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A NEW APPROACH FOR STUDYING
ASYMPTOTICS OF EXPONENTIAL MOMENTS OF
SUMS OF RANDOM VARIABLES, CONNECTED IN

MARKOV CHAIN I

Abstract

Investigation of limit behaviour of sums of dependent random variables one
of the most intensively developed directions in up-to-date probability theory, is
important not only by the fact that it generalizes classic theory of summation of
independent random variables constituting central theoretical nucleur of proba-
bility theory, but also in inconsiderable degree by perturbance of various appli-
cations to the solution of statistics problems concrete problems of applied fields
of probability theory. Potential possibility of very various forms of dependence
of random wvariables forming the sum, makes the investigation subject of this
direction very wide and reduces to difficult mathematical problems.

The sums of random variables connected in Markov chain have been most stud-
ied after A. A. Markov classic papers. The main results and achievements here are
connected with the names of V. I. Romanovsky, A. N. Kolmogorov, T. A. Sarym-
sakov, S. Kh. Sirazhdinov, A. V. Skorokhod, S. V. Nagayev, V. A. Statulyavichyus,
V. S. Korolyuk.

One of the most effective methods for investigating asymptotic behavior of the
sum of random variables connected in Markov chain was suggested by S. V. Nagayev
([1]) . Tts idea is the following:

Let {n(n), n > 0} be a homogeneous Markov chain with phase space (X, Fx),
definable by transient probability P (z,A), z € X, A € Fx, f(z) be a measurable
mapping of X into R!. Fixing some banach L space of Fyx-measuble functions, we
determine therein the operator Py by the equality

Pyg (z) = / e™p (z,dy) g (y) .- (1)

X
Under natural assumptions on ergodicity of Markov chain {n,, n > 0} (e.g.

P} —1IIX— 0andIlg (x) = /g (y) m (dy)) the investigation of astmptotic behavior

X
of the characteristic function of the sum
S(n)=>_ f(n)
k=0

is reduced to investigation as A — 0 of the eigen function A (A) and eigen

p(A) =T\ ¢

vector where the v is a function from L that is identically equals to unit in the
following eigen value problem

Py = A (M) Ty, (2)
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where Iy, — IT as A — 0.

Investigation of limit theorems for functionals determined in Markov chains,
including for moments of attainment of difficult of access domains is of significant
interest alongside with traditional limit theorems for sums of random variables. Such
type theorems and related theorems on asymptotic enlargement of markov and semi-
markov processes were studied in the papers by V. S. Korolynk, V. V. Anisimov, D.
S. Silvestrov, A. F. Turbin and other ([5], [6]) authors.

In the present paper we investigate a more general scheme of summation when
a Markov chain n,, n > 0 and the function f (z) depend on the small parameter
e € (0,ep] and we study asymptotic behaviour of exponential moments

By, exp (28. () = [ pe (d0) B [exp (5. 0}, . 3)
X

where .
Se(n) =Y f-(n)-
k=0

Distinctive property of the present paper is that unlike the earlier investigated
cases, in (3) z is not necessarily a pure imaginary, but in the general case complex
parameter.

Problem statement. Let 7., ,n=0,1,... for each 0 < ¢ < 1 (¢ is a parameter
of the series) be a homogeneous Markov chain with phase space X, Fx , with tran-
sient probabilities p. (x, A), initial distribution p. (A4); f- (z) — Fx be a measurable,
number function.

Let’s consider sums of random variables, determined on the chain 7., n > 0.

Se(n) = Z Je () - (4)
r=0

In the paper we study uniform by the parameter ¢ with explicit estimation of
remainder terms, expansion of exponential moments Ep, exp {zS: (n)}, where z is
a complex number.

The basic conditions under which this problem is solved, are the followings:

A, There exists an entire positive h. and 0 < p. < 1 such that

sup [pl") (z, A) — p'=) (y, A)| < p.
z,yeX
AcFy

where a) supp, = p < 1, b) suph. = h < o0;
3 3
By : There exists 0 < b < co such that

Supsup/ | fe ()|FHE Wy (2, dy) = Ly, < 00
13 xT
X

C). : There exists 0 < ¢ < oo such that

SUP/ ‘fe ($)|k+1 ec|f5(x)|p€ (dx) = M}, < 0.
e
X
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It should be noted that by fulfilling the condition A, for each 0 < e <1 there
exists such a stationary distribution 7. (A4) that

sup |p (z, A) — 7. (A)| < pl/hel, )
zyeX
A€Fy

It is clear that the stationary distribution 7. (A) satisfies the equation

/pa(x’A)ﬂ's (dm) :71'&(14)7 A€ Fx.
X

In addition, except Ap,h there exist another conditions providing the existence
of the stationary distribution 7. (-) and uniform convergence of P (x,A) to m (A)
exponentially rapid under unrestricted growth of n to infinity ([3]).

