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THE SOLUTION OF A NONLACAL BOUNDARY
VALUE PROBLEM FOR A FOURTH ORDER
PARTIAL DIFFERENTIAL EQUATION

Abstract

In the paper we prove existence of a classic solution of a non-local boundary
value problem for a fourth order partial differential equation.

For the equation [1]

U (2, 1) — Uy (T, 1) — Ugy (2, 8) = f (2, 1) (1)

in the domain Dy = {(z,t) : 0 <2 <1, 0 <t < T} we consider a problem under
the conditions
u(z,0) +du (2, T) = p (),

g (2,0) + duy (2, T) = (), 0<z<1 (2)
and boundary conditions
u(z,0) =0, ug (1,t) + dug, (1,6) =0, 0<t<T, (3)

where d > 0, § are the given numbers f (z,t), ¢ (x), ¥ (z) are the given functions,
u (x,t) is the desired function. Under the classic solution of the problem (1) —(3) we
understand the function u (z,t) continuous in a closed domain Dy together with all
derivatives entering in to the equation (1) and satisfying all the conditions (1) — (3)
in the ordinary sense.

Let’s consider a spectral problem [2]

Yy () + Ay (z) =0, 0<z <1, (4)
y(0)=0, y' (1) =dry(1), d>0 (5)
that has only ligen functions

v () = V2sin (\/ECC) Jk=0,1,2,...,

with positive eigen numbers \;, from the equation ctgv/A = dv/'A . We give a zero
index to any eigen function and enumerate the other ones in increase order of eigen
numbers.
The following statements are formulated and justified in the paper [2].
Lemma 1. Beginning with some number N it holds the estimate

0 < VA — kr < (dkm) ™t
Lemma 2. The system {z (x)} conjugated to the system

{yr ()}, k=1,2,...,
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is determined by the formula

o (@) = V2 (sin (VA ) = sin Vst (Vo) fsin/Xo) /(14 dsin® VA )

Theorem 1. The system {yx(x)}, k =

L,(0,1), p>1, for p=2 even the Riesz basis.
In the paper [3], it is known that

ﬁ:lm+0<;>,

2,... forms a basis in the space

u () = V2 sin (krz) + O <]1€> ,

V2cos / Az = V2 cos kwx)+0<k>

Assume g (x »(0,1). Then

1/2

Z \@/g (x) sin \/)\»kxdx) <
0

k=1
1/2
k‘2)) ) lg (@)l 5 0,1) > (6)

1/2
1 /

2
/g cos v/ A xda:) <

w\s

1

,_.

0

1/2
(ZO > ) lg (x)HLZ(OJ) : (7)

. Let the function g (x) satisfy the conditions

w\%

Theorem 2. [4 ]

g(z) e W3 (0,1), g(0)=g"(0) = ... =g P =0, n>1,

1

J=g(1) 1/dsm VA /g sin v/ Agzdr = 0,

0

g"(1)+¢ (1) /d=0,...g%" 2 (1) + ¢**3 (1) /d =0, n > 2.

then the Fourier series

> gk (z)
k=1

converges in the metric W3™ (0,1) .
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But if the function g (x) is subjected to reguirements:
g(x) e W™(0,1), g(0)=g¢"(0) = ... = g®) = (0), n>0, J =0,

9" (0)+4' (1) /d=0,...g%" (1) + ¢V (1) /d =0, n > 1,

then the Fourier series

> gy (@)
k=1

converges in the metric WQ(%H) (0,1) where

1

gL = /g (z) 2 () dz.

