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Abstract

We consider an optimal control problem described by a system of Volterra
type two-dimensional integral equations. Necessary optimality conditions of first
and second order are derived under assumption that the control domain is open.

We consider a variable structure control problem described by a system of two-
dimensional Volterra type integral equations.

Necessary and sufficient optimality conditions are derived provided that the con-
trol domain is open.

Introduction. The optimal control problems described by integral equations
have been studied relatively little to day. In this direction we can notice the papers
[1-4].

Recently, the questions related with investigations of variable structure control
problems that in applications simulate multi-stage or so-called multi-step processes
[5-7] are of great interest.

The papers [8-12] and others are devoted to variable structure optimal control
problems described by different differential and difference equations.

The suggested paper is devoted to deriving necessary optimality conditions of
first and second order in a variable structure control problem described by a system
of nonlinear two-dimensional Volterra type equations.

1. Problem Statement. Assume that in the given domain

D = D1 ∪D2

(
Di = [ti−1, ti]× [x0, X] , i = 1, 2

)
a controlled process is described by a system of non-linear two-dimensional integral
equations

z (t, x) =

t∫
t0

x∫
x0

f (t, x, τ , s, z (τ , s) , u (τ , s)) dsdτ , (t, x) ∈ D1 ,

y (t, x) =

t∫
t1

x∫
x0

g (t, x, τ , s, y (τ , s) , v (τ , s)) dsdτ +G (z (t1, x)) , (t, x) ∈ D2 . (1)

Here f (t, x, τ , s, z, u) (g (t, x, τ , s, y, v)) is a given n (m)-dimensional vector func-
tion continuous in D1 × D1 × Rn × Rr (D2 ×D2 ×Rm ×Rq) together with par-
tial derivatives with respect to (z, u) ((y, v)) up to the second order inclusively,
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t0 < t1 < t2, x0 < X, G (z) is a given twice differentiable in Rn m−dimensional vec-
tor function, u (t, x) (v (t, x)) is r (q) dimensional piecewise-continuous (in the sense
of [13]) vector of controlling effects with values from the given non-empty bounded
and open set U (V ) , i.e.

u (t, x) ∈ U ⊂ Rr, (t, x) ∈ D1 v (t, x) ∈ V ⊂ Rq, (t, x) ∈ D2 . (2)

Such controlling functions are said to be admissible.
We estimate the quality of the process by the functional

S (u, v) = ϕ1 (z (t1, X)) + ϕ2 (y (t2, X)) . (3)

Here ϕ1 (z) , ϕ2 (y) are the given twice continuously-differentiable scalar func-
tions.

The optimal control problem is in finding of such an admissible control(
u0 (t, x) , v0 (t, x)

)
at which the values of the functional (3) is least in comparison

with other values for admissible controls.
In this case the admissible control

(
u0 (t, x) , v0 (t, x)

)
is said to be an opti-

mal control, its appropriate state
(
z0 (t, x) , y0 (t, x)

)
-an optimal state, the process(

u0 (t, x) , v0 (t, x) , z0 (t, x) , y0 (t, x)
)
-an optimal process.

2. The first and second variations of the quality functional. Let in
the system (1) the state

(
z0 (t, x) , y0 (t, x)

)
correspond to the admissible control(

u0 (t, x) , v0 (t, x)
)
, the state(

u (t, x) = u0 (t, x) + ∆u (t, x) , v (t, x) = v0 (t, x) + ∆v (t, x)
)

to the admissible control(
z (t, x) = z0 (t, x) + ∆z (t, x) , y (t, x) = y0 (t, x) + ∆y (t, x)

)
.

Then, it is clear that
(
z0 (t, x) , y0 (t, x)

)
will satisfy the system of integral equa-

tions

∆z (t, x) =

t∫
t0

x∫
x0

[f (t, x, τ , s, z (τ , s) , u (τ , s))−

−f
(
t, x, τ , s, z0 (τ , s) , u0 (τ , s)

)]
dsdτ ,

∆y (t, x) =

t∫
t1

x∫
x0

[g (t, x, τ , s, y (τ , s) , v (τ , s))−

−g
(
t, x, τ , s, y0 (τ , s) , v0 (τ , s)

)]
dsdτ +

[
G (z (t1, x))−G

(
z0 (t1, x)

)]
. (4)

By ψ0
i (t, x) , i = 1, 2 we denote until unknown n and m−dimensional vector-

functions, respectively.
Then, the identities are valid

t1∫
t0

X∫
x0

ψ0′
1 (t, x) ∆z (t, x) dxdt =

t1∫
t0

X∫
x0

 t1∫
t

X∫
x

[
ψ0′

1 (τ , s) [f (τ , s, t, x, z (t, x) , u (t, x))−
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−f
(
τ , s, t, x, z0 (t, x) , u0 (t, x)

)]
dsdτ

]
dtdx,

t2∫
t1

X∫
x0

ψ0′
2 (t, x) ∆y (t, x) dxdt =

t2∫
t1

X∫
x0

ψ0′
2 (t, x)

[
G (z (t1, x))−G

(
z0 (t1, x)

)]
dxdt+

+

t2∫
t1

X∫
x0

 t2∫
t

X∫
x

[
ψ0′

2 (τ , s) [g (τ , s, t, x, y (t, x) , v (t, x))−

−g
(
τ , s, t, x, y0 (t, x) , v0 (t, x)

