Transactions of NAS of Azerbaijan 101
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ON EIGENVALUES AND EIGENFUNCTIONS OF
DIRAC OPERATOR WITH DISCONTINUITY
CONDITIONS INTERIOR TO INTERVAL

Abstract

In the paper we study properties of eigenvalues and eigenfunctions for the
Dirac operator with discontinuity conditions interior to interval.

Denote by L a boundary-value problem, generated by the canonic system of
Dirac differential equations

By +Qx)y = Ay, y= <y1> (1)
Y2
with boundary conditions
y1(0) =y(m) =0 (2)
and with discontinuity conditions at the interior point x = a of the interval (0, 7)
yla+0) = My(a - 0) (3)

here

o= (g = (7 50)

p(z), q(x) are real valued functions from the space La(0,7), M is matrix of second
order, det M # 0, M # I (I is a unit matrix). We can show that, if the matrix M
satisfies the condition
M*BM = B (4)
then the boundary-value problem L is selfadjoint.
In the sequel we will suppose that, the matrix M has the form

o 0
M= <ﬂ a-1>’

where @ > 0, § € R and condition (4) holds. In the given paper we find asymptotics
of eigenvalues and normalizing numbers.

In the case of classical Dirac operator the similar problem was sufficiently stud-
ied (see e.g. [1-3]).

Asymptotics of eigenvalues and normalizing numbers of the operator L

At first, we consider the case Q(z) = 0 and in this case we denote problem L
by Lg. It is easy to show, that the solution of the equation Bs; = Asp with initial

condition so(0,A) = <

< sin \x )
) O<z<a
. — CcoS Az

so(x,A) = : ,
( M‘( sin \z >+M+< sin A\(2a — )

—cos Az —cosA(2a — x)

01> and conditions (3) has the form

(6)

),a<x<7r
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we- (7 5
7 F ot
Then the characteristic function of the problem Ly will have the form:

where

No(A) = so1(m, \) = aT sin A + g cos A+

+a” sin\(2a — ) — g cos A\(2a — ). (7)
The roots of this function A2 are the eigenvalues of the problem Lg and let
<A <X <N =0 < N <N <
Lemma 1. Figenvalues {)\2} of the problem Lo are isolated, i.e.
ni;lyf;l‘)\g — A =7>0.

Proof. We suppose the contrary i.e. let v = 0. Then we could select also the

sequence of the zeros X?%, Ap, of the function Ag(A), that klim sz - | =0,
—00

An, # AD An — 00, A, — 00 as k — oo. It follows from the form of solution
so(x, \) that

s a

[ oo @n%) o (X))o = [ (50 (2.8,) 50 (08,)) do =

0 0
a
_ 50210 240 _
—/{sm Ap, T + cos )\nkx} dr = a.
0

Here and in the sequel by (.,.) we denote scalar product in the eucledean space
R% |||l = /(,,.). On the other hand, by virtue of selfadjointness of the operator Ly
the eigenfunctions sy (z, )\gk) and so(z, A}, ) are orthogonal in the space Ly (0, 7; R?).

Therefore

0= ] <50 (2, A%k) . S0 (x,xzk>>dx = /7r<so (:U,)\gk) , o (z, )\gk)> dz+
0 0
4—/7r <so (:n,)\gk) , S0 (ZL‘,/);O%> — 50 (=, /\9%)> dzx > (8)

0

™

>a+ / <80 (w,)\gk) , S0 (x,ng) — 80 (:U, /\9”6)> dx.
0
From the form of solution sop(z, A) it follows that

™

/<so (x,)\gk) , S0 <x,XSLk) — 5 (x,)\gk)> dx| <

0
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S0 (l‘,/):%k> — 50 (:E, )\9%)

Thus, passing to limit as k — oo in the inequality (8) we have 0 > a. Therefore,
the maid assumption is not true, v > 0 and the roots of the function Ay(\) are
isolated.

The lemma is proved.