Let X, F'x be arbitrary measurable space, 9 be a space of all restricted complex
functions ¢ (x), = € X measurable with respect to Fx, with the norm ||g (z)| =

sup |g (z)]; MM* be a space of all complex completely additive functions of the set
rzeX

p(A), A € Fx, with the norm |[u| = |p| (X), where |u| () is a full variation of
0l () on X

We determine the operators P; and P} in the following way:

a<»=/g@m4wm»

X (6)
@m»=/mw»mm»

X

The operators P. and P are determined in the spaces 9 and 9" respectively,
and |[P.]| = |[P2]

In future, a completely additive function of the set ® (z,A), z € X, A € Fx
with restricted for fixed x complete variation determining in 9t an operator of type
P. will be said to be a kernel of this operator.

Let 11, be an operator in 9, determined by stationary distribution of profanities
e (A), ie.

Lo () = [ g(e)m. (da). 7)
b'e
Obviously
P.I. =TI.P. =TI, = 12 (8)

I, projects M into one-dimensional space My, generated by the function

(see[1]).

It is easy to see that the spectrum of the operator P. equals to the sum of the
spectra of the operators II. and P. — II. considered in 911 and My respectively,
where My consists of those elements g, for which Il.g = 0.

It follows from (8) that (P. —IL.)" = P —1II..
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By V, (z, A) we denote a complete variation of the measure
" (¢, B) — = (B)
on the set A. On account of (5)
Vi (z, A) < 2pl7/he], (9)

Since all the points of A for which [A| > lim ||(P: — HE)”HI/" belong to resolvent
n—oo

set of the operator P. — II. it follows from (9) that the spectrum of the operator
P.—TI lies in the circle of radius p/"<, with centre at the point 0 (see [4]). Obviously,
the spectrum of the operator II. consists of a unique point 1.

Consequently, the domain external to the circle of radius p with center at
the point 0, from which the point 1 is removed, is wholly contained in the resolvent
set of the operator P-.

It is easy to see that the resolvent of the operator II.

1/he

1 > e
Pa(/\):ﬁﬂa‘i‘Z(Pan_He))‘ ! (10)
n=0

for [A| > p'/Pe, X #£1
Now consider in 9t the operator P.,, that is generated by the kernel p. (2,2, A) =

/ e l=Wp, (z,dy), A € Fx where f. (-) is a real function, measurable with respect to

A
Fx. Obviously, by fulfilling the conditions A, and By, k > 1, for all complex z, for
which |z| < b, the definition of the operator P., : 9t — M is correct, P..|,_, = P-

and if 1
HPEZ_PEH <TtH 7o (11)
| Re ()|

the series Z R. (\) [(P., — P) R (z)]" converges and defines for P., resolvent op-

n=0
erator

Re (A 2)=> Re(A)[(P-: — P.) R (\)]". (12)
n=0

Let J1 and J; be circumferences with centers at the points 1 and 0, respectively
1 1
of radii p; = 3 (1 — pl/h) and p, = 3 (1 + 2p1/h), and E be a closed domain external

with respect to circles bounded by circumferences J; and Jjand
M), = supsup ||Re (A)]]-
e \eE

Let’s consider the function
2h-3"+3
Mph) = =7

In sequel, we’ll essentially use the function M (p,h) in obtaining different esti-
mates. Clearly, M (p,h) is an increasing function in both arguments p, h, and

M (p,h) > 9.
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Lemma 1. Let conditions A} and for some k > 2 the condition By, be fulfilled.
Then for all complex z, for which

