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THE LAPLACE TRANSFORMATION OF THE
DISTRIBUTION OF THE UPPER BOUNDARY
FUNCTIONAL

Abstract

On the given two dimensional sequence of independent identically distributed
random variables the semi-markov random walk with delaying screens in the ”b”
and ”a” (b > 0) are constructed . Then the Laplace transformation of the first
moment reaching the delaying screen in the ”a” and its expectation and variance
is obtained.

1.Problem statement. Let on a probability space (2, F, P (:)) be given a
sequence of independent equally distributed random variables {&; (w),n; (w)},

i =1,00. where &, (w) > 0, En; (w) > 0 and the numbers a,b, and z, be given
sothat b >0, a>b and 0 < z<a—b.

By these random variables we construct the process

k+1

k 0
Xi(tw)=b+z+Y n(w), if Zgz <t<Z§Z , k=000, > =0
1

i=1

and call it a step-wise process of semi-markov walk.

X(t,0, )

b+z 4]‘11 : L

b

0 E, T8 t

The process constructed in such a way is called a semi-markov walk process with
delaying screens ”b” and ”a”

k+1 0
X (t,w) = ,leg’Z <t<Z£Z , k>0, <Z_o>

1
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C (w) = min{a, max{b, (x_y (W) +n; (W)}}, k=1,
Cow)=b+z.

One of realizations of the semi-markov process X (f,w) looks like
Assume
71 (w) = inf{t : X (t,w) = a}

and 7¢ (w) = oo, if for all t >0 X (t,w) < a.

We call the random variable 7¢ (w) the first moment reaching the screen

The goal of the paper is to find the Laplace transformation of distribution of the
random variable 7¢ (w) and its number characteristics .

A number of papers [1,4] were devodet to probability distributions and num-
ber characteristics stady of boundary functionals of the semi-markov walk. Explicit
relation for distributions of the first moment reaching of the zero level by a ran-
dom walk generated by symmetric continuonsly distributed variables was obtained
in [1,p.362] . When the walk occurs by any distribution, analytic form of distribution
of the first moment reaching of the zero level that is not convenient for application,
was obtained in [4] .

9 ’7

2. Formulation and proof of the main results. Introduce the following
denotation:

LO/b+2) =B (/X () =b+2) =

= [ eapr @) <t/X 0.0) = b+ 2)
z2=0
L(O)=F e 01 (W) — /L9b+2’ P{X (0,w) € dz}, 6>0,

z=0

o (0) = Be—¥() — / eAPLE, (W) < ), 0> 0.
=0
Theorem. For the process X (t,w) it holds

L(0/b+2) = ¢(0) P{n(w) >a—b—2z}+¢(0) L(6/b) P{m(w) < —z}+
+o0) [ LOM P <y-b-2)
y=b

Proof. First we notice that by the theorem from [5] the first moment reaching
of 7¢ (w) is the eigen random value i.e. P (7§ (w) < 00) = 1.

By total probability relation, we have

P{r{ (w) > t/X (0,w) = b+ 2} = P{& (w) > t}+
t a

+ [ [Pt > - s/x 00) = yhx

s=0y=b
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xP{& (w) €ds;b+ 2+ n(w) < a;max [b,b+ z + 1y (w)] € dy}.

By means of this equality it is easy to get the following integral equation with respect
to the conditional Laplace transformation L (/b + z) :

L(0/b+z) = (0) P{n(w) >a—b—2}+¢(0) L(0/b) P{n(w) < —z}+

+o0) [ LO/)a,Pnw <y-b-2) 1)
y=>b
We can solve equation (1) for arbitrarily distributed random variable 7, (w) by
the sequential approximations method, but such a solution is not suitable for appli-
cations. We'll show that equation (1) admits exact solution.

Corollaryl. Let n;(w) have Laplace distribution with parameters A and pu.
Then the Laplace conditional transformation will be of the form:

11p (0) [\ — kg (0)] k2 () er O)(0+2)

LO/b+z2) = _
(0/b+2) A — ko (9)]2 ko (6) ekr1(0)a — [\ — K, (9)]2 ky (6) e~ [k2(0)—k1(0)]b+k2(0)a

11 () [\ — ky (6)] ky (8) ek2(0)(0+2)
[)\ — ko (0)]2 ko (0) e[k2(9)—k1(9)}b+k1(9)a _ [)\ Iy (0)]2 ket (0) ekz(ﬂ)a .
Proof. Let n; have the Laplace distribution

e x < 0,u>0,

—{ Atup
Plm <) 1- e M 2 >0,A>0,
A+
A
)\f et x < 0,u>0,
Py (z) = K

= W
A+
Then equation (1) will be of the form:

e x> 0,\A>0.

LO/b+2) =12 (9) ~xa=b-z) AP O) sy (6/b) +

A+ A+
) (0) a ) (9) b+z
144 A(b+2) / 19 -y o —p(b+2) /L ny 92
e, 1) vy + 220, 0y (2
y=b+z y=b

From this integral equation we get a differential equation with constant coeffi-
cients:

LZ(H/b—Fz) —()\—H)L;(H/b—kz) — Al =@ @)Ly (0/b+2)=0
that has the solution

La(ﬂ/b{—z)::Cl(g)ekﬂ9xb+z)%_CQ(H)GkAGXb+z% 3)
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k; (0),i = 1,2 are the roots of the characteristic equation

K2 (0) = (A=) k(0) = Al — ¢ (0)] = 0.

