (t,z))] dsdr] dtda. (5)
Assuming

M (Y (t,x), 2) =3 (t,2)G (2),

and using the identities (4), (5) we write an increment of the quality functional (3)
in the form

AS (u?,0°%) = ¢y (2 (11, X)) = o1 (27 (81, X)) + 2 (7 (2, X)) — 92 (4° (t2, X)) +

t1

e Mmm//{//ws (2,500,708

to xo to o
(T, s,t,x, 20 (t,x), u’ (t,:c))] des} dxdt—

tz_){ to X
//[//¢8<T,s>[g(ns,t,x,y(t,x),v<t,w>>

—g (T, s, t,z,y° (t,z) 00 (¢, I))} deT] dtdx—

ts X
—// wg (t, ) (tl,x)) - M (¢8 (t,x), 2" (tl,a:))] dxdt+

i1 o
ty X
+//¢8’ (t,x) Ay (t,x) dzdt. (6)
t1 o
Using the Taylor formula from (6) we get

/ 0 t. X / 0 to. X
AS (u07v0) _ I (28217 ))Az (1, X) + Dy (ya(y?a ))

Ay (t27X)+

¢y (2% (1, X))
022

%y (¥° (t2, X))
Oy?

A (@, x)

B Az(tl,X)—i-

1
+§Ay’ (t2, X) Ay (te, X) +

t1 X

+or (182 (1, 07 + 02 (180 (2, OF) + [ [ 08 (t.0) 2 (t.) -

to o



194 Transactions of NAS of Azerbaijan
[E.E.Jafarov,K.B.Mansimov|

//{//@zjl’m (125t % () 3 (L) —

to To

—f (T, s,t,x, 20 (t,x),u (1, ar))] dsdT] dxdt+

+//¢ (t,x) Ay (t, ) dwdt — //{//1/11 (m,8) lg (7, 8,t, 2,7 (8, 2), 0 (t,2)) —

t1 o t1 o

—g (7’, stz 0 (tz), 00 (¢, :U))] dsdT] dtdr—

to X
- //M; (wg (t,x), 20 (t1, z)) Az (t, ) dedt—

to X

_% / / A7 (ty, ) M. (QP(Q) (t,2) 20 (t, x)) Az (t, @) dudt—

t1 xo
to X
= [ [on (185 (1. 0IF) dad. (7)

t1 xo

z(t1, X // (t1,X,7,8,2(1,8),u(1,s)) —

to o

It is clear that

_f (t17X77—7 S, 2,0 (T7 8) ,UO (T7 8))] deT7

y (t2, X // (t2, X, t, 2,y (t,2),0(t,2)) —

—g (tg,X,t,m,yO (t,z) ,UO (t,x))] dzdt + [G (Z(t1,X)) -G (ZO (tl,X))] ,

t1 x

z (t1,x // (t1,z,7,8,Z(1,8),u(1,s)) —

to To
—f (tl, z,7,8,2° (1,s) L (1, s))] dsdr.

Allowing for these identities the increment formula (7) takes the form

t1 Xasp,1 (ZO (tl X))
:// 02 : [f (t1, X, t, 2,2 (t,x), 0 (t,x)) —

to o

—f (tl, X, t,2,2° (t,2),u’ (¢, :c))] dxdt+
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7T o (4° (t2, X))
+/ 2 By ’ lg (teo, X, t, 2,7 (t,x),0(t,x)) —

t1 xo

—g (t2, X, t,2,9° (t, ) ,0° (t,2))] dwdt+

+890/2 (yD (t27 X))

By (G (Z(t1,X)) — G (2% (t1, X))] +

1 82801 (ZO (tle))
+§AZ/ (tl,X) 82’2

I %0y (1° (t2, X))
+§Ay (t27X) 8y2

o1 (1182 (11, X)IP) + 02 (114 (2, X)IP)