1
|z| < min ,b
AM? (p, h) L}/ *HY

and for all X € E the resolvent of the operator P., exists and determined by the
formula (12) .
Proof. At first we introduce the denotation:

oo

HE n —n—
Ric(\) = y— and Ra. (A):;)(PE — L)AL
Then
R ()\) = Ry ()\) + Roc (/\) (13)
and
IR (M) < [[Rae (M + 2= (V] - (14)
Obviously, in the domain FE
3
[R1e (M) < = Uk (15)
It follows from estimation (9) that
1P —TL|| < 2t/
Therefore
P” H
I Ro: )] < Z I7e Tl
[Al &
pln/hl 2Dl /) (DAL i/
- +ot o=
Z PP IR PO
2h—1 (r+1)h71 )
- Z w 2 i NP P
2 (1 - |A\h)
< . .
(1= 1A (A" = p)
Thus, we get that in the domain F
2h . 3h
IR I € 707 (16)
It follows from (14) — (16) that
IRV < — (23" +3) =M (ph) (17)
€ —_ 1 o pl/h - P7 .
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Hence, it is clear that supsup ||R. (A)|| = M, < M (p, h) and since
€ AeE

M (p,h) =9,
then naturally

1 1

2 (o ) < ﬁp' (18)

Further we determine the operators Pg(r) M- M, r=1,2,..., k in the following

way:

P0g () = / e @) g () pe (- da) (19)

X

Obviously, by fulfilling the conditions By, definition of the operators Pe(r), r=
1,k is correct and since (Kolmogorov-Chepten equation)

1/2
/fe (z)] pe (-, dx) < (Zfs ()* pe (-, dx) <.
X

1/(k+1)

< / e @) pe (-, da)

1/(k+1)
< / | fe () |FHE L@y, dir) < /%),

we get that it is uniform with respect to €

P < /&, = TR (20)

Since, for z indicated in the theorem, definition of the operator P:, is correct,
we expand exp {zf: (z)} in series and get:

P P
Pezng‘f‘TZ"i‘---"i‘ %l Zk+Tez(z)> (21)

where the operator T;, (z) : 9t — 9 is determined in the following way:

zfe(x) _ukfl
.90 = [ [ @ -0 EE gt e
X 0

Here integration is conducted with respect to any line connecting the points 0
and zf. (x).
Obviously,

2 fe(@) e
<o [ [ e B . 2)

X 0
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where integration is conducted with respect to straight line connecting the points 0
and |z f: (x)].
Since for any |e* — 1| < |u| €™ it follows from (23) that:

I (9 < oty 1 (24)

Thus, from (18),(20) and (24) and taking into account that M (p,h) > 9 and
for z indicated in the lemma

1 1
Lr/(k+1)
12l Ly = 4M2 (p,h) = 324’
we get:
1 11
P,—P|<——d14+—-—+ ..
|Pes E||_4M2(p,h){ e

RIS S DY OE U L) QU
Tk \ 324 (k—1)! \ 324 2M?2 (p, h)

Hence, allowing for inequality (18) we have:

1 1
P, - Pl < — < 55—,
e = Pl < 37, = TR oo
i.e. inequality (11) is fulfilled, that is equivalent to the statement of the lemma.
Remark 1. S. V. Nagayev in the paper [1] and lately many authors in the case
of z =it use the estimation

M, <

p_l_lpl/h [2"'3" <1+2p1/h>+3] = M (p,h).

Lemma 1 affirms that by fulfilling the conditions A,; and for some k > 2 By,
for all z, for which

1
|z| < min o
AM?2 (p, h) Lllg/(kJrl)

the circumferences J; and Js lie on a resolvent set of the operator P, and therefore
for such z we can define the operator-projectors

1 1
M, = — m, = — P
=g [ RO 2y and T = / R (A 2)d) (25)
J1 Jo
(Here in definition of integral we mean limit in the norm).

Obviously
1
Mol = 5 / R.(\)d\ = I (26)
Ji

and Il., + II., = I, where I is a unit operator.
Introduce the denotation:

<g,u>=/g<x>u<dx>, geM, pen,
X
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A5 (Z) _ <P€ZHEZQ;Z)7 7-‘-8) ’
<H521/1, 7Ta>
Obviously, A; (z) is an eigen function of the operator P.,.

In sequel we’ll essentially use the following

Lemma 2. Let the condition A,j and for some k > 2 the condition By be
fulfilled. Then for all z, for which

P =1. (27)

1
|z| < min ,bo
AM? (p, h) L/

a) <Hez¢>ﬂ—6> 7& 0;

b) Ac (2) is analytic;

c¢) P = AL (2) L., + PLII,
and

18 1+ 2p1/h>n

@) | P, < 1M (o, 1) (

uniformly with respect to €.