Now, we are to find ¢; (#), i = 1,2. To this end, from integral equation (2) we
find the following initial conditions:

pe®) X0 )

Lioja) =55+ 525 (0/8) +
+—X‘“jf)e—w / (6/y) @y,

=b
(0/ )= )\itﬁj_(i: n )\;\Mj_(i) e—ra=b), (6/b) —

AP (0) /
- e [L(0/y) etV dy.
i C (0/y) edy

y=b J

On the other hand, from the solution of differential equation (3) we find
Lo (0/a) = c1 (0) @2 1 ¢y (6) k2O)a,
L' (8a) = c1 (6) ky (8) €O 1 ey (8) ky (0) ek2(@)e,

Hence we find the following system of algebraic inhomogeneous equations for

CZ'(H), i:1,2.

ek @a _ X — Ky (0)] ky () e=H(a=)+h1(O)bY e (9) +
0)] ek2(0)a _ — AN —ky ()] k2 () e~ p(a— b)+kzz(0)b} (

Jek1®a 4 (X — ky (0)] ky () e #a=D)FR(O)0Ye) (g) +
0)] eF2O 1 [\ — ky (0)] ko (0) e=#(a=0)FR2OY ey (6) = g (6) .

From this system, by Kramer’s relation ,we find

0 (6) [ — ks (6)] K (6)
N — k2 (O)7 k3 (9) 8100 — [A— ky (0)]” Ky (9) e P20 B OFsa@)a”

i) — o))~ k1 ()] ks () |
(X — kg (0)]% kg (0) elk2O)=k1(O)b+k1(0)a — [\ — ky (0)]? Ky (0) ek2(0)a
We substitute the found ¢; (8), ¢z (0) in (3) and get

C1 (9) =

0 (0) [\ — ks (0)] ko () eF1(O)(+2) )
[)\ — :ICQ (9)]2 ]{32 (9) ekl(G)a _ [)\ . kl (0)]2 kl (9) 6_[k2(0)_k1(6)]b+k‘2(6)a

LO/b+2) =

B 0 () [\ — k1 (0)] ky (6) k2@ (+2)
A — ko (9)]2 kg (0) elk2(0)=ki(@b+k1(0)a — [\ — (9)]2 k1 (6) eka(0)a’
Corollary 2. Let 7, (w) have the Laplace distribution with parameters A and
W, moreover A < u. Then

3 2
ET‘f(w):{ (A L (a—b)—ﬁ

e*#(a*b)_k
pA—p?  A—p
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3
2 et _ N, (Au)(ab)} EE, (@),
—u pA—p)?

Al A2 (o
D7¢ a—b)— —e ula b)+
i { LD R

A }
Ma=b) 2 —(A=pa=b) | p
e e w) +
)\ ()\ )2 51( )

3 AP 4302 — 22 — 53 N A (A 4 p?)
eI (A —pw)?

2 6 4
n 2 Se,(AJru)(a,b) A 462()\7/1)(afb) _ >‘7262H(a*b)_
(A — p) 2 (A= p) P2 (A= p)

e [/‘ (W +u?) -2 (M +2p%) 202

(a—0b)+

A —n)? A —n’ A —n)
. lzv (VP +p®) = Nu(BA+4p) 223
2 (A = p)’ (A=)
203 (A 4 p)? — (N2 + p2) 4Nt
[ n(A—p)’t A’
Proof. Obviously

5 (a — b)] e Ma=b)

5 (a — b)] emHa=b) g

(a— b)] 6‘“‘“)(“_1’)} [B€, ()

—/ o (0/0 4 2) dP{n (w) > 2} = — Z%c (9) b~k @ay

2

’ ; py 2 e @ ®

Now, let’s find E7¢ (w), D7§ (w).
By the Laplace transformation property we have

E7 (w) = —L'(0) and D7§ (w) = L" (0) — [L' (0)]”
Then from (4) we get

A3 A 22
ET‘f(w):{ P —
pA=p)*  A-n
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3
B Mab) _ A ()\u)(ab)}
—|— — e FE¢ (w),

—H pA—p)? 1

Al A2 —ila—
Dré a—b)— — 2 _emula=b)
il { L S7AC L o W

A3 }
Mab) _ A ~O-me) | pe ) ¢
e e w

X3 2>\u2 —5u° A (V47

(A —p)? (A —p)?

2 6 4
n 2\ 367(/\%)(“*”) + A 462(/\711)(%17) _ >‘72€2M(a*b)_
(A —p) w2 (A —p) 1* (A — p)
2 N p?) =23 (A2 4 2u2 22112

— I e [u (W +p ()A 2 W 2e%) 5 _“M)Q (a—b)| e a0y

[2)\2 (N + %) — N (5A + 4p) B 223
p2 (A= p)’ (A= p)*

N A= (M +p?) AN
n - (A= p)?

(a—0b)+

(a — b)] e~ra=b)y

(a— b)] G(A“)(“b)} (B (W)]*
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