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ESTIMATION OF DIFFUSION PROCESS
PARAMETERS BY DISCRETE OBSERVATIONS

Abstract

Unknown parameters of the diffusion process are estimated by the results of
discrete observations.

We apply martingale methods for estimating the parameters based on the
approximation of likelihood function and obtain consistent and asymptotically
normal estimates of parameters.

In the paper we consider the methods for estimating unknown parameters in
discretely obseved diffusion type model. It is assumed that unknown parameters
enter into the model linearly.

In majority of cases for discrete observations there are no exact expressions for
the maximal likelihood function and the use of approximate likelihood function re-
duces to inconsistent estimates. For discretely observed diffusive processes described
by stochastic diffusive equarion we apple martingale methods for estimating the pa-
rameters based on the approximation of likelihood function. As a result we obtain
consistent and asymptotically normal estimates of parameters.

On a probability space (2, F, P) we consider a diffusive process determined by
the stochastic differential equation

dX; = f(X;0)dt + g (Xy) dWy (1)

where X =z, t >0, 6 = (01,09, ..., Qk)T is a vector of parameters. Remind that in
the case of continuous observation instead of the equation (1) we consider a diffusive
type process with stochastic differential

dXt = (a + bXt) dt + Xtth, t> 0, X() =9 > O, <*)

where a and b are the unknown parameters and 0 = (a,b)”, and W, is a standard
Wiener process. Index T indecates transposition. It is assumed that the coefficients
of the drifts f (X;;0) and diffusion g (X;) are such that the equation (1) has a unique
solution for all § in the domain # C R* , moreover, the functions f (X;;6) and g (X;)
are continuously differentiable with respect 6 and g (X}) is a positive function and
doesn’t depend on 6.

Our goal is to estimate an unknown vector parameter 6, by discrete observations
X0, XA, Xoa, ooy XpA.

The likelihood function for the process X; with continuous time given on the
segment [0, ¢] is expressed as

' X0 1 g X0
Ly (0) = exp /fgg(Xs))dXs - 2/fg2((Xs))ds . (2)
0 0

This function is F-martingale that admits to get optimal estimates (see [9]).
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If the process X; is observed at the discrete points Xg, XA, Xoa, ..., Xpa, we'll
approximate the function (2). To this end we’ll substitute the Lebesgue and Ito
integrals in (2) for the Riemann-Ito sum, take the upper integral sum and get the
approxomate likelihood function:

f(Xi;0) 1~ /2 (X5;0)
_exp{z 2 (X;) Xi—2; 7 (X)) }

Differentiating the logarithm of the approximate likelihood function L, (0) with
respect to a vector parameter 6 we get an estimator of a vector variable 6 =

(915 027 cey gk)T

o (Xi—1yaif) . (3)

Thus, the estimator is a vector of dimension k.

It a diffusion coefficient entering in (1) depends on 6, i.e. g (X¢;0), as is shown in
the paper [2] (pp. 33-37), when fulfilling some regularity conditions for a likelihood
function we can use the same estimator of a vector variable:

OlnLn (6) _ Z 5 (Xi-naif) (Xia = X(-1)a) —

90 —~ g% (X(i-1)a;9)
f (X 1)A, 0) f5 (X(i-1)a;0)
_AZ Xii-1)ai0) ' W

In the same paper [2] it is established that the use of this expression for estimating
a vector parameter 6 allows to get strictly consistent estimations if and only if max
SN

|t; — ti—1]| is small. In the case of equidistant observations the time interval between
the observations is determined by a fixed value of A and is bounded below with
some quantity. The estimations of the vector parameter /én obtained by means of
the estimator (4) become inconsistent [2].

For solving this problem it was suggested [1],[2] to use martingale estimation
finctions.

Let for a stochastic sequence A = (A,, F,) the elements A, for each n > 0
be F,_i-measurable. Assuming F_; = Fy we'll write A = (A,,, Fj,—1) and call A a
predictable sequence [6] . A stochastic sequence is said to be increasing if Ay = ag > 0
with probability 1 and A,, > A,_; with probability 1 [6].

Now let’s consider the D. Doub’s expansion. It is as follows [6],[7]. Let V =
(Vi, F,) be a sub-martingale. Then there will be found a martingale m = (m,, F},)
and predictable increasing sequence A = (A,, Fj,—1) such that for each n > 0 it
holds the Doub expansion

Vi, = my, + A, with probability 1. (5)
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Such type expansion is unique ([6],[7]) .
It follows from the Doub’s expansion (5) that the sequence A = (A, Fr,—1)

compensates the sub-matingale V' = (V,,, F},) to the martingale and is said to be a

compensator [6],[7].

dInL, (6;)

= 1,...
897] 77' ) 7k7

As is shown in [2], each coordinate of the estimator

determined in (3) is a sub-martingale.
The first method of construction of martingale estimation function is to com-
dlnL, ()
00

pensate and obtain the martingale G . Subtracting a compensator from

dlnL, (0)

we get a Py-martingale with zero mean with respect to sigma-algebra

flow F; = o (XA, ..., Xin), 7 > 1.

dln Ly, ()
00

In order to construct a compensator for we prove the following theo-

rem.
Theorem 1. Let for the stochastic differential equation

dX: = f (X 0)dt + g (Xy) dWr,

(Xo=z9>0,t>0,0=(01,0,, ...,Hk)T is a vector of parameters) observed at the
discrete points X, Xon, ..., Xna from (Xi),sq , the estimation function of a vector
parameter 0 be determined by the relation (3).