The proof of this lemma (statements a)-c)) in general case belongs to S. V.
Nagayev ([1],[2]) , estimation g) in the case z = it, (i.e. for a characteristic function)
was obtained by A. E. Skvortsov ([7]).

Therefore we cite only principal moments of this proof.

Notice that therewith unlike the case z = it for complex z the estimation d)
holds in the vicinity of zero and appropriate boundaries are shown in this lemma.

In the course of the proof of lemma 1 we showed that for the z indicated in the
lemma

3

1

P., — P _, 2
1P = P < 37075 (25)
It follows from the definition of the operators Il., and II. that:

1

Mo~ 1L < oo [ R (2) = Re W] A <
J1
1 M (p,h
<. (p, h) ' (29)

3 2M (p,h) — 1
Hence, allowing for M (p,h) > 9 we get:

M. — T < 1. (30)

By fulfilling this inequality (see [1],[2]) the sub-space M. (z) into which II.,
projects 9, will be one-dimensional.
Let ¢, (z) be an element generating M. (z). Obviously:

P et (2) = Uep Pertpe, = Ac (2) e (2) -

On the other hand we can choose 1, (2) so that ¢, (z) = Il,%, where ¢ = 1.
Then, it is clear that

(Pellez, me) = Ac (2) (Heatp, me) (31)
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and hence
<PazHazw7 7T£>

<H5z¢7 7Ta>

Further, since P = PZII., + PLII.,, then taking into account

A (2) =

P11, = AL, (2) 1.,

we get ¢).
Since (II.,¢, m.) = (e, — ) ¥, ) > +1 we get that for the z indicated in
the lemma, (Il;,¢, 7.) # 0 i.e. a) is true.
Hence, considering that (see [1]) (P, Ilc,¢, me) and (I, w.) are analytic, we
get statement b)
For obtaining estimation d) we notice that (see [1])
PO, = [ AR (A 2)d (32)

EZTTEZ 277-2
Ja

and therefore

. 1+2p/m\"
HpaznlazH < supsup HRE ()‘? Z)H ’ (31) : (33)
g AEJ2
It is easily obtained from (12) that
1 18

sup [|Re (A, 2)[| < M (p, h) - T <Mk (34)

AEJ 1 - —

: 2M (p, h)

Estimation d) follows from (33), (34).

The goal of the next step is the expansion of the resolvent operator R. (A, z),
projector Il., and some related functionals in powers of the argument z. To this
end we introduce the denotation

|
7!
(x1+ 22+ ... + 1) = E ﬁxaﬂlx?m? (35)
r1:ro:...1T!
rit+ra+...+rg=r
r rk |
k — r O . T1 Tk S
(ao + age + ... +aie ) = E E — % e e (36)
rolri!l...ry!

s=0ro+ri+...4+rg=r
'r1+...+k7‘k:s

where g and E mean the summation over all entire non-negative

r14...4+rg=r ro+ri+...+ry=r
r1+...+krk:5

solutions of equations r1 + o + ... + 7, = r and systems of equations:

ro+ri+..+rEg=r
ri+2ro+ ...+ kry=s"’

B (N =R. (NP, r=1k

£

BE (X, 2) = (k+ 1)IR. (A) Tug (2) - 27+, (37)
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S - 1 S s
RON =% > B (N.BIY (VR (), (38)
=1 sit T —=s 1+ee:Sk-
1§51,.4.,sk§k
o) s 1 s s S
RHD (A, 2) = Z Z Z 31!...sk!Bé D () .. BE) (A Re (M) 2

s=k+1r=1 s1+..4+sr =s
1<57,..,85, <k+1

39
eM (p,h) (1 +u) /D if > (39)

Theorem 1. Let the condition A, and for some k > 2 the condition By be
fulfilled. Then for all complex z for which

D(u _{ eM (p,h) (1 +u)Y/*HD - if <1

1 e
z| < min , ,b
i {4M2 (p, ) L/ FTD 73D (L) }

it holds

R (M, 2) +ZR(S ) 2° + RFFD (X, 2), (40)

and uniformly with respect to €
(S) 26 s
| RS 0| < 330 (o, 1) (D (2] (41)
| READ (0,2 < 17M (o, B [D (LRI 121 (42)