Az (tl,X)+

Ay (t2, X) +

X t1 x
- /03(”Az (tl,x)|]2) dxdt+//¢?’ (t,2) Az (t,2) dwdt—
t1 xo to xo

t1 X t1 X

//wl’ (1, 8) [f (75,6 2.5 (8, 2) T (1, 7)) —

t x

to xo

—f (T, s, t,x, 20 (¢, z),u (1, x))] deT] dxdt+

//w (m)Aymdxdt//[//wz’m (125,625 (1,3),7 (£, 7))

t1 xo t1 xo
—qg (T, s, t,x,y (t, x) 00 (¢, x))] dsdT] dtdx—

t1

/]({//M, (V9 (1,5),2% (t1,9)) [f (tr, 8, t, 2,2 (t,2) , 0 (t, @) —

to xo

—f (tl, s,t,x, 20 (t, ), 00 (¢, x))] des] dtdx—

to X
—;//Az' (t1,2) M, (¢3 (t,:v),zo (tl,x)) Az (ty,x) dxdt.

t1 xo

0o (Y0 (ta, X
Hence, assuming N (z) = L (yﬁ(y 2 X)) G (z), we'll have

ty X(?(P/ (ZO (tl X))
:// o (L X b, 2 () T (F ) —

to o

—f (tl,X,t,x,zo (t,x),u’ (t,:):))] drdt+



196 Transactions of NAS of Azerbaijan
[E.E.Jafarov,K.B.Mansimov|

to X
¢ (4° (t2, X)) Tt ) T
‘|‘// 2 ay {g(tQ,X,t,l‘ay(tvl‘)7U(tvz))_

t1 xo

—g (tg, X, t,z,y° (t,x) L0 (t, a:))] dxdt+
t1 X

+//N; (2% (t1, X)) [f (t1, X, t, 2,2 (t,2) ,u (¢, 2)) —

to To

—f (tl, X, t,x, 20 (t,x),u° (¢, x))] dxdt+

82()01 (ZO (t17 X))
072

1
oA (1, X) Az (1, X)| +or (142 (1, X)) +

—i—%Ay’ (tQ,X) (% (2 ))Ay (ta, X) + 09 (HAy (tz,X)H2> +
+AY (t1, X) Nz (2° (81, X)) Az (81, X / / 1Az (t,2)]| )dxdtJr
//¢ (t.’B)AZt.’Ed{L‘dt//|://1/J1/TS (1,8, t, 2,z (t,x),u(t,x)) —

(7,8,t,3,2 Ot z),ul (¢, )] dsdr| dzdt+

—f
7[//%, 7,8)[g(7,s,t,2,7(t,x),0(t,2)) -

t1 xo
—g (7', s, t,z,y° (t,z) 0 (t, x))] deT] dxdt—
to X

~ / / WY (¢, 2) Ay (¢, x) dwdi—

t1 To

t1 X[t X
—/ |://M; (9 (7, 8), 2" (t1,8)) [f (t1, 8, t, 2, Z (t,2) , W (t, 7)) —

—f (tl, s,t,x, 20 (t,x),u’ (t, x))] dsdT] dtdx—

to

_;/ / A (t1,@) Mes (48 (t,) 2" (01, 7)) Az (0, @) dedi+

+ou (|42 (11, X)) (8)
Assuming

¢4 (2° (t1, X))

Hl (t,ZE,Z,Uﬂﬁ?) = Oz

f(tlaX,tava(ta .’E) ,U(t,l‘)) -
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—NL(2° (41, X)) f (1, X, t, 2, 2 (8 2) ,u (t, @) +
X