0

Let g (x) € L2(0,1), then

1 1
V2 sin /g
- Vve in /Apzde — in/dozdr | =
Ik T dsn? v /g (x) sin v/ A\gxdz sinm/g (x) sin v/ Apzdx
0

0
1 1
= 1+dgf2\/ﬁ /g (z) sin / Apzds — % g (z) sin v/ Nozdz
0 0
Hence, allowing for (6) we have:
o 1/2
(Z 9/%) < Mo |9 (@)l 1,01y (8)
k=1
where 1o
2 - 1
My = \g + (;0@:2)) LN V2.
Assume that ¢’ (z) € L2 (0,1) and
g(0)=0,J=0 9)
It is known that [3],
1
G =7 n d;/i m\/l)\;k/g’ (z) cos \/ Apxd. (10)
0

Hence, allowing for (7) we find:

- 1/2
(Z (\/A»klgk|>2> < M ||¢ ('T)HLz(OJ) ’ (11)
k=1
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0 /2
+ (Zo ) |
k=1

We assume that for g (z) € C71[0,1], ¢" (z) € L2(0,1) the conditions (9) are
filfilled and obtain the equahty

where

el

1
-2 1 ” coS v/ A
= in \/\pxd "(1).
o 1+dsm2mAk/g ()sin v Awede g o

0

Hence, allowing for (6) we have:
o0 ) 1/2 , o
(; Ol ) M o D0
Now, assume that g (z) € C2[0,1], ¢" (z) € L2 (0,1) and
9(0)=g¢"(0)=0, J=0, ¢"(1)+4' (1) /d=0.

Then

\/i //I
= v/ Apxdx. 13
Ik 1 + dsin? /X )\k\/ / ) cos BT (13)

Hence, allowing for (7) we find:

00 2
(Z< A Lo |) ) < My [lg" @) 0. - -

k—1

We’ll look for the classic solution of the problem (1) — (2) in the form

z) =Y ug (t)yr (2), (15)
k—1
where
1
g (t) = / w () 24 () dz (16)
0
is a solution of the following problem:
(14 M) up (8) + Awur (8) = fi (t) (17)
ug (0) + dug (T) = ¢y, up (0) +6uy, (T) =, (k=1,2,...), (18)

where
1 1

1
fe(t) = / £ (@) 2 (2) da, oy = / o () 2 (z) de, 1y, = / ¥ (2) 2 () de.
0

0 0
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Solving the problem (17) — (18) we find:

1
ug (t) = m{ﬁk (cos Byt + 0 cos By, (T —t)) pp+
5 T
(sin Byt = Fsin 5y (T = ) g~ 15 [ () (s By (T £ =)+
0

t

Hsin (¢ = 7)) dr} + 5 [ fi()sin By (t—7)dr (k=1,2), (19)
where
Obviously
U (1) = (9 (= sin Byt + b5in By (T = 1) g+ (cos iy
T
—dcos B, (T —t)) 1y, — 1+/\k/fk (1) (cos By, (T +t —7) +dcos By, (t — 7)) dT}+
0
t
1
+1+/\k/fk (1) cosfBy, (t —T)dr (k=1,2), (20)
0
1(t) = — i (7) = —2E {5, (cos Byt + dcos By (T — t
k Tk T o (T) cos Byt + d cos By, ( ) Prt

J

+ (sin Bt — 0sin By, (T —t)) ¢y, — 1+

T
Ak{fk () (sin By (T 41— 7) +

t

+osinfy, (t — 7)) dr} — . fk/\k /fk (r)sinf, (t —7)dr (k=1,2..). (21)
0

The following theorem is true.
Theorem 3. Let

L ¢ (z) € C?[0,1], ¢" (1x) € Ly(0,1), ¢(0) =¢"(0) =0,

¢ (1) + (1/ (dsin /X)) {g@ (z) sin v/ Aoxdr =0, ¢" (1) + ¢’ (1) /d = 0;
2. ¢ () € C?[0,1], " (lx) € L2(0,1), % (0) =" (0) =0,