Denote by A(A) and {\,} characteristic function and sequence eigenvalues of
s1(x, N)
so(x, \)

and conditions (3). As is known ([4]),

< C max
0<z<m

’—>0, k — oo

the problem L, respectively. Let s(z,\) = < > be a solution of equation (1)

0
-1
the fundamental solution Y (z, A) of Dirac matrix equation exists (for all A € C) and
can be represented in the form

satisfying initial condition s(0,\) =

Y (z,)\) = Yo(z,\) + /K(m,t)e_)‘Btdt, (9)

where
e Bz 0<z<a,

Yo(z,\) = { M~—e=ABa 4 \[+e—AB(a—2) g < p oo
Elements K;;(x,-) of the matrix function K (x,-) belong to the space La(—x,x).
0
Since s(z,A) = Y(=, /\)< 1), then for the solution s(z, ) we have the following

formula
f in At
sin
= K .
s(z, \) = so(x, \) +/ (z,1t) (_ cos)\t>dt
Consequently, for the characteristic function A(X) = s1(m,A) we obtain the

following representation
A = Ao(N) + / Kix (m, £) sin Mt — / Kia(m, £) cos Atdt. (10)

Lemma 2. The eigenvalues of the problem L are simple, i.e.

Al) = A0

N
Proof. Since /
Bs (z,A) + Q(z)s(z, A) = As(z, N),
Bs (2, Mn) + Qx)s(z, An) = Ans(@, An),
then

% (Bs(z,\), s(x,An)) = (A= ) (s(x, A), s(x,\n))

and consequently allowing for (2), (3), (4) we have

™

A=) / (s(z,N), s(x,\n)) dz = (Bs(a —0,)),s(a—0,\,)) +
0
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+ (Bs(m, \), s(m, Ap)) — (Bs(a+0,)),s(a+0,\,)) =
= —s1(m, A)sa(m, An) = —A(N)sa2(m, Ap).
As A — A, this gives
/(s(m,/\n),s(m, M) da = —A(n)sa(m, An)
0

or

an = —A(An)s2(7, An). (11)

Hence, it follows that, A(\,) # 0.

We to find asymptotics of eigenvalues of the problem L, i.e. asymptotics of the
roots of the function A(X). Denote by I';, counter of a rectangle formed by the
segments of the lines

Rez:)\g+%, Rez:)\gn—%, Imz = A2 Imz=—\Y,

where n is sufficiently large natural number, v is the number from Lemma 1 and
Gs = {)\: ‘)\ — )\2‘ >0, n=0,+£1,£2, }, where ¢ is a sufficiently small positive
number. From representation A(\) and Lemma 1 it follows that, Ag(A) is a function
of type “sinus”. Therefore, for each A € Gy is hold the inequality (see [5], pp.118-119)

Bo(N)] > Caelm i, ]Aou%)' > > 0

is fulfilled.
On the other hand, by virtue of Lemma 1 [6] and from formula (10) we have

lim e~ MM (A (X) = Ag (V) =

[A]—o00

[Al—o0

= lim e_|1m’\|7r/f(11(7r,t) Sin)\tdt+6_|Im)\|ﬂ—/f}12(ﬂ',t> cos \tdt | = 0.
0 0

Consequently, for sufficiently large n for A € I';, the inequality
C
A M) = Ba )] < el

is fulfilled.
Hence, for A € I'y,, where n is a sufficiently large natural number, we have

B0 (V)] > Cael™A 5 A (3) = 289 ()]

Now by using Rouche theorem we have that, interior to I, for sufficiently large
n the functions A (X)) and A () have the same number of zeros, i.e. 2n + 1 ze-
ros. We denote the zeros of function A (\) interior I'y, by A_p, ...y A1, Aoy Ady ey Ap.
Analogously, using the Rouche theorem, we can prove, that for sufficiently large
n in every circle |/\2 — )\‘ < §, where ¢ is an any sufficiently small number, there is
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only one zero of the function A (\). Therefore, we can write A\, = A0 + &,,, where

lim e, = 0. Consequently,
n—oo

A (An) = Do ()\2 +en) + /K11(7r, t) sin ()\2 + &) tdt—

- / Kia(m,t) cos (()\g +&p)) tdt = 0. (12)

From the results of the papers [7], [8] it follows that A2 = n-+h,,, where sup |h,| <
n
00. Therefore (see [6], pp.67)

{kn} e = /Kll(ﬁ,t) sin (A0 + &, ) tadt — /Klg(w,t) cos (A +e,)) tdt 3 € lo.