+//¢[1]/ (1,8) f (1,8, t,x,z(t,x),u(t,z))dsdr+

t

to X
[ [ @709 2 (1,9) £ b1t (1) () ds,

t1 x

ol (10 (to, X
H2 (t,$7y7va¢g) = 2 (ya:(yg ))g(tQ,X,t,ZL',y(t,ZL'),’U(t,ZL‘))+
to

X
+//¢9m@gmaaadu@w@w»wm

t
we write increment (8) in the form

t1 X
AS (uo,vo) = —// [Hl (t,x,?(t,x) Ja(t,x) Y (¢, z)) —

to o

—Hy (t,2,2° (t,2) ,u° (t,2) . ¢Y (t,2))] dedt—

to X
—//[HQ (t,x,@(t,x),@(t,x),wg(t,:v))—

t1 xo

—H, (t, z,y° (t,z) 00 (t,z) ,¢8 (t, l‘))] dxdt+
2 0
+1AZ,(t17X)8 ¥1 (Z (t17X))

5 9.2 Az (tl, X) +
1N 9%y (y° (t2, X))

toa X
+o1 (IIAz(tl,X)II2) + 05 (IIAy(tz,X)||2) —//03 (HAz(tl,x)H2> drdt+

t1 xo
t1 X to X
—|—//1/J?l (t,z) Az (t,x) da:dt—{—//wg/ (t,x) Ay (t,x) dedt+
to o

t1 xo

1
+5A7 (11, X) New (2° (11, ) Az (11, X) + 04 (HAZ (tl,x)H2> -

1 to X
D) / / A (ty, 1) M, (ng (t,x), A2 (t1, z)) Az (t1, x) dadt.

t1 xo
Hence, using the denotation of type
8H1 [t, x]

0z

OHy (t,a,2° (t, ), u0 (t,2) , Y (t,2))
0z ’
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OHy [t,x] _ OHa (t,2,4° (t,2) ,0° (t,2) , 43 (t, 7))
oy oy ’
O2Hy [t,x) _ O%Hy (t,x,20 (t,x),u® (t,x), ¢ (t,x))
022 022 ’
0°Hy [t,x] _ O*Ha (t, 2,y (t,x) ,0° (t, @) .9 (t, )
oy Oy?

and assuming that w? (t,z), i = 1,2 are the solutions of the following system of
two-dimensional Volterra equations

OH, [t, OH, It,
At =20 e, e = 20 0 ey,

and using the Taylor formula, we’ll have

2
AS (u,00) = —Az (t1, X )8¢1('g(2t1’X))Az(t1,X)+
z

1 0? to, X
+§Ay (t27X) P2 (y( 2, ))A

91 Yy (t2, X) +
1 PN (2° (t1, X))
—|—§Az' (t1, X) 552 Az (t1, X) —

_;//Az/ (b1, @) Mz (V5 (t,2) 2" (1, 7)) Az (b, @) dadt—

t1 xo

Hi| ’H
//(9 1txAutxdxdt—//[Az 8 812[2t x]AZ(t,aB)+ 9)
to xo

to o

82H1 [t,x] 82H1 [t x]

+2A4 (¢, x) 55 Az (t,z) + Ad' (¢, ) TQ’AU (t, a:)} dxdt—
udz u

to

N SN LA

052 —— Ay (t,z)+
t1 xo

t1 o
2 2
F2A (1, 7) WA@; (t2) + AV (1, z) L H2 b2 IZ’Z[;’ U ny e, :1:)} dadi+
X
+o1 (HAZ (tl,X)HQ) + 02 (HAy ta, X //03 |Az (t1, )| )dxdt—
t1 o

//05 8% (4, 2) |2) dadt + o4 (1A% (12, X)|12) //06 |y () ) .
to xo t1 o

We define a special increment of the admissible control (u® (¢,z), v° (t,z)) by
the formula

Aug (t,z) = edu (t,z), (t,x) € Dy,
Ave (t,2) = edv (t,x), (t,2)€ 1)21 . (10)
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Here du(t,z) € R", (t,z) € Dy, (6v(t,z) € R?, (t,x) € Dy) is an arbitrary
piecewise-continuous r (¢) —dimensional vector-function.