)]
dsdτ

]
dtdx. (5)

Assuming
M
(
ψ0

2 (t, x) , z
)

= ψ0′
2 (t, x)G (z) ,

and using the identities (4), (5) we write an increment of the quality functional (3)
in the form

∆S
(
u0, v0

)
= ϕ1 (z (t1, X))− ϕ1

(
z0 (t1, X)

)
+ ϕ2 (y (t2, X))− ϕ2

(
y0 (t2, X)

)
+

+

t1∫
t0

X∫
x0

ψ0′
1 (t, x) ∆z (t, x) dxdt−

t1∫
t0

X∫
x0

 t1∫
t

X∫
x

ψ0
1 (τ , s) [f (τ , s, t, x, z (t, x) , u (t, x))−

−f
(
τ , s, t, x, z0 (t, x) , u0 (t, x)

)]
dτds

]
dxdt−

−
t2∫

t1

X∫
x0

 t2∫
t

X∫
x

ψ0
2 (τ , s) [g (τ , s, t, x, y (t, x) , v (t, x))−

−g
(
τ , s, t, x, y0 (t, x) , v0 (t, x)

)]
dsdτ

]
dtdx−

−
t2∫

t1

X∫
x0

[
M
(
ψ0

2 (t, x) , z (t1, x)
)
−M

(
ψ0

2 (t, x) , z0 (t1, x)
)]
dxdt+

+

t2∫
t1

X∫
x0

ψ0′
2 (t, x) ∆y (t, x) dxdt. (6)

Using the Taylor formula from (6) we get

∆S
(
u0, v0

)
=
∂ϕ′1

(
z0 (t1, X)

)
∂z

∆z (t1, X) +
∂ϕ′2

(
y0 (t2, X)

)
∂y

∆y (t2, X) +

+
1
2
∆z′ (t1, X)

∂2ϕ1

(
z0 (t1, X)

)
∂z2

∆z (t1, X) +

+
1
2
∆y′ (t2, X)

∂2ϕ2

(
y0 (t2, X)

)
∂y2

∆y (t2, X) +

+o1
(
‖∆z (t1, X)‖2

)
+ o2

(
‖∆y (t2, X)‖2

)
+

t1∫
t0

X∫
x0

ψ0′
1 (t, x) ∆z (t, x) dxdt−
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−
t1∫

t0

X∫
x0

 t1∫
t

X∫
x

ψ0′
1 (τ , s) [f (τ , s, t, x, z (t, x) , u (t, x))−

−f
(
τ , s, t, x, z0 (t, x) , u0 (t, x)

)]
dsdτ

]
dxdt+

+

t2∫
t1

X∫
x0

ψ0′
2 (t, x) ∆y (t, x) dxdt−

t2∫
t1

X∫
x0

 t2∫
t

X∫
x

ψ0′
1 (τ , s) [g (τ , s, t, x, y (t, x) , v (t, x))−

−g
(
τ , s, t, x, y0 (t, x) , v0 (t, x)

)]
dsdτ

]
dtdx−

−
t2∫

t

X∫
x0

M ′
z

(
ψ0

2 (t, x) , z0 (t1, x)
)
∆z (t1, x) dxdt−

−1
2

t2∫
t1

X∫
x0

∆z′ (t1, x)Mzz

(
ψ0

2 (t, x) , z0 (t1, x)
)
∆z (t1, x) dxdt−

−
t2∫

t1

X∫
x0

o3

(
‖∆z (t1, X)‖2

)
dxdt. (7)

It is clear that

∆z (t1, X) =

t1∫
t0

X∫
x0

[f (t1, X, τ , s, z (τ , s) , u (τ , s))−

−f
(
t1, X, τ , s, z

0 (τ , s) , u0 (τ , s)
)]
dsdτ ,

∆y (t2, X) =

t2∫
t1

X∫
x0

[g (t2, X, t, x, y (t, x) , v (t, x))−

−g
(
t2, X, t, x, y

0 (t, x) , v0 (t, x)
)]
dxdt+

[
G (z (t1, X))−G

(
z0 (t1, X)

)]
,

∆z (t1, x) =

t1∫
t0

x∫
x0

[f (t1, x, τ , s, z (τ , s) , u (τ , s))−

−f
(
t1, x, τ , s, z

0 (τ , s) , u0 (τ , s)
)]
dsdτ .

Allowing for these identities the increment formula (7) takes the form

∆S
(
u0, v0

)
=

t1∫
t0

X∫
x0

∂ϕ′1
(
z0 (t1, X)

)
∂z

[f (t1, X, t, x, z (t, x) , u (t, x))−

−f
(
t1, X, t, x, z

0 (t, x) , u0 (t, x)
)]
dxdt+
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+

t2∫
t1

X∫
x0

∂ϕ′2
(
y0 (t2, X)

)
∂y

[g (t2, X, t, x, y (t, x) , v (t, x))−

−g
(
t2, X, t, x, y

0 (t, x) , v0 (t, x)
)]
dxdt+

+
∂ϕ′2

(
y0 (t2, X)

)
∂y

[
G (z (t1, X))−G

(
z0 (t1, X)

)]
+

+
1
2
∆z′ (t1, X)

∂2ϕ1

(
z0 (t1, X)

