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Matlab Yu. SALIMOV

ON SOLVABILITY OF SECOND ORDER
OPERATOR-DIFFERENTIAL EQUATIONS WITH
PERIODIC BOUNDARY CONDITIONS

Abstract

In the present paper we obtain sufficient conditions providing solvability of a
periodic boundary value problem for a class of second order operator-differential
equations. These conditions are expressed only by the properties of coefficients
of the given operator-differential equation. Notice that when obtaining main
results the estimations of the norms of intermediate derivatives operators are
also given.

In a separable Hilbert space H we consider the following periodic boundary value
problem

2 Ju
P(d/dt)u = — (C‘; - w1A> ((Z - w2A> u+ ZAQ_]-% =f(t), te(0,1) (1)
j=0

w(0) =u (1), v (0)=1u'(1). (2)
The following conditions are assumed to be fulfilled for operator coefficients:
1) A is a positive-definite self-adjoint operator;
2) wq, we are real numbers, w; < 0, wg > 0;
3) the operators Bj = A;A™7 (j = 0,1,2) are bounded in H.
The right-hand side of equation (1), i.e. f () belongs to the space L2 ((0,1); H),
where the Hilbert space Lo ((0,1); H) is defined as follows:

1
Ly ((0,1):H) = f: / LF O dt = 171 oy ¢
0

and u (t) € W ((0,1); H), where the Hilbert space
W3 ((0,1);H) = {u:u" € Ly ((0,1);H), A’ue Ly((0,1);H)}

with the norm

5 1/2
lullwz 0,00y = (H“"Hiz((o,n;m + HAQUHLQ((O,I);H)) '

Definition 1. If the vector-function u (t) € W3 ((0,1) ; H) satisfies equation (1)
almost everywhere on (0, 1) it will be said to be a regular solution of equation (1).
Definition 2. Let a regular solution of equation (1) satisfy the boundary values
in the sense
lim u(t) = lim u(t), limd (¢t)= lim ' (¢),

t——+40 t—1-0 t—+0 t—1-0
o<1 0<t<1 o<t<1 o<1
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where, in the first equality the limits are understood in the sense of the norm of
the space Hy/y, in the second one — in the sense of the norm of the space Hj s,
respectively.

And it holds the inequality

HUHW22((0,1);H) < const HfHLg((O,l);H)'

Then problem (1), (2) is said to be regular solvable.

Notice that problem (1), (2) for w; = —1, wy =1 and A4; (j = 0,1,2) are scalar
coefficients, was considered in particular in the paper [1], for w1 = —1, wy = 1,
A;=0,7=0,1,2 in the book [2].

Denote

W3 ((0,1); H; 1) = {uzu € WH((0,1); H), u(0) =u (1), (0) = (1)}

and in this space consider the operators

d d
Pou = — (—W1A> <dt_w2A> u,  we W3 ((0,1); H;1I)

2
Pru=Y Ay ju(j), weWs((0,1);H;I).
j=0

It holds

Lemma 1. Let conditions 1) and 2) be fulfilled. Then the operator Py :
W2 ((0,1); H; 1) — Lo ((0,1) ; H) is an isomorphism.

Proof. Show that the equation Pyu = 0 has only zero solution. General solution
of the equation Py (d/dt)u (t) = 0 from W2 ((0,1); H;II) is of the form ug (t) =
et 4 e2-DAp,  where iy, @, € Hgyy. It follows from the condition ug €
W2 ((0,1); H;II) that

w

240y = e + ¢y,
wiAp; + ngef“J?Agpz = wlAe“”Agpl + waAp,,

8014‘67

ie.
(E — e“”A) Y] — (E — e_WA) vy =0,

w1 (E — e“”A) Y1 — wa (E — e*“’QA) py = 0.

Hence, it follows that (E — e“’lA) v, =0, (E — e“*’QA) vy = 0. Consequently,
from the invertibility of the operators E — ¢“'4 and E — e~“24 it follows that
01 = g = 0, ie. ug(t) = 0. Now, let’s show that the domain of definition of the
operator Py coincides with Lo ((0,1); H), i.e. for any f € Lo ((0,1); H) the equation
Pyu = f has a regular solution u € W3 ((0,1); H; ).

It is easily seen that the vector-function

“+o00 1
w® =5 [ R | [0 | de, te R=(~oc,0),
—00 0

satisfies the equation Py (d/dt)u (t) = f (t) in (0;1) almost everywhere and u; (t) €
W2 ((—o00,00); H;I). Contraction of uy (t) on (0;1) we denote by 1 (t). Then
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w (t) S VVZ2 ((Oa 1) 7H) and w (0)7 w(l) € H3/27 W (0>7 1/)/ (1) € H1/2 (See [37 p29])
Then a general solution of the equation Py (d/dt)w (t) = f (t) is of the form:

u(t) = (t) + e oy + ew(tfl)ASOz,

where @1,y € Hjzjs. Choose ¢; and @, so that u (t) € W3 ((0,1); H;II). To this
end, for ¢, vy we get the system of equations

¥ (0) + ¢ + e “24p, = (1) + e1%p; + ¢y,
P (0) + w1 Ay, + nge_"JQAch =’ (1) + w1 Ae¥tA 4 woApy,

or

(B =)= (BE—e™) gy =9 (1) = (0),
wi (B — ewlA) o —wa (B — e_w2A) 0o = A1 (v (1) =" (0)) .
Let 21 = (E — e“’lA) Y1, T2 = (E — e‘“’?A) (9, then
{ z1 — 22 =1 (1) =9 (0) € Hy)s,
W1T1 — Wy = AL (wll (1) — wl (0)) € H3/2.