By (Az (t,z), Ay (t,7)) we denote a special increment of the state (2° (¢, z),
y0 (t,z)). It is clear from (4) that (Az. (t,7), Ay. (t,7)) is a solution of the integral

equation

Az, (t,x)z//[f (t,x,7,5,2° (1,8) + Aze (1, 58) ,u® (7, 8) + Aze (7,5)) —

to To
—f (t, z,7,8,2° (1,5) L u) (T, s))] dsdr,
Ay (t,z) =G (zo (t1,2) + Az (t1,2)) — G (zo (t1,2)) +

+ // [g (t,x,T, 5,9° (1,8) + Ay (1, 5),2° (1, 8) + Av, (T, s)) — (11)

t1 xo
—g (t, z, 7,8, y° (1,s) 00 (T, 3))] dsdr.
It follows from (11) that (Az. (t,x), Ay (t,z)) is a solution of the linearzed equation

A () = / / o[t 2,7, 5] Ase (28) + fu [ty 72 8] Aue (7, 5)] dsdr+

to xo

+ / / o7 (1 Az (7, )| + | Aue (7, 8)]]) dsdr, (12)

to To

Aye (t,x) = // lgy [t,, T, 8] Aye (1,8) + g [t, x, T, 8] Ave (7, 5)] dsdT+

t1 xo

LG (20 (t, 7)) Az (01, //08 |Az (r,5)] +

to o
+1[Auc (7, 8)[|) dsdr + 09 (| Az (t1, 2)]]) ,
where here and in the sequel, by definition
fot x| = f. (t, z, 7,8, 2° (1,5) ,u’ (T, s)) ,
fult,z;7, 8] = fu (t,x,T,s 2 (r,s),u’ (7',3)) ,
gyt ;78] =gy (t2,7,8,2°(1,8),0° (7,9)), .
Y (1, s))
]

Applying the Vendroff-Bellman lemma (see e.g. [14,15]) we prove the validity of
the estimates.

go [t ;7. 8] = go (t,2,7,8,2° (1,8) v

HAZE (tv .%')H < Lqe, (t,l‘) €D ”Aye (tv .%')H < Lse, (t,l‘) €D, . (13)
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Here L; > 0, ¢ =1,2 are some constants.
Taking into account (10), (13) by means of (12) we prove the following statement.
Lemma. Under the made assumptions the expansions are valid.

Az (t,x) =¢edz (t,z) +0(e;t,z), (t,x)€ Dy,

Ay (t,2) = edy (t,2) + 0 (e:t,2),  (t,2) € Dy . (14)

Here (0z (t,x), dy (t,x)) is a solution of the system of equations

6z (t,x) = //[fz [t,x,7,8]02(T,8) + fult,x,T,s] 6u(r,s)| dsdr, (15)

to To

0z (t,x) = // [f2[t,x,7,8] 0z (T,8) + fult,z,T,s]0u(T,s)|dsdT+

to o

+G, (zo (t1,2)) 6z (t1, ).
The system of linear integral equations (15) is said to be an equation in variations
in the problem (1)-(3)
Allowing for (10), (15) from (9) we conclude that the first and second varia-
tions (in the classic sense [16,17,18] in the functional (3) have the following form,
respectively

5ts (u 00 ,o0u, (51}) =

T T oH! [t 2] T T omL [t 2]
B 1t B 5[t x
//6u ou (t, z) dxdt //(% ov (t, ) dxdt, (16)

to xo t1 xo

529 (u e ,0u, 511) =

%o (2 (t1,X))  O*N (2% (t1, X))
=02 (t1, X) [ 552 + 552 0z (t1,X) —
0%y (y° (t2, X)) 82H1 [t, 2]
—8y (t2, X) a5 y (ta, X // [(52 922 ————0z (t,x) —
to xo
82H1 [t l’] 82H1 [t .%']
_ !/ ) !/ I _
20u’ (t, ) ~ude 0z (t,z) + ou' (t, ) oz du (t, ZL'):| dxdt (17)
P 02 M o) PH
t, t,
_//52’(t, ) 8[2 x](SZ(th dl‘dt—//[ 82[2 x]5y(t,x)+
t1 xo t1 o
0?Hy [t, 2] 0?Hy [t, 7]
/ ) !/ )
+25v" (t, x) vy dy (t,x) + 0v' (t,x) 02 dv (t, ac)] dxdt.