)
∂z2

∆z (t1, X) +

+
1
2
∆y′ (t2, X)

∂2ϕ2

(
y0 (t2, X)

)
∂y2

∆y (t2, X) +

+o1
(
‖∆z (t1, X)‖2

)
+ o2

(
‖∆y (t2, X)‖2

)
−

−
t2∫

t1

X∫
x0

o3

(
‖∆z (t1, x)‖2

)
dxdt+

t1∫
t0

x∫
x0

ψ0′
1 (t, x) ∆z (t, x) dxdt−

−
t1∫

t0

X∫
x0

 t1∫
t

X∫
x

ψ0′
1 (τ , s) [f (τ , s, t, x, z (t, x) , u (t, x))−

−f
(
τ , s, t, x, z0 (t, x) , u0 (t, x)

)]
dsdτ

]
dxdt+

+

t2∫
t1

X∫
x0

ψ0′
2 (t, x) ∆y (t, x) dxdt−

t2∫
t1

X∫
x0

 t2∫
t

X∫
x

ψ0′
2 (τ , s) [g (τ , s, t, x, y (t, x) , v (t, x))−

−g
(
τ , s, t, x, y0 (t, x) , v0 (t, x)

)]
dsdτ

]
dtdx−

−
t1∫

t0

X∫
x0

 t2∫
t1

X∫
x

M ′
z

(
ψ0

2 (τ , s) , z0 (t1, s)
)
[f (t1, s, t, x, z (t, x) , v (t, x))−

−f
(
t1, s, t, x, z

0 (t, x) , v0 (t, x)
)]
dτds

]
dtdx−

−1
2

t2∫
t1

X∫
x0

∆z′ (t1, x)Mzz

(
ψ0

2 (t, x) , z0 (t1, x)
)
∆z (t1, x) dxdt.

Hence, assuming N (z) =
∂ϕ′2

(
y0 (t2, X)

)
∂y

G (z) , we’ll have

∆S
(
u0, v0

)
=

t1∫
t0

X∫
x0

∂ϕ′1
(
z0 (t1, X)

)
∂z

[f (t1, X, t, x, z (t, x) , u (t, x))−

−f
(
t1, X, t, x, z

0 (t, x) , u0 (t, x)
)]
dxdt+
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+

t2∫
t1

X∫
x0

∂ϕ′2
(
y0 (t2, X)

)
∂y

[g (t2, X, t, x, y (t, x) , v (t, x))−

−g
(
t2, X, t, x, y

0 (t, x) , v0 (t, x)
)]
dxdt+

+

t1∫
t0

X∫
x0

N ′
z

(
z0 (t1, X)

)
[f (t1, X, t, x, z (t, x) , u (t, x))−

−f
(
t1, X, t, x, z

0 (t, x) , u0 (t, x)
)]
dxdt+

+
1
2
∆z′ (t1, X)

∂2ϕ1

(
z0 (t1, X)

)
∂z2

∆z (t1, X)

]
+ o1

(
‖∆z (t1, X)‖2

)
+

+
1
2
∆y′ (t2, X)

∂2ϕ2

(
y0 (t2, X)

)
∂y2

∆y (t2, X) + o2

(
‖∆y (t2, X)‖2

)
+

+∆z′ (t1, X)Nzz

(
z0 (t1, X)

)
∆z (t1, X)−

t2∫
t1

X∫
x0

o3

(
‖∆z (t1, x)‖2

)
dxdt+

+

t1∫
t0

X∫
x0

ψ0′
1 (t, x) ∆z (t, x) dxdt−

t1∫
t0

X∫
x0

 t1∫
t

X∫
x

ψ0′
1 (τ , s) [f (τ , s, t, x, z (t, x) , u (t, x))−

−f
(
τ , s, t, x, z0 (t, x) , u0 (t, x)

)]
dsdτ

]
dxdt+

−
t2∫

t1

X∫
x0

 t2∫
t

X∫
x

ψ0′
2 (τ , s) [g (τ , s, t, x, y (t, x) , v (t, x))−

−g
(
τ , s, t, x, y0 (t, x) , v0 (t, x)

)]
dsdτ

]
dxdt−

−
t2∫

t1

X∫
x0

ψ0′
2 (t, x) ∆y (t, x) dxdt−

−
t1∫

t0

X∫
x0

 t2∫
t1

X∫
x

M ′
z

(
ψ0

2 (τ , s) , z0 (t1, s)
)
[f (t1, s, t, x, z (t, x) , u (t, x))−

−f
(
t1, s, t, x, z

0 (t, x) , u0 (t, x)
)]
dsdτ

]
dtdx−

−1
2

t2∫
t1

X∫
x0

∆z′ (t1, x)Mzz

(
ψ0

2 (t, x) , z0 (t1, x)
)
∆z (t1, x) dxdt+

+o4
(
‖∆z (t1, X)‖2

)
. (8)

Assuming

H1

(
t, x, z, u, ψ0

1

)
=
∂ϕ′1

(
z0 (t1, X)

)
∂z

f (t1, X, t, x, z (t, x) , u (t, x))−
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−N ′
z

(
z0 (t1, X)