¥ (1) + (1/ (dsin /X)) {w (z) sin v Xozdz = 0, " (1) + ' (1) /d = 0;
3. f(x,t) e C(Dp), fa (ml,t) € Ly (Dr), £(0,t) =0,

f(1,t)+ (1/ (dsinyv/Ag)) {f (z,t)sin/Aozdxr =0, (t €[0,T]).
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4. 8 # =41, 14+20cosf,T+6>#0 (k=1,2,..).
Then the function

o0

1
u(z,t) = ; {W (B, (cos Byt + 6 cos By, (T — 1)) ] +

+ (sin Byt — dsin By, (T — 1)) ¢ —

T

/ ) (sin 3y, T—l—tT)—l-(Fsmﬁk(tT))dT]—f—

0

1 ' .
+ﬁk(1+)\k)[fk (T)sin By, (t — ) dT} Yk () (22)

is a classic solution of the problem (1) — (3).
Proof. Obviously

1/V2< B, <1, |p(T)] > 1428 —15|=1/p.
Taking these into account, from (19), (20), (21) we have:

[ur ()] < V2 (1+[0]) (Il + [x]) +

/2

+V2T (14 p || (1 +4])) (/fk dT) :

o (0] < 3 e O]+ (1+161) Gioel + oD +

(Lt p 18] (1+ 18))) (/fk dT)

1/2

Hence we get

(Z( Y N (¢ HC[OT] > < V6p (1 +8])

k=1

x[(i(?’%k ) (g (N 1) )m}+

T 1/2
+V6 (1+p 0] (1+16])) (/ 1/2|fk 2dr> , (23)

o k=1

00 9 1/2
<Z( X o ) ) ) < VB (14 1) x

k=1
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[ G |

k=1 k=1

1/2

(W) ar] e

\/3(1+,05(1+5))\/T<

o\ﬂ
WE

=
Il

1

oo 1/2 0o 1/2
(S O It Olloun)”) =2 (S (821 01)") 2004100

k=1 k=1

x [(z( pal) (o)) |

k=1 k=1 ]
T 1/2
2
+2(1+ p|0| (1 +14))) T(/Z( A2 (1) ) ar | . (25)

Then from (23) — (25) allowing for (11), (14) we find:

o 1/2
(Z (A e <t>||cm)2> <

k=1

< Vo (1+16) M1 ([l @l 0y + 1" @) o)) +

+VET (1+ p|8] (1 +16])) My || f (@ Ol 1y (py) > (26)
o ) 1/2
(Z(Wuk >HC[0,T})) <
k=1
< V3o (1+18) M ([|¢" @)l 0y + 14" @)l pyony) +
VBT (1+ p [0 (1 +181) My || fo (2. 6)l| 1y - (27)
o ) 1/2
<Z O et Ollepory) ) <2001 1fe @ Olaton | g
k=1 5

+2p (1 +10]) M (H‘Pm 33)HL2(0,1) + v (x)HLQ(O,l)) +

+2(1+ 18] (1+100) VIMy e (2.9 - (28)

1/2

00 12 / 1/2
|ut (x,t)| < (Z )\k3> (Z < 3/2 H o, )HC[QT])Q) 7 (30)

k=1 k=

Obviously

WE
WE

1/2
u(z,t)| < ( (Ai/z [[uk (t)‘C[O,T})2> ; (29)

?
—_
?‘
—_

—_
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00 1/2 /oo ) 1/2
e (2,)] < (Z A;l) (Z (%2 k- ooz ) NG

0o 1/2 0o 1/2
]utt(a:,t)|§<z A;ﬁ%) (Z (A2/2”ug(t)ucm)2> | (32)

k=1

12 /o L\ 172
) (Z (Azﬂuuz<t>||cm,ﬂ)) -
k=1 k=1

From (29) — (33) allowing for (26) — (28) it follows that the functions u (x,t),
g (2, 1), Ugg (2, 1), g (,1) , Uptar (x,t) are continuous in Dy . We can see by direct
verification that the functions u (z,t) satisfy the equation and conditions (2), (3)
in the ordinary sense. The theorem is proved.
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