4. Necessary optimality conditions. It is known that (see e.g. [14,16]) if
control domains U and V are open for optimality of admissible control (u° (¢, ),
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v0 (t,z)) it is necessary that for all admissible variations (du (t,z), dv (t,z)) of con-
trol (u° (t,x), v° (¢,2)) the first variation of the functional S (u,v) be equal to zero,
and the second one be non negative, i.e.

5'S (u®,0°, du, 6v) =0 (18)
528 (u 00, du, dv) >0 (19)

for all éu (t,z) € R", (t,x) € D1, év(t,x) € R?, (t,z) € Day .

Relations (18) and (19) are implicit necessary optimality conditions of first and
second order.

The following theorem follows from identity (18) by virtue of independence of
ou (t,z) and dv (¢, z) by the scheme, for example, of the paper [14].

Theorem 1. [t the sets U and V are open, then for the optimality of the
admissible control (u° (t,z), v°(t,z)) in the paper (1)-(3) the relation

OHy [0,€] X [z
B D o
# =0, (0,€) € [t1,t2) x [x0, X) .

should be fulfilled.

Here (0,€) € [to,t1) X [x0, X) ((0,€) € [t1,t2) X [x0, X)) is an arbitrary continu-
ity point of the controlling function u® (¢,z) (v° (¢,)) .

The relation (20) is said to be an analogy of the Euler equation [16,17,18] for
the considered problem.

Analogy of the Euler equation is a necessary optimality condition of first order.

Any admissible control (uo (t,x), v° (¢, 3:)) satisfying the Euler equation is said
to be classic extremal.

Now, let’s derive necessary second order optimality conditions. We use the
Dirichlet formula and prove that the solutions of the system of integral equations
(15) admit the representations

t x
0z (t,x) = //fu [t,z;7,s]ou(T,s)dsdr+

to o

t x

—|-// /thl [t,z, o, B] fu [, B;7, 8] dadB | du (T, s) dsdT, (21)

to o T 8

oy (t,x) ://gv [t,x;7,s]0v(T,s)dsdT+

t1 o

// //RQt:Ea’ﬁg”[ , 357, s]dadB| dv (T, s) dsdT+

t1 xo T

+G, (2 (t1,2)) 0z (t1,x //R2 (t,z;7,5) G, (2 (t1,5)) 0z (t1,s) dsdr. (22)

t1 xo
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Here R; (t,z;7,s), ¢ = 1,2 are the solutions of the following matrix integral
equations of Volterra type, respectively.

T

t
&m%ﬂﬁ://&@mmmﬁMﬂmde+ﬂ%%ﬂ%

t =z

Ry (t,x;7,8) = //R2 (t,z; 0, 8) gy lov, B; 7, 8] dadB + gy [t, x5 7, 5] .

T S

Assuming

t x
Or (27, 5) = / / Ry (3,0, 8) fulos B, sl dadB + fultzis]  (23)

we write representation (21) in the form

0z (t,z) = //Q1 (t,x;7,5)0u(T,s)dsdr. (24)

to o

Allowing for this in (22) and assuming

t x
@@mn@=%mmnﬂ+//&@mmm%Mﬁmﬂmw,

t =z

Q3 (t,l’;T75) ://R2 (t,x;a,ﬁ)Gz (Z(tl’lg))Ql (tl,ﬁ;T,S)dad/@—l—

t1 s

+Gz (Z (tlax)) Ql (tl,l‘; T, S) )

we’ll have
t x t1 x
oy (t,x) ://Q2 (t,z;7,8)0v (T, 8) deT—l—//Qg (t,z;7,s)0u(r,s)dsdr. (25)
t1 xo to To

The obtained representations play a great role in deriving necessary second order
optimality conditions.