Further, it is obvious that

Do (Ao +,) = Dg(A2) [1+0(1)] &y,

Consequently, equality (12) can be written in the form

enlo(N0) L+ 0(1)] + ki = 0,

and hence we obtain that, {e,} € la. Thus, it holds
Lemma 3. Let p(-),q(:) € La(0,m). Then for the eigenvalues {\,} and nor-
malizing {ay} numbers of the problem L the asymptotic equalities

Ap = /\2 + en, (13)
an =ad + ku (14)
n

are valid, where {e,} € la, {E } € .
0,

Suppose that, p(-) € Wy [0,7], ¢(-) € W4 [0,7]. Then we can revise asymptotic
formula for eigenvalues.

Lemma 4. Let p(-) € W [0,7], q(-) € Wi [0,7]. Then for eigenvalues A, of
the problem L it holds the following asymptotic formula

hicos N7 + hy sin Ao 4 hz cos A (2a — 7) 4 hysin A2 (2a — 77)+

Ap =M\ +
n N )\g
+€—",
n

where {€,} € la,
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a

o =3 (0= 5) [0+ )} s

0

0t [P )+ ()} s

e == (54000 = ap(0)) + Fatm) + Jap(m) + a5

a

<[P +@ s+ [ {6+ ) ds,

0

hy = %a—q(w) - gp(w) - gp(a) + %O‘_ / {P* (s) + 4 (5)} ds,

b= (a70(m) = Gam) — ot + - [ 129+ a2 @)} s

Proof. Provided p(-) € W4 [0,7], q(-) € W4 [0,7] from integral equation [4]
for the kernel of the representation (9) it follows that, the elements of the matrix-

d
function — K (x,.) belong to La(—x,x). Therefore, integrating by part, from (10)

ot

we have
A in A A(2a —
A = o) + hlcos T h2sm i +h3(:os (2a — )
A A A
smA(2a—7) 1 [ 9Kui(n.t) 1 [ 0Kua(n,t)
+h4f + +X / T COS )\tdt =+ X / T Sin )\tdt,

where

hi = K (m, —m) — Kq1(m,m), ho = —Kya(m, —7) — Kio(m, ),
hs = K11(m,2a — 7+ 0) — K11(7,2a — 7 — 0),
hy = Ki2(7,2a — 7+ 0) — Ky2(7,2a — 7 — 0).

Since A ()\2 + en) = 0, the acting as in the proof of Lemma 2 and using the
formula

D

2
Ku(n,m) = qaa(e) = o(m) +aal@) - Gota) + 5 (a7 = ) x

a

></{p2 (s) +¢° (8)}d8+;a+/{p2 (s) +q* (s)} ds;

0
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Kio(m,m) = —Sq(m) = Latp(r) — %oﬁﬁ / (0% (s) + ¢ (s)} ds—
0

4 2
S A AORTROITE
K —m) = 5 (a%a0) + 50(0)) . Kualr =) = 5 (5a0) + a%5(0)).

Ki1(z,2a —z+0) — Ky1(x,2a —x — 0) =

— 5aale) = @) = So(@) + 5o [ {2 ()4 (9)}ds

Kia(z,2a — x +0) — Kjo(x,2a —x — 0) =

— 5o p@) + ) - ap@) + § [P 6+ ()} s

We obtain asymptotic formula (14) for \,.
Lemma 5. Let p(-) € Wi [0,7], q(-) € W} [0,x]. Then the normalizing numbers

have the form

d k ~
_ 0 n n
an—an+7\2 Jrfn , {k:n} €ly (16)

here o are the normalizing numbers of the problem L for Q(z) = 0 and they are of
the form

o =~ <7roz+ cos \or — ? sin \o7 + (2a — w)a” cos A2 (2a — 7))+

220 ) sin X) (20— 7r>) x

X <§ sin Ao + g sin A2 (2a — 1) — o™ cos Ao + a” cos AV (2a — 7T)> .
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