Proof. By fulfilling the conditions of the theorem the conditions of lemma 1 are
fulfilled as well. Therefore, the resolvent of the operator P., exists and determined
as

Re(A2) =) [Re(N) (P. — P2)]" Re (A).
r=0

Here, considering expansion (21) we have:

R-(\2) = +Z{

Considering denotation (37), hence we get:

k

1)
Z Fe z—:k )

oo [k+1

Y ]
S l!( )zl

r=1 Li=1

R.(\z)=R.(\) +

Allowing for identity (35) we have:

k+1

0 r
BY (A 1 o .
Ej“( )zl] = > 7!B§ ) (A\) BE2) (A) ...

Tl
S1:89:...8
=1 1<s1,0or <kl JL702000T

BB (X)) R (N) z51tseteter, (44)



Transactions of NAS of Azerbaijan 27
[A new approach for studying asymptotics...]

From (43), (44) allowing for identity (36) and regrouping in powers of z we get:

R. (A, 2) +ZZZ 81,82 < |B(51) (A) B&2) (A) ..BE) (A) R. (A) 2°+

s=1r=1

+ Z 2251.82 S BEY (X) BE2) (A) .BED (V) Re (M) 27, (45)

s=k+1r=1

where the sign | means summation over entire non-negative solutions of the equa-
tion
S1+ 82+ ...+s8 =5
1<s1,89,..,8-<k+1

Integral solutions of this equation for 1 < r < s < k are of the form of 1 <
81,82, ..., 8r < k. Therefore, considering (38) from (45) we get expansion for the
resolvent of the operator P.,.

For obtaining the estimations (41) , (42) we notice that in the course of the proof
of lemma 1 we showed that in the domain £ ||Raz (A)|| < M (p, h) . Therefore, for
1 < s < k we have:

[rowl< B gl o] e w] i s

r=1 si+..+sr =
1<sq1,..., sp<k

o0 7! ‘Pg(l)H
h);MT (ph) > rolrilrpl |1

Tk
ro+ri+...+rp=r

r1+m+k’rk:s
il
k!

N\ "
&
Here, considering the estimation (20), allowing for the inequalities

X‘Q!

<

1 2
6M(p)h)_12<6_9>M(pah)a ‘ %

(46)

6—*

Ne)

we get the estimation (41).

Estimation (42) is obtained in the similar way.

The theorem is proved.

Using expansion (40) we can get expansion in powers of z for the operator Il.,,
as well. To this end we introduce the denotation:

e — Jm/RS) (A\2)d\, s=12..k

H(k+1)( 27m/R k+1) )\ Z) d.
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The existence of these integrals for z indicated in theorem 1 follows from the
estimations (41) and (42).

Corollary 1. By fulfilling the conditions of theorem 1 for the indicated z it
holds the expansion

k
Mo, = I + Y &2+ IF (2) (48)
s=1

moreover, uniformly with respect to

[0 < 2201 (o, 1) [0 (L) (49)
|80 ()| < 60 (o, 1) [D (L) 2447 (50)

Proof. Really, for z indicated in theorem 1 as it follows from lemma 1 the
circumference J; lies on a resolvent set of the operator P, , and therefore we can
define the projector

1
II., = — .
e =5 /RE (A, 2) dA
J1

Here, considering (40) we get expansion (48).
1
Taking into account that the radius of the circumference J; — p; < 3 we get

estimations (49) , (50) from (41), (42) . Using expansion (40) we can obtain expansion
for the functional

Ugy = <P€zH€z¢y 7T5> . (51)

To this end we denote:

are =< ;M./ARS“) (A 2)d\,me > r=T1,k
" (52)
W1 (2) =< 555 / ARFFD (X, 2) pdA, 7o >

Ji

Existence of these integrals by fulfilling the conditions of theorem 1 follow from
the estimations (41), (42) .
Corollary 2. By fulfilling the conditions of theorem 1 for the indicated z it

holds the expansion:
k

Ge: =14 a2 + gy (2), (53)

r=1

moreover, uniformly with respect to e

el < oM (p, ) [D (L))" (54)

a1 (2)] < 2M (p,h) [D (L)) 24 (55)
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Proof. Considering that