We use the representations (24), (25) and transform the inequality (19).

If we assume that ou (¢t,z) # 0, (t,z) € D; and év(t,z) = 0, (t,x) € Ds then
representations (24),(25) and inequality (19) will take the following form, respec-
tively:

t x

oz (t,z) = //Ql (t,z;7,8)0u(r,s)dsdr, (t,x)€ Dy, (26)

to o



Transactions of NAS of Azerbaijan

203
[Necessary optimality conditions in a ...
t1 x
Sy (t, ) //Q3 (t,x;7,s)0u(r,s)dsdr, (t,xz)e Dy . (27)
to To
%oy (2% (t1, X)) 9N (2° (t1, X))
52 (t1, X) [ 022 + 9.2 6z (t1, X) —
82H1 [t JI]
// [(52 9.2 ————0z (t,x) —
to o
32H1 [t ZE] 82H1 [t ."L‘]
_ / i e Rt | / i v Rt | _
26u’ (t,x) 5uds 0z (t,x) + ou' (t,x) 502 du (t, x)] dxdt
7 02M
t,
//52 (t1,x )62[:6]62 (t1,x) dxdt—
t1 xo
2
//5y 8 H2 [t il ——=5y (t,x) dzdt > 0. (28)
t1 o
Allowing for (26), (27) we get
Oy (2 (t1, X)) O°N (2°(t1,X))
62 (tlyX) [ 922 + 9.2 0z (tl,X) =
t1 X t1 b%
////(5u (1,8)Q} t1,X7‘8)[ (a%l’ ))—l-
to o to o
N (2% (t1,X
e ))] Q1 (t1.X:0.) u (o, B) dsdrdads, (29)
z
(53/ (tQ,X) (% (2 )) 5y (tQ,X) =

t1 X t1

////5u (r,5) Q} (t2, X; 7, 5) %(z{g‘l}é@,){))x

to o to xo

X Qs (t2, X; o, B) 0u (v, B) drdsdad. (30)
Further, it is clear that

8 Hi [t x] B
//6 Suda —————0z (t,x) dxdt =

to xo

t1

//X {//m 7, 5) 821;118[2 N0y (754, ) drds| ou(t,z)dedt. (1)

to xo
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Finally, following the schemes of the papers [14, 19] we prove the identities

2
M
//5z (11, 2) 2 [t x]éz(tl, o) drdt =

t1 o

t @
// (//5 ) Q) (1057 5>dsd7)
828 (//Q1 t1,z; o, B) du (« 5)dadﬂ) dxdt =

to o
t1 X t1 to X aQM
t
////5u 7,5) / / Qi(thw;ﬂs)az[g’x]X
to xo to xo t1 max(s,5)

xQ1 (t1,x; , B) dzdt] du (e, ) dadfdrds,

t X
2
//53/ 8 I? [2t m]5 (t,z) dxdt =

t1 o

S el fouma®ig

t1 xo to o t1 o

X Qs (t, z; o, B) dzdt] ou (o, B) dsdrdad3,

82H1 [t 37]
//52 5.2 —————0z (t,x) dzedt =

t1 o

t1 X t1 t1 X

////5u ™) / / Qﬁ(t,x;T,s)Wx

t1 wo to o max(7,3) max(s,3)
X Q1 (t, z; o, B) dxdt] du («, B) dadBdsdr.
Let by definition

&y (y° (t2, X))
Oy?