Then a compensator for (3) is expressed as follows:

Sz, (ani (9) 9lnLiy1(0) Fil) _
i=1 00

20
~ o (Xi-1a3b)
S 2NN (B (Xaif) — Xona) —
; ? Xona) (F (X(-1ai0) = Xi-1a)

f(X(’L DAS )f9 (X 0)
—A
; (X(z—l)A) ’

(6)
where
F(Xi-1)a30) = Eg (Xia| Xi-1)a) - (7)

Proof. In order to find an expression for the compensator, we consider the
difference for ¢ = 2, ..., n,

8lnfl ((9) _8lnfi_1 (9) f@( (i— 1A70)
80 89 g2 (X(z 1)A)

f(Xz 1A»)f9( ’LlA?H)
9* (X(i-1)a)
Let’s find conditional mathematical expectation of the previous expression:

fo (X-1)a;0)
X pa | = J2GDAT)
( DA) 9% (X(i-1)a)

(Xin — X(i—1)a) —

—-A

5 OInL;(0) 9L (6)
0 90 00
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f(Xz 1A7)f0( 11A70)
9% (X(-1)a) ‘

Using the denotation (7) we transform the last expression as follows

X(il)A) =

_ Jo (X(—1)as0) f (X-1)a30) fo (X(-1)a30)
9 (Xgna) (X<z—1>A) '
Summing the right hand sides of the last expression with respect toi =1,...,n , the

compensator:

X (Eo (Xial Xi—1ya) = X—1)a) — A

5 (0o Li(9) 0lnLiy(0)
0 90 0

(F (X(i—1ai0) — Xa-1a) — A

 fp (X—nasf)
Ay =3 2 CN D (B (X 1yai6) — Xonya) —
2 P Xooa) (F (X-1ai6) = X-na)

f(leAa )fe( zl)A;Q)
9* (Xa-na)
Statement (6) of the theorem follows from the last expression.
The theorem is proved.
Thus, subtracting from (3) the expression (6) and assuming that in (1) g (Xy;0) =

g(X:)  (does’t depend on the parameter #) we obtain a martingale zero mean
estimation function of the form

—-A

~ dln L; (0) "L fh (X—na; )
Gn (9) = T — Ay = Zzl M (Xz'A —F (X(z‘—l)A§9)) : (8)

General class of zero mean Py martingale estimation functions of the form [2]
0) = 291'71 (X(i-1)a30) (Xia — F (X(i-1)a39)) , 9)

is an alternative variant, where for ¢ = 1,...,n the function ¢;_1 (X(i,l)A;H) is
F;_1 -measurable and continuously-differentiable with respect to 6, and the function
F (X(i,l)A; 9) is determined in (7).

The function allowing to get optimal in asymptotic sense estimation of parame-
ters (1) interior to the class (9) [1],[2], is determined in the following way:

"L Fy (X—1)aif)
G (o)=Y DAY (v (XAl 10
() ;Cb(X(z‘—l)A;e)( a = F (Xa-1a;0)) (10)
where
¢ (X—1ait) = Ey [(XiA_F(X(z 1)a; 0 ‘X(z A } i=1.,n  (11)

Optimality in asymptotic sense for estimation of parameters obtained on the
basis of (10) means [2] that as A — 0 with probability 1 the estimation of parameters
converge to the maximal likelihood estimations.
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As it was established in [10] the function G} (0) interior the class (9) in some
sense is the nearest to the function based on ordinary unknown exact likelihood
function.

For small A martigale estimation function G, (#) determined in (8) is a first
order approximation with respect to A of the function G, () determined in (10 )
[2] . This means that the function Gy, (f) allows to get as A — 0 with probability 1
estimations of parameters of the stochastic equation (1), approximately being the
of maximal likelihood estimations. R

Asymptotic properties of the estimation #,, obtained from the martingale esti-
mation functions (8) and (10), or by a general way-from the class of martingale
estimation functions G,, in the form of (9), are considered in [10].

Let’s consider a diffusion process determined by a stochastic differential equa-
tion (*). To estimate the unknown parameters a and b by discrete observations
X0, XA, Xon, ... Xpa from (X))~ we use the martingale estimation function G,,.