1
P 1., = — A € )\, d\
o [ AR-O2) (56)
Ji

for the z, indicated in the theorem, J; belongs to the resolvent set of the operator
P.. and therefore that integral is defined.
Taking into account expansion (40) in (56) , we have:

k
1 1
e _ . (7') r
Qre =< 27”,/)\]%5 (N) dA 7o > + El < QWi/)\RE (N dN\ 7 > 2"+
J1 r= J1

1
+< 5 / AR (X, 2) pdA, 7o > . (57)
Ji

It is easy to show that

1
<L / AR, (A) thd\, 7o = 1. (58)
21
J1

Thus, from (57), (58) allowing for (52) we get (53).
1
Estimates (51),(55) are obtained from the inequalities |aqc| < 9 HR@ (N

i

1
lapt1 (2)] < 9 HngH) ()\)H and from the estimations (41) (42).

In a similar way, it is easy to get expansion for the functional

b, = <Hszwa775> ) (59)

where ¢ () = 1, 7 () is a stationary measure.
Let

bre = <H§T)¢,W5> ) r=1k
brire () = (I (1), me ).

For z indicated in theorem 1 the existence of these functionals are provided by
estimations (49), (50) .

Corollary 3. In fulfilling the conditions of theorem 1, for the indicated z it
holds the expansion

(60)

k
bee =14 bpe2” + bpyrc (2) (61)

r=1

moreover, uniformly with respect to €

el < S M (o, 1) [D (L)), r=TF (62)

[Br1.e (2)] < 6M (p, ) [D (Ly)] 2L (63)
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In lemma 2 it is confirmed that the eigen function of the operator P., is analytic
for all complex z for which

1
|z| < min b
AM? (p, h) L/

It follows from (51) and (59) that
Ac(2) = ae - b1 (64)

The goal of the next step is to obtain the expansion for A. (z).
At first we expand b_,! in powers of z.
Introduce the denotation:

T

| _
de=Y (- Y gy, =1k (65)

le
mal..my!
m=1 mi+...+my =m 1 k
mq+...+kmp=r

d(k’-i-l)e (2) =
3 T ' mp
i 2 ﬁbﬁlb? (bk+1,€ (2) Zﬁkil) T

r=k4+1m=1 mi+...+mr=m
m1+“.+(k+1)nzk+1:r

It holds
Lemma 3. Let the condition A, and for some k > 2 the condition By be
fulfilled. Then for all z for which

1

2] < min { 1402 (p, ) [D (L) b} ’

be, # 0 and it holds the expansion

k
be_zl =1+ Z drez" + diy1,6 (2), (66)

r=1

moreover, uniformly with respect to

il < 355 { MG DLP] L r=TF (67)
i (] <3 {70 (o, 1) (D (L]} 2 (69)

Because of analyticity we omit the proof of this lemma.

Thus, by means of (66) and (53) we can get expansions in powers of z for the
eigen function A, (2).

Introduce the denotation:

k—1
Ure = Z ar—sedse + Qe + dse

s=1
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r=12,...k

0
> =0 (69)
1
2k
ﬁk—&-le = Z Z Qr—s.e ssz + (1 + Zaraz ) dk+1,e (Z)+

s=k+1r=s—k

+agpy1, e ( (1 + Z dre2" ) + Q11 (Z) di+1,e (Z) .

The following theorem is valid.
Theorem 2. Let the conditions A, and for some k > 2 the conditions By, be
fulfilled when for all complex z for which

|z| < min ! b
L4M (p, h) [D (Ly))

it holds the expansion

k
Ac(z) =1+ Z Vrez" + Vkt1,e (2), (70)

r=1

moreover, uniformly with respect to €
2 T
ot <2 {201 o) 1D (1) ()

Dhne ()] < 4 {70 (o) [D (L)} (72)

Proof. By fulfilling the conditions of the present theorem the conditions of
theorem 1 and lemma 3 are also fulfilled, and from (53), (66) grouping in powers of
z, allowing for (69) we get (70).

For obtaining the estimations (71),(72) we use the estimation (54), (55), (67)
and (68).

It follows from the proved theorem that by fulfilling the conditions of the theorem
we can choose z so that the eigen function A, (z) were isolated from zero. For such
z the definition In A, (z) will be correct, and its expansion in powers of z will have
very great value later on.

This will be considered in the second part of the paper.
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