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MECHANICS

Husamaddin M. GASYMOV

ON NATURAL TRANSVERSE VIBRATIONS OF
ORTHOTROPIC PLATE ALLOWING FOR
FOUNDATION RESISTANCE INFLUENCE

Abstract

In the paper we solve a problem on natural vibration of continuously in
homogeneous rectangular plate. It is assumed that elasticity and shear modules,
specific density are exponential functions of length coordinate of a plate. The
problem is solved by approrimate methods.

It is known that in engineering complexes constructions, in particular in construc-
tions of highways, the structural elements of plate-strip type made of inhomogeneous
material are widely used.

As these structural elements are assigned for operations at dynamical conditions
and also at conditions of soils inhomogeneous in physical and mechanical properties,
as a rule, projection of such structural elements are based on calculation formulae
of dynamical stability of inhomogeneous (orthotropic) bodies [1,2].

The problem under investigation is solved under the following assumptions:

-elasticity modules (E1, E2), shear module (G) and specific density (p) are expo-
nential functions of the length coordinate x. And a coordinate system is chosen in
the following way: the axes X and Y are on the mean plane, the axis Z is directed
perpendicular to them;

-mechanical characteristics of an inhomogeneous material are accepted in the
form [3]:

By =Ee 1@ By = E)e 1@ G = Goe /@), p = pye @ (1)

here EY, E, Gy, py correspond to homogeneous case, f(x) with their derivatives
are continuous functions; it is assumed that the plate lies on anisotropic foundation
3]:
h? 0w h? 0w
F=kw—-ky——— —k3——. 2
! >4 022 2 oy? )
Here F' is foundation reaction; k1, ko, k3 are resistance characteristics in principal
directions and depend on the properties of foundation (these characteristics are
experimentally determined); w is flexure.

Under these suppositions relation between stresses o1, 02,012 and strains €1, €9, €12
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is of the form [1]:
E?eff(x)
o1 = 1 (e1 + vae2),
— Vv
Ege_f(:B%
09 = g9 + V1€1) s

where v1v9 are Poisson ratios and are accepted to be constant.
We write stresses of bending in arbitrary layer of the plate and also expressions

for moments in the form [2]:

Efe~ /@) <82w 82w>
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_ _Ege_f(x)z O*w Ly O*w (3)
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My = [ o1pzdz, My= [ oopzdz, Mis= [ o12,2dz. (4)
e e "
Allowing for (3) from (4) we get:
0w 0w
_ 0,—f(x
M1 = —Dle f( ) <8x2 +1/28y2> 5
0w 0%w
— 0,—f(x
My = —Dsge J(@) (83/2 V16m2> ) (5)
0w
My = —2D0% (@) .
12 ke 0xdy

Here D? and Dg are flexural rigidities in principal directions for a homogeneous
orthotropic material, DY is a torsional rigidity.
DO _ E?h?) . DO — Egh?) . DO — G0h3
V71201 —vie)” T2 12(0—vwe)” TR 12

We write an equation of motion of transverse natural vibration of the strip in
the following form:

82M1 62M12 82M2 2 3211)
2 kyw — koo —— —
0x? + 0x0y + oy? W= Ry 0x?
TR g Y e =0
Substituting (5) into (6) we get:
otw 0tw otw d?f(z)
0w 0w df (z) O3w df 0w
2 —2(DYvy +2DY) =~ ———— 7
. <8x2 T 8y2> T 81’3] (Diva +2D}) dx 0xdy? 0
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By virtue of mathematical complexity of equation (7) we construct approximate
analytic solution of the stated problem. We’ll solve the problem by a combined
method; i.e. at first we’ll use the method of separation of variables and then the
Bubnov-Galerkin method. Therefore, we’ll look for the solution of equation (7) in
the form:

w = v(z, y)e, (8)

where w is circular frequency, t is time, the function v(z,y) should satisfy the ap-
propriate boundary conditions.
Substituting (8) into (7) we get:

ot o*v ot d*f(x)
D?W (DYva + D9vy + 4DY) a 220 Doa— - DY | =5
v 82 o df (@ ) &° 0 o df 0%
h? 5%v h? 6%v