)
f (t1, X, t, x, z (t, x) , u (t, x))+

+

t1∫
t

X∫
x

ψ0′
1 (τ , s) f (τ , s, t, x, z (t, x) , u (t, x)) dsdτ+

+

t2∫
t1

X∫
x

M ′
z

(
ψ0

2 (τ , s) , z0 (t1, s)
)
f (t1, s, t, x, z (t, x) , u (t, x)) dsdτ ,

H2

(
t, x, y, v, ψ0

2

)
= −

∂ϕ′2
(
y0 (t2, X)

)
∂y

g (t2, X, t, x, y (t, x) , v (t, x))+

+

t2∫
t

X∫
x

ψ0′
2 (τ , s) g (τ , s, t, x, z (t, x) , u (t, x)) dsdτ ,

we write increment (8) in the form

∆S
(
u0, v0

)
= −

t1∫
t0

X∫
x0

[
H1

(
t, x, z (t, x) , u (t, x) , ψ0

1 (t, x)
)
−

−H1

(
t, x, z0 (t, x) , u0 (t, x) , ψ0

1 (t, x)
)]
dxdt−

−
t2∫

t1

X∫
x0

[
H2

(
t, x, y (t, x) , v (t, x) , ψ0

2 (t, x)
)
−

−H2

(
t, x, y0 (t, x) , v0 (t, x) , ψ0

2 (t, x)
)]
dxdt+

+
1
2
∆z′ (t1, X)

∂2ϕ1

(
z0 (t1, X)

)
∂z2

∆z (t1, X) +

+
1
2
∆y′ (t2, X)

∂2ϕ2

(
y0 (t2, X)

)
∂y2

∆y (t2, X) +

+o1
(
‖∆z (t1, X)‖2

)
+ o2

(
‖∆y (t2, X)‖2

)
−

t2∫
t1

X∫
x0

o3

(
‖∆z (t1, x)‖2

)
dxdt+

+

t1∫
t0

X∫
x0

ψ0′
1 (t, x) ∆z (t, x) dxdt+

t2∫
t1

X∫
x0

ψ0′
2 (t, x) ∆y (t, x) dxdt+

+
1
2
∆z′ (t1, X)Nzz

(
z0 (t1, X)

)
∆z (t1, X) + o4

(
‖∆z (t1, x)‖2

)
−

−1
2

t2∫
t1

X∫
x0

∆z′ (t1, x)Mzz

(
ψ0

2 (t, x) ,∆z0 (t1, x)
)
∆z (t1, x) dxdt.

Hence, using the denotation of type

∂H1 [t, x]
∂z

≡
∂H1

(
t, x, z0 (t, x) , u0 (t, x) , ψ0

1 (t, x)
)

∂z
;
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∂H2 [t, x]
∂y

≡
∂H2

(
t, x, y0 (t, x) , v0 (t, x) , ψ0

2 (t, x)
)

∂y
,

∂2H1 [t, x]
∂z2

≡
∂2H1

(
t, x, z0 (t, x) , u0 (t, x) , ψ0

1 (t, x)
)

∂z2
;

∂2H2 [t, x]
∂y2

≡
∂2H2

(
t, x, y0 (t, x) , v0 (t, x) , ψ0

2 (t, x)
)

∂y2

and assuming that ψ0
i (t, x) , i = 1, 2 are the solutions of the following system of

two-dimensional Volterra equations

ψ0
1 (t, x) =

∂H1 [t, x]
∂z

, (t, x) ∈ D1 , ψ0
2 (t, x) =

∂H2 [t, x]
∂y

, (t, x) ∈ D2 ,

and using the Taylor formula, we’ll have

∆S
(
u0, v0

)
=

1
2
∆z′ (t1, X)

∂2ϕ1 (z1 (t1, X))
∂z2

∆z (t1, X) +

+
1
2
∆y (t2, X)

∂2ϕ2 (y (t2, X))
∂y2

∆y (t2, X) +

+
1
2
∆z′ (t1, X)

∂2N
(
z0 (t1, X)

)
∂z2

∆z (t1, X)−

−1
2

t2∫
t1

X∫
x0

∆z′ (t1, x)Mzz

(
ψ0

2 (t, x) , z0 (t1, x)
)
∆z (t1, x) dxdt−

−
t1∫

t0

X∫
x0

∂H ′
1 [t, x]
∂u

∆u (t, x) dxdt− 1
2

t1∫
t0

X∫
x0

[
∆z′ (t, x)

∂2H1 [t, x]
∂z2

∆z (t, x) + (9)

+2∆u′ (t, x)
∂2H1 [t, x]
∂u∂z

∆z (t, x) + ∆u′ (t, x)
∂2H1 [t, x]

∂u2
∆u (t, x)

]
dxdt−

−
t2∫

t1

X∫
x0

∂H ′
2 [t, x]
∂v

∆v (t, x) dxdt− 1
2

t2∫
t1

X∫
x0

[
∆y′ (t, x)

∂2H2 [t, x]
∂y2

∆y (t, x) +

+2∆v′ (t, x)
∂2H2 [t, x]
∂v∂y

∆y (t, x) + ∆v′ (t, x)
∂2H2 [t, x]

∂v2
∆y (t, x)

]
dxdt+

+o1
(
‖∆z (t1, X)‖2

)
+ o2

(
‖∆y (t2, X)‖2

)
−

t2∫
t1

X∫
x0

o3

(
‖∆z (t1, x)‖2

)
dxdt−

−
t1∫

t0

X∫
x0

o5

(
‖∆z (t, x)‖2

)
dxdt+ o4

(
‖∆z (t1, X)‖2

)
−

t2∫
t1

X∫
x0

o6

(
‖∆y (t, x)‖2

)
dxdt.