Kl (T,S,Oz,ﬁ) = _Q/3 (tQ,X;TaS)

2V (t1,X)) 02N (2% (t1, X))
022 022

82
~Q) (t1, X; 0, B) ( it

to X

2
—/ / [Qll(tlvxﬂ'as)W@l(thx?aaﬂ)""

t1 max(s,3)

Q3 (tZaX;aaﬁ) -

)Ql (tlaX;Oévﬁ)_

(32)

(34)
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2
Q4 (1 5) T 0 1,0,0)| -
)
7 T 02H
— / / Qy (t,z;7,5) ;y[;’x]Ql (t, z; o, B) dadt. (35)

max(7,0) max(s,()
Then allowing for identities (29)-(34), inequality (28) will take the form

t1 X t1

////5“ 7,8) K1 (7,5, a, ) du (a, B) dsdrdadf+

to o to xo

+2// |://5u 822{18[t x]Ql (T,S;t,$> drds| du (t, l‘) dxdt+

to To
o) P
<
//5 502 ———"=u(t,x)dedt <0 (36)

to o

If we assume ou (t,x) =0, (t,x) € Dy and dv (t,z) # 0, (t,z) € Do the represen-
tations (24),(35) and inequality (19) will take the following form, respectively:

0z (t,x) =0, (t,x)€ Dy,

oy (t,z) = //Qg (t,x;7,8)0v (r,s)dsdr, (t,x)€ Dy (37)

t1 o

b's
82H2 [t x] ’ 82HQ [t, x]
/ [ oy —— =5y (t,x) + o' (¢, x) T(SU (t,x)+

to

t1 xo
82H2 [ta .TU]
vy
80y (° (a2, X))
Oy?

By means of representation (37) we prove the validity of identities

(L2,
2

+26v" (t, x) oy (t,x)| dedt—

— 61/ (2, X) 5y (t2, X) < 0. (38)

oy’ (t27X) e2 (V] ))6y (t2, X) =

Yy
oy
to X to X

////5u (7, 5) Qb (2, X: 7, 5) 902(3(/;;/(2752,X))x

t1 xo t1 o

X Q2 (t2, X; o, B) du (o, B) drdsdad)3, (39)

//6 82];26[t T 4 (4 ) ddlt =

t1 o
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// //50 82H2 L7 S]QQ(T,S;t,ZE)deS v (t,z)dzdt,  (40)

dvdy
t1 o
2
//5y 8 H2 [t 2] —— =0y (t,x) dedt =
t1 xo
to X to X to X 82H ’
:////5@'(7’,3) / / Qg(t,x,T,s);y[Q’dx
tp zo t max(7,a) max(s,3)
X Q2 (t, z; o, B) dadS] drdsdxdt. (41)
Assume

0y (3° (t2, X))

KQ (tas;aaﬁ):_Qé <t27X;7—73) QZ (tg,X;OJ,ﬁ)‘i‘

oy?
7 T 82 H.
+ / / QY (t,z;7,5) ;y[;’x]QQ (t,z; o, B) dzdt. (42)

max(7,a) max(s,3)

Then allowing for identities (39)-(41) and denotation (42), the inequality (38) will
take the form:

to X to

////M 7,8) K2 (7, 530, ) 6v (o, B) dadfBdsdr+

t1 o t1 xo

+2// //51} T,8) (‘gy ]Qg (1,8, t,x)drds| ov (t,x) dedt+

t1 o

/ / 5o/ ( 02%2[; L 0 (1, ) dandt < 0. (43)

t1 o

Summarize the obtained result.

Theorem 2. For optimality of the classic estremal (u®(t,z), v°(t,))
relations (36), (43) should be fulfilled for all du (t,x) € R", (t,x) € D cmd ov (t,x
R1, (t,x) € Dy , respectively.

Inequalities (36), (43) are necessary second order optimality conditions.

Notice that the matriz functions of type (35), (42) for investigating singular
controls in control problems were first introduced in the paper [20].

Remark. Relations (35) and (43) are the second order integral necessary op-
timality conditions. From them we can obtain different easily verifiable pointwise
necessary optimality conditions.

The author thanks to reviewer for his useful comments.
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