2,
_ef(z) (klU_kQ 1 Oz A 348y2> — PoW v =0.
Apply the Bubnov-Galerkin method to equation (9). We'll look for the solution
of the function v(z,y) in the form:

o) = 35 3 ApF),0) (10

||M:

Here, it is assumed that each of functions Fj(x), ®;(y) satisfies the boundary
conditions of the stated problem.
Introduce the following denotation:

d*F; d*F; d>®, did,
_ 0 ? 0 J.
H = DV, g+ (Dhva+ Dyva +4D) "= + Db
2f(x) (. d°F d2P ; df (z) . d3F;
Hy = DY o — Fi—21) +2 Pj——
2o { dx? i TV ) Ty Y |t (11)
df dF; d*®;
2(DVvy +2DY)) ————1;
+ ( 2t k) dr dx dy?’
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H3 = ef(x) (leZ(I)] — ]{32]—;(1)]883:};1 — kngzaa;;]> .

It is known that in solving general problem, circular frequency should be deter-
mined from a system of linear homogeneous algebraic equations. Moreover, for the
existence of non-trivial solution of the problem the main determinant of this sys-
tem composed of coefficients A;; should equal zero. However in creating engineering
calculations we are restricted with the first approximation. Therefore, for the first

approximation we get:

b
[ [Hi (Fy, ®1) — Hy (Fy, ®1) — Hs (Fy, ®1) — pow? F1 1] Fy®1dady = 0,
0

o~—2
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whence we determine expression of circular frequency w in the form:

[ [Hi (F1,®1) — Hoy (Fy, ®1) — H3 (F1, ®1)] Fi1®1dzdy
2 _ 0
W2 = (12)

Ok,cr

It we ignore the influence of foundation resistance the formulae (12) accepts the
following simplified form:

wi = (13)

Solving jointly (12) and (13) we express the value of the circular frequency w
arising allowing for orthotropic foundation influence from circular frequency wi,
appearing in the strip without influence of foundation resistance in the form:

ab
[ [[Hy (F1,®1) — Hy (Fy, ®1) — H3 (F1, ®1)] Fi®1dady
00

_92 W2 _
- F - ab
1
[ [[Hi (Fi,®1) — Hay (F1, ®1)] F1®1dady
00
or
a b
f f H3 (Fl, (I)l) qu)ldl'dy
=10 (14)
f f [Hl (F17 (I)l) — Hy (F17 @1)] Fl(bldxdy
00
It follows from (14) that
a b
f ng (Fl, (I)l) F1<I>1dmdy
C=—F>=" <1 (15)
ff H1 Fl,(pl HQ (Fl,(I)l)] Fl(pld.il?dy
00
For F7 and ®1 we accept the expressions of the form:
F) =sin Tx, ®; = sin n—y (16)
a b
substitute into (11), for f(z) =1+ e2 we get:
a
Hy = 7* [DYm* + (D{vs + D3vq + 4DY)) m*n? + DIn?] sin mnZ sin nry;
Hy = —2em® [(DYvy + 2DY) mn? + D{m?] cos mn T sin n7y; (17)
272
Hs = |k + il (k2m2 + kgnz) el T sin maT sin nwy;

4
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where

Allowing for (17) formulae (15) admits to determine dependence of the constant

C on all entering constants, in the form:

4k + h27? (k2m2 + k3n2) e(ef —1)
4 [D?m‘1 + (D?Vg + DYvy + 4D2) m2n? + Dgnﬂ 2¢

C = (18).

Considering (18) in (14) we determine dependence of circular frequency of or-
thotropic strip allowing for influence of physically inhomogeneous foundation.

_92 6(66—1)
=1-B.-—~ 1
@ —, (19)
where ) ) )
4k h k k
B 1+ 7r(2m+3n) (20)

7 [DYm* + (DYvy 4+ D9vy + 4DY) m?n? + Dyn?|
2

w
Graphical dependence of circular frequency @? = —5 on the inhomogeneity de-
w1
gree ¢ of the material of the strip is in figure 1.

Fig. 1. Dependence of circular frequency on the degree of
inhomogeneity of the strip material for different values of the reduced
coeflicient B.
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