We define a special increment of the admissible control
(
u0 (t, x) , v0 (t, x)

)
by

the formula
∆uε (t, x) = εδu (t, x) , (t, x) ∈ D1 ,
∆vε (t, x) = εδv (t, x) , (t, x) ∈ D2 .

(10)
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Here δu (t, x) ∈ Rr, (t, x) ∈ D1 , (δv (t, x) ∈ Rq, (t, x) ∈ D2) is an arbitrary
piecewise-continuous r (q)−dimensional vector-function.

By (∆zε (t, x) , ∆yε (t, x)) we denote a special increment of the state (z0 (t, x),
y0 (t, x)). It is clear from (4) that (∆zε (t, x) , ∆yε (t, x)) is a solution of the integral
equation

∆zε (t, x) =

t∫
t0

x∫
x0

[
f
(
t, x, τ , s, z0 (τ , s) + ∆zε (τ , s) , u0 (τ , s) + ∆zε (τ , s)

)
−

−f
(
t, x, τ , s, z0 (τ , s) , u0 (τ , s)

)]
dsdτ ,

∆yε (t, x) = G
(
z0 (t1, x) + ∆zε (t1, x)

)
−G

(
z0 (t1, x)

)
+

+

t∫
t1

x∫
x0

[
g
(
t, x, τ , s, y0 (τ , s) + ∆y (τ , s) , v0 (τ , s) + ∆vε (τ , s)

)
− (11)

−g
(
t, x, τ , s, y0 (τ , s) , v0 (τ , s)

)]
dsdτ .

It follows from (11) that (∆zε (t, x) , ∆yε (t, x)) is a solution of the linearzed equation

∆zε (t, x) =

t∫
t0

x∫
x0

[fz [t, x, τ , s]∆zε (τ , s) + fu [t, x, τ , s]∆uε (τ , s)] dsdτ+

+

t∫
t0

x∫
x0

o7 (‖∆zε (τ , s)‖+ ‖∆uε (τ , s)‖) dsdτ , (12)

∆yε (t, x) =

t∫
t1

x∫
x0

[gy [t, x, τ , s]∆yε (τ , s) + gv [t, x, τ , s]∆vε (τ , s)] dsdτ+

+Gz

(
z0 (t1, x)

)
∆zε (t1, x) +

t∫
t0

x∫
x0

o8 (‖∆zε (τ , s)‖+

+ ‖∆uε (τ , s)‖) dsdτ + o9 (‖∆zε (t1, x)‖) ,

where here and in the sequel, by definition

fz [t, x; τ , s] ≡ fz

(
t, x, τ , s, z0 (τ , s) , u0 (τ , s)

)
,

fu [t, x; τ , s] ≡ fu

(
t, x, τ , s, z0 (τ , s) , u0 (τ , s)

)
,

gy [t, x; τ , s] ≡ gy

(
t, x, τ , s, z0 (τ , s) , v0 (τ , s)

)
, .

gv [t, x; τ , s] ≡ gv

(
t, x, τ , s, z0 (τ , s) , v0 (τ , s)

)
Applying the Vendroff-Bellman lemma (see e.g. [14, 15]) we prove the validity of

the estimates.

‖∆zε (t, x)‖ ≤ L1ε, (t, x) ∈ D1 ; ‖∆yε (t, x)‖ ≤ L2ε, (t, x) ∈ D2 . (13)
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Here Li > 0, i = 1, 2 are some constants.
Taking into account (10), (13) by means of (12) we prove the following statement.
Lemma. Under the made assumptions the expansions are valid.

∆zε (t, x) = εδz (t, x) + 0 (ε; t, x) , (t, x) ∈ D1 ,
∆yε (t, x) = εδy (t, x) + 0 (ε; t, x) , (t, x) ∈ D2 .

(14)

Here (δz (t, x) , δy (t, x)) is a solution of the system of equations

δz (t, x) =

t∫
t0

x∫
x0

[fz [t, x, τ , s] δz (τ , s) + fu [t, x, τ , s] δu (τ , s)] dsdτ , (15)

δz (t, x) =

t∫
t0

x∫
x0

[fz [t, x, τ , s] δz (τ , s) + fu [t, x, τ , s] δu (τ , s)] dsdτ+

+Gz

(
z0 (t1, x)

)
δz (t1, x) .

The system of linear integral equations (15) is said to be an equation in variations
in the problem (1)-(3)

Allowing for (10), (15) from (9) we conclude that the first and second varia-
tions (in the classic sense [16, 17, 18] in the functional (3) have the following form,
respectively

δ1S
(
u0, v0, δu, δv

)
=

= −
t1∫

t0

X∫
x0

∂H ′
1 [t, x]
∂u

δu (t, x) dxdt−
t2∫

t1

X∫
x0

∂H ′
2 [t, x]
∂v

δv (t, x) dxdt, (16)

δ2S
(
u0, v0, δu, δv

)
=

= δz′ (t1, X)

[
∂2ϕ1

(
z0 (t1, X)

)
∂z2

+
∂2N

(
z0 (t1, X)

)
∂z2

]
δz (t1, X)−

−δy′ (t2, X)
∂2ϕ2

(
y0 (t2, X)