Comparing the equations (1) and (*) we get the correspondence:

g (Xt7 9) = X(i—l)Aa f (Xt7 0) - (Q + bX(i—l)A) , 0= (CL, b)T7 (Z - 1) A=t,

where the index T is transposition
Lemma 1. Let the diffusion process X, be given by the equation (*).
Then the function

f(t) = Eap (Xe] Xo)

1s a solution of the differential equation

frt)=a+0bf(t). (12)
Proof. Let’s write the (*) in an integral form.

t
Xt—X0+/(a+bX5)ds+/Xdes.
0

By the condition of Xy we have

Eop (X¢| Xo) = Eqp (Xo| Xo) +

)

t

+Eq.p /( +bX5) +Eqp /X dWs |1 Xo |,
0

that is equivalent to

Eup (X1 Xo) = Xo + at + b/Ea7b(Xs|X0)ds

¢
since Egp < <fXSdWS) ’ X0> = 0. Consequently,
0

dEqp (Xt] Xo)

= a+bE, (X Xo).
= @+ bEa (Xi| Xo)
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Notice that the function f (t) = E,p (X¢| X7), 0 < 7 <t satisfies the equation
(12) as well. The proof remains the same, as the expression

t T
Ea,b /Xdes Xr | = /Xde57
0 0

is independent of ¢ and that is why it doesn’t influence on the derivative.
The lemma is proved.
Corollary. The function

F(X(-1)a30,b) = Eqp (Xial X(i-1)a) »

determined by the expression (7), for the stochastic equation (*) has the form:

F (X_pasa,b) = X_pa - e + % (ebA — 1) . (13)

Proof. The solution of the linear differential equation

f/(t):a+bf(t)? f(tO):f07 tZth

under the given initial conditions has the form
F(t) = foeb(t—to) i % (eb(t—to) _ 1) _

Consequently, for E,, (Xy,| Xt,—1) = f (t;) when observations are performed by
the interval A =¢; —t;_1 forall 1 <i <n we get

Bap (Xe,| Xt,-1) = Eap (Xe,-1] Xi,1) ebﬂ+% (ebA - 1) - Xti_lebA—i—% (d’A _ 1) .
Hence the statement of the corollary (13) follows:
The corollary is proved. B
Substituting (13) into (8) we get that for the equation (*) the function Gy, (a,b)
is given by the following formula:

n

Gy (a,b) = [Z 5
i=1 X(i—l)A

<XZ-A — X(i_pac"™™ + % (1 - ebA)) ,

Obviously, any estimation function is a vector, whose number of coordinates
equals the number of estimated parameters.

Substituting into (10) from (11) and (13) we get the estimation, function G}, (a, b)
for the differential stochastic equation (x)

. n ebA -1 a
G* (a,b) = [Z b (Ko omiad) (Xm — X(i-nae™® + 7 (1 — ebA)> ,

i=1
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T

(Xm — Xg_pac® + % (1 - ebA>> ,

a
n AebA (X(ifl)A + g) b2 (1 —eb )
i=1 ¢ (X(i—l)A7 a, b)

where ¢ (X(i—l)A; a, b) is given in (11).

Let’s find estimates of parameters a, and Zn that are the solutions of a system
of equations G, (a,b) =0

Theorem 2. Let Xy, 0 <t < T be a random process given by the equation
().

Then the estimates of the parameters a, and bn obtained on the basis of the
solution of the equation Gy, (a,b) = 0, where the function Gy (a,b) is given in (8)
are of the form:

(B () (Bn) (B22)
b _ N7 Xe-na/ \isiXina =12 DA/ =12 G-1)A

e - ! - N 5 , (14)
nz;Xé_l)A N <z§1X(i—1)A)
N A 1 m Xia
a"zl_iaA Fitena 111X“”A (15)
X2

Proof. To get the equations for estimating the parameters En,gn we equate
each coordinate of the function Gy, (a,b) to zero, and get

n o XA 1 am 1
Z (2 ebA + — Z 5 = 0,
z:lX(Qi,l)A z:lX(zfl)A bi:lX(l,l)A
(16)
Xin ba @ BAY o~ L
ne’>+—-(1l—e =0
=1 X(i-1)A b ( )2—1 X(i-1)a
We transform the obtained system in the following way
o Xin a1 al, 1
Ly X T vAEX2
i=1%G-1)A i=1(i—1)A =12 G-1)A
L Xia bA a BAY N L
—ne’t=——(1—e =0.
i=1X(i-1)A b ( )i;X(i_l)A

Having divided the first equation into the second one in the obtained system, we get
an equation for the parameter b.

3 Xia a1 noo ]

2

i:lX(,_l)A z—lX(i—l)A _ l_lX(z—l)A
n XiA nebA —n 1
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From the last equation we get (14). N

In order to get the estimate a,, for the parameter a, we substitute b, for example,
into the first equation of the system (16) . After obvious transformations we get (15) .

The theorem is proved. B

Asymptotic properties of estimates @, and b, obtained from the class of martin-
gale estimation functions G, (a,b) are defined in theorem 3 that is reduced without
proof.

Theorem 3. Let X;, 0 <t <T be random process given by the equation (1).
Let @, and b, be estimates obtained by the values of the process X;a , i
0,1,...,n = [T/A] on the basis of the martingale estimation function (8). Then, as

n — 0o, A — 0 with probability 1 it holds:

1) gn _>§T >

2) by, _’/\bT )
where ar , by are the mazximal likelihood estimates obtained by continuous observa-
tions.
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