)
∂y2

δy (t2, X)−
t1∫

t0

X∫
x0

[
δz′ (t, x)

∂2H1 [t, x]
∂z2

δz (t, x)−

−2δu′ (t, x)
∂2H1 [t, x]
∂u∂z

δz (t, x) + δu′ (t, x)
∂2H1 [t, x]

∂u2
δu (t, x)

]
dxdt− (17)

−
t2∫

t1

X∫
x0

δz′ (t1, x)
∂2M [t, x]

∂z2
δz (t1, x) dxdt−

1
2

t2∫
t1

X∫
x0

[
δy′ (t, x)

∂2H2 [t, x]
∂y2

δy (t, x) +

+2δv′ (t, x)
∂2H2 [t, x]
∂v∂y

δy (t, x) + δv′ (t, x)
∂2H2 [t, x]

∂v2
δv (t, x)

]
dxdt.

4. Necessary optimality conditions. It is known that (see e.g. [14, 16]) if
control domains U and V are open for optimality of admissible control (u0 (t, x),
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v0 (t, x)) it is necessary that for all admissible variations (δu (t, x) , δv (t, x)) of con-
trol

(
u0 (t, x) , v0 (t, x)

)
the first variation of the functional S (u, v) be equal to zero,

and the second one be non negative, i.e.

δ1S
(
u0, v0, δu, δv

)
= 0 (18)

δ2S
(
u0, v0, δu, δv

)
≥ 0 (19)

for all δu (t, x) ∈ Rr, (t, x) ∈ D1 , δv (t, x) ∈ Rq, (t, x) ∈ D2 .
Relations (18) and (19) are implicit necessary optimality conditions of first and

second order.
The following theorem follows from identity (18) by virtue of independence of

δu (t, x) and δv (t, x) by the scheme, for example, of the paper [14] .
Theorem 1. It the sets U and V are open, then for the optimality of the

admissible control
(
u0 (t, x) , v0 (t, x)

)
in the paper (1)-(3) the relation

∂H1 [θ, ξ]
∂u

= 0, (θ, ξ) ∈ [t0, t1)× [x0, X) ,
∂H2 [θ, ξ]

∂v
= 0, (θ, ξ) ∈ [t1, t2)× [x0, X) .

(20)

should be fulfilled.
Here (θ, ξ) ∈ [t0, t1)× [x0, X) ((θ, ξ) ∈ [t1, t2)× [x0, X)) is an arbitrary continu-

ity point of the controlling function u0 (t, x)
(
v0 (t, x)

)
.

The relation (20) is said to be an analogy of the Euler equation [16, 17, 18] for
the considered problem.

Analogy of the Euler equation is a necessary optimality condition of first order.
Any admissible control

(
u0 (t, x) , v0 (t, x)

)
satisfying the Euler equation is said

to be classic extremal.
Now, let’s derive necessary second order optimality conditions. We use the

Dirichlet formula and prove that the solutions of the system of integral equations
(15) admit the representations

δz (t, x) =

t∫
t0

x∫
x0

fu [t, x; τ , s] δu (τ , s) dsdτ+

+

t∫
t0

x∫
x0

 t∫
τ

x∫
s

R1 [t, x, α, β] fu [α, β; τ , s] dαdβ

 δu (τ , s) dsdτ , (21)

δy (t, x) =

t∫
t1

x∫
x0

gv [t, x; τ , s] δv (τ , s) dsdτ+

+

t∫
t1

x∫
x0

 t∫
τ

x∫
s

R2 [t, x, α, β] gv [α, β; τ , s] dαdβ

 δv (τ , s) dsdτ+

+Gz (z (t1, x)) δz (t1, x) +

t∫
t1

x∫
x0

R2 (t, x; τ , s)Gz (z (t1, s)) δz (t1, s) dsdτ . (22)
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Here Ri (t, x; τ , s) , i = 1, 2 are the solutions of the following matrix integral
equations of Volterra type, respectively.

R1 (t, x; τ , s) =

t∫
τ

x∫
s

R1 (t, x;α, β) fz [α, β; τ , s] dαdβ + fz [t, x; τ , s] ,

R2 (t, x; τ , s) =

t∫
τ

x∫
s

R2 (t, x;α, β) gy [α, β; τ , s] dαdβ + gy [t, x; τ , s] .

Assuming

Q1 (t, x; τ , s) =

t∫
τ

x∫
s

R1 (t, x, α, β) fu [α, β, τ , s] dαdβ + fu [t, x; τ , s] (23)

we write representation (21) in the form

δz (t, x) =

t∫
t0

x∫
x0

Q1 (t, x; τ , s) δu (τ , s) dsdτ . (24)

Allowing for this in (22) and assuming

Q2 (t, x; τ , s) = gv [t, x; τ , s] +

t∫
τ

x∫
s

R2 (t, x;α, β) gv [α, β; τ , s] dαdβ,

Q3 (t, x; τ , s) =

t∫
t1

x∫
s

R2 (t, x;α, β)Gz (z (t1, β))Q1 (t1, β; τ , s) dαdβ+

+Gz (z (t1, x))Q1 (t1, x; τ , s) ,

we’ll have

δy (t, x) =

t∫
t1

x∫
x0

Q2 (t, x; τ , s) δv (τ , s) dsdτ +

t1∫
t0

x∫
x0

Q3 (t, x; τ , s) δu (τ , s) dsdτ . (25)

The obtained representations play a great role in deriving necessary second order
optimality conditions.

We use the representations (24), (25) and transform the inequality (19).
If we assume that δu (t, x) 6= 0, (t, x) ∈ D1 and δv (t, x) ≡ 0, (t, x) ∈ D2 then

representations (24),(25) and inequality (19) will take the following form, respec-
tively:

δz (t, x) =

t∫
t0

x∫
x0

Q1 (t, x; τ , s) δu (τ , s) dsdτ , (t, x) ∈ D1 , (26)
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δy (t, x) =

t1∫
t0

x∫
x0

Q3 (t, x; τ , s) δu (τ , s) dsdτ , (t, x) ∈ D2 . (27)

δz′ (t1, X)

[
∂2ϕ1

(
z0 (t1, X)

)
∂z2

+
∂2N

(
z0 (t1, X)

)
∂z2

]
δz (t1, X)−

−
t1∫

t0

X∫
x0

[
δz′ (t, x)

∂2H1 [t, x]
∂z2

δz (t, x)−

−2δu′ (t, x)
∂2H1 [t, x]
∂u∂z

δz (t, x) + δu′ (t, x)
∂2H1 [t, x]

∂u2
δu (t, x)

]
dxdt−

−
t2∫

t1

X∫
x0

δz′ (t1, x)
∂2M [t, x]

∂z2
δz (t1, x) dxdt−

−
t2∫

t1

X∫
x0

δy′ (t, x)
∂2H2 [t, x]

∂y2
δy (t, x) dxdt ≥ 0. (28)

Allowing for (26) , (27) we get

δz′ (t1, X)

[
∂2ϕ1 (z (t1, X))

∂z2
+
∂2N

(
z0 (t1, X)

)
∂z2

]
δz (t1, X) =

=

t1∫
t0

X∫
x0

t1∫
t0

X∫
x0

δu′ (τ , s)Q′
1 (t1, X; τ , s)

[
∂2ϕ1 (z (t1, X))

∂z2
+

+
∂2N

(
z0 (t1, X)

)
∂z2

]
Q1 (t1, X;α, β) δu (α, β) dsdτdαdβ, (29)

δy′ (t2, X)
∂2ϕ2

(
y0 (t2, X)

)
∂y2

δy (t2, X) =

=

t1∫
t0

X∫
x0

t1∫
t0

X∫
x0

δu′ (τ , s)Q′
3 (t2, X; τ , s)

∂2ϕ2

(
y0 (t2, X)

)
∂y2

×

×Q3 (t2, X;α, β) δu (α, β) dτdsdαdβ. (30)

Further, it is clear that

t1∫
t0

X∫
x0

δu′ (t, x)
∂2H1 [t, x]
∂u∂z

δz (t, x) dxdt =

t1∫
t0

X∫
x0

 t1∫
t

X∫
x

δu′ (τ , s)
∂2H1 [τ , s]
∂u∂z

Q1 (τ , s; t, x) dτds

 δu (t, x) dxdt. (31)
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Finally, following the schemes of the papers [14, 19] we prove the identities

t2∫
t1

X∫
x0

δz′ (t1, x)
∂2M [t, x]

∂z2
δz (t1, x) dxdt =

=

t2∫
t1

X∫
x0

 t1∫
t0

x∫
x0

δu′ (τ , s)Q′
1 (t1, x; τ , s) dsdτ

×
×∂

2M [t, x]
∂z2

 t1∫
t0

x∫
x0

Q1 (t1, x;α, β) δu (α, β) dαdβ

 dxdt =

=

t1∫
t0

X∫
x0

t1∫
t0

X∫
x0

δu′ (τ , s)

 t2∫
t1

X∫
max(s,β)

Q′
1 (t1, x; τ , s)

∂2M [t, x]
∂z2

×

×Q1 (t1, x;α, β) dxdt] δu (α, β) dαdβdτds, (32)

t∫
t1

X∫
x0

δy′ (t, x)
∂2H2 [t, x]

∂y2
δy (t, x) dxdt =

=

t1∫
t1

X∫
x0

t1∫
t0

X∫
x0

δu′ (τ , s)

 t1∫
t1

X∫
x0

Q′
3 (t, x; τ , s)

∂2H2 [t, x]
∂y2

×

×Q3 (t, x;α, β) dxdt] δu (α, β) dsdτdαdβ, (33)

t2∫
t1

X∫
x0

δz′ (t, x)
∂2H1 [t, x]

∂z2
δz (t, x) dxdt =

=

t1∫
t1

X∫
x0

t1∫
t0

X∫
x0

δu′ (τ , s)

 t1∫
max(τ,β)

X∫
max(s,β)

Q′
1 (t, x; τ , s)

∂2H2 [t, x]
∂y2

×

×Q1 (t, x;α, β) dxdt] δu (α, β) dαdβdsdτ . (34)

Let by definition

K1 (τ , s, α, β) = −Q′
3 (t2, X; τ , s)

∂2ϕ2

(
y0 (t2, X)

)
∂y2

Q3 (t2, X;α, β)−

−Q′
1 (t1, X;α, β)

(
∂2ϕ1

(
z0 (t1, X)

)
∂z2

+
∂2N

(
z0 (t1, X)

)
∂z2

)
Q1 (t1, X;α, β)−

−
t2∫

t1

X∫
max(s,β)

[
Q′

1 (t1, x; τ , s)
∂2M [t, x]

∂z2
Q1 (t1, x;α, β) +
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+Q′
3 (t, x, τ , s, )

∂2H2 [t, x]
∂y2

Q3 (t, x;α, β)
]
dxdt−

−
t1∫

max(τ,α)

X∫
max(s,β)

Q′
1 (t, x; τ , s)

∂2H2 [t, x]
∂y2

Q1 (t, x;α, β) dxdt. (35)

Then allowing for identities (29)-(34), inequality (28) will take the form

t1∫
t0

X∫
x0

t1∫
t0

X∫
x0

δu′ (τ , s)K1 (τ , s, α, β) δu (α, β) dsdτdαdβ+

+2

t1∫
t0

X∫
x0

 t1∫
t

X∫
x

δu′ (τ , s)
∂2H1 [t, x]
∂u∂z

Q1 (τ , s; t, x) dτds

 δu (t, x) dxdt+

+

t1∫
t0

X∫
x0

δu′ (t, x)
∂2H1 [t, x]

∂u2
δu (t, x) dxdt ≤ 0 (36)

If we assume δu (t, x) ≡ 0, (t, x) ∈ D1 and δv (t, x) 6= 0, (t, x) ∈ D2 the represen-
tations (24),(35) and inequality (19) will take the following form, respectively:

δz (t, x) ≡ 0, (t, x) ∈ D1 ,

δy (t, x) =

t∫
t1

x∫
x0

Q2 (t, x; τ , s) δv (τ , s) dsdτ , (t, x) ∈ D2 (37)

t2∫
t1

X∫
x0

[
δy′ (t, x)

∂2H2 [t, x]
∂y2

δy (t, x) + δv′ (t, x)
∂2H2 [t, x]

∂v2
δv (t, x) +

+2δv′ (t, x)
∂2H2 [t, x]
∂v∂y

δy (t, x)
]
dxdt−

−δy′ (t2, X)
∂2ϕ2

(
y0 (t2, X)

)
∂y2

δy (t2, X) ≤ 0. (38)

By means of representation (37) we prove the validity of identities

δy′ (t2, X)
∂2ϕ2

(
y0 (t2, X)

)
∂y2

δy (t2, X) =

=

t2∫
t1

X∫
x0

t2∫
t1

X∫
x0

δu′ (τ , s)Q′
2 (t2, X; τ , s)

∂2ϕ2

(
y0 (t2, X)

)
∂y2

×

×Q2 (t2, X;α, β) δu (α, β) dτdsdαdβ, (39)
t2∫

t1

X∫
x0

δu′ (t, x)
∂2H2 [t, x]
∂v∂y

δy (t, x) dxdt =
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=

t2∫
t1

X∫
x0

 t2∫
t

X∫
x

δv′ (τ , s)
∂2H2 [τ , s]
∂v∂y

Q2 (τ , s; t, x) dτds

 δv (t, x) dxdt, (40)

t2∫
t1

X∫
x0

δy′ (t, x)
∂2H2 [t, x]

∂y2
δy (t, x) dxdt =

=

t2∫
t1

X∫
x0

t2∫
t

X∫
x

δv′ (τ , s)

 t2∫
max(τ,α)

X∫
max(s,β)

Q2 (t, x, τ , s)
∂2H2 [t, x]

∂y2
×

×Q2 (t, x;α, β) dαdβ] dτdsdxdt. (41)

Assume

K2 (t, s;α, β) = −Q′
2 (t2, X; τ , s)

∂2ϕ2

(
y0 (t2, X)

)
∂y2

Q2 (t2, X;α, β) +

+

t2∫
max(τ,α)

X∫
max(s,β)

Q′
2 (t, x; τ , s)

∂2H2 [t, x]
∂y2

Q2 (t, x;α, β) dxdt. (42)

Then allowing for identities (39)-(41) and denotation (42) , the inequality (38) will
take the form:

t2∫
t1

X∫
x0

t2∫
t1

X∫
x0

δv′ (τ , s)K2 (τ , s;α, β) δv (α, β) dαdβdsdτ+

+2

t2∫
t1

X∫
x0

 t2∫
t

X∫
x

δv′ (τ , s)
∂2H2 [τ , s]
∂v∂y

Q2 (τ , s, t, x) dτds

 δv (t, x) dxdt+

+

t2∫
t1

X∫
x0

δv′ (t, x)
∂2H2 [t, x]

∂v2
δv (t, x) dxdt ≤ 0. (43)

Summarize the obtained result.
Theorem 2. For optimality of the classic extremal

(
u0 (t, x) , v0 (t, x)

)
the

relations (36), (43) should be fulfilled for all δu (t, x) ∈ Rr, (t, x) ∈ D1 and δv (t, x) ∈
Rq, (t, x) ∈ D2 , respectively.

Inequalities (36), (43) are necessary second order optimality conditions.
Notice that the matrix functions of type (35), (42) for investigating singular

controls in control problems were first introduced in the paper [20].
Remark. Relations (35) and (43) are the second order integral necessary op-

timality conditions. From them we can obtain different easily verifiable pointwise
necessary optimality conditions.

The author thanks to reviewer for his useful comments.
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