Hence, we have:

1
xr1 =
w2 — w1

1
To =
W — W1

(wa (¥ (1) =0 (0) = A" (¥ (1) = ¢ (0))) € Hypa,

(—A7 (W4 (1) = ' (0)) +wi (¥ (1) — 9 (0))) € Hzjo.

Then . .
©1 = (E — e‘”lA)_ xr1 € H3/2, Yo = (E — G_MQA)_ To € H3/2.

Thus, u (t) € W2 ((0,1); H;II). From the theorem on intermediate derivatives
(see [3], p.23) it follows that
”POUHLQ((O,I);H) < const HUHW22((O,1);H) :

Then by the Banach theorem on the inverse operator Py has a bounded inverse. The
lemma is proved.\From this lemma and the theorem on intermediate derivatives it
follows that the following numbers are finite:

No = sup [ A%u][,, 1 Poull, (3)
0F£ueWZ((0,1); HsTI)

Ny = sup [Av||, [1PoullL, (4)
0FueWZ((0,1); HsTI)

Ny = sup [u|| ., 1Poullz, - (5)

0£ueW2((0,1); H;1II)

Estimate these numbers.
Lemma 2. Let conditions 1) and 2) be fulfilled. Then the estimates

1

No<eco=—-,
|wiws|
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1
Ni < 7
=" w2+|w1| ()
NQSCQIl (8)

hold.
Proof. Let u € W3 ((0,1); H;II). Then u (0) = u (1), v’ (0) =« (1). Obviously

1PoullZ, (0,1):zry = I = (d/dt —wiA) (d/dt — wad)l|p, 0,11,y =

H—u” + (w1 + wa) A + |wiws] AQ“HZ(((),I);H) B

2
[ HLQ( 0,1:H) T jwi + wa? | Au’ HLQ( m T jwiws|” HA2UHL2((O,1);H) -
—2 (w1 +w2) Re (u”, Au )Lz((o,l);H) +2 |w1w2| (w1 + wz) Re (A, AQU)LQ((O,I);H) -
—2|wiws| Re (u”, A%u) La((0.1):H) 9)
By integrating by parts we get:
1
2 2
(0. A oy = [ (W Aw) = (o O], = 0 O ,) -
0
1
/ (A, u )H dt = — (A“,7”,/)L2((0,1);H) ’
0
i.e.
2Re (u”, Au/)Lz((O,l);H) = 0. (10)
Similarly we have:
; 1
" "oA2 1/2,1 3/2 _
(v, Au) / | A2y (A W' (1), A u(t))H‘O
0
1
—/(Au’,Au) dt = |44\, o - (11)
0
We get in a similar way that
2Re (A, A%u) o1y = 0- (12)

Allowing for equalities (10)-(12) in (9), we get:
2 2 2 2
||P0u||L2((0,1);H) = HU/IHLQ((O,I);H) + |w1 + w2| HAU’HLQ((O,I);H) +

+ |wics| HAQUHLQ((OJ);H) +2|wiws| HAU/H2LQ((071);H) : (13)

From (13) it follows that

HUHHLQ((OJ);H) = HPO“HLz((O,l);H)’
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i.e.
NQ S 1= Co.
Similarly
2 42,112 2

|wiws| HA uHLg((O,l);H) < [ PowllL,0,1):0) »

i.e. 1
A? ) < P, .

H UHL2 ((0,1);H |wiws| | 0U||L2((0,1),H)

or
1
NO < = (0.
|wiws|

Now, let’s estimate the number Ny. For u € W3 ((0,1); H;II) we have:

1
HAUIH; ((0,1): / Au Au (A1/2u/ (t) ,A3/2u (t)>H‘0 _
0
1
/ " A2 — (u//7A2u)L2((071);H) =
0
_ 1 " A2 <
o fwiws] (u fwrwn| U)Lz((ovl);H) =
1
= Jwiws| I HL2 (0,1); )]w1w2] HA2UHL2 (01:H) =

1 " 2 42,112
= 2loren| (e W,y loreoel® 1423, 10 -
Here, considering equality (13) we have:

1

2 2 2
HAu HL2 (O.1H) = 3 lmronl lw1cs] (HPOUHLQ((OJ);H) - (w1 + w5 + 2 |wywa| +

1
+ 2 |wiwsl) HA“’HiQ((o,n;H)) S Tlorwn] (HPUUH%Q((O,I);H) -

— (wf +w3) HA“/Hiz((o,l);m) '
Hence we have:

1
||Au/”L2((071);H) < ol o 1 Poutl| £y (0,1); 1) »

l.e.

1
Ny < —.
lw1] + we

The lemma is proved.
Now, let’s prove the basic theorem.
Theorem. Let conditions 1)-3) be fulfilled and it hold the inequality

1 1
a=|[|Boll + ——— HBlH T IBaf < 1.
jwi] + [wiws|
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Then problem (1)-(2) is regqularly solvable.
Proof. From lemma 1 it follows that the operator Py ! exists and is bounded.
Then we’ll write problem (1)-(2) in the form:

Pou+ Piu = f,

f € La((0,1);H), u € W2((0,1); H;II) and make substitution Pyu
Ly ((0,1); H).

= vV € €
Then we get the following equation in the space Lo ((0,1); H);

19—|—P1P0_ ’U:f.

Since by lemma 2

1P Bs 0l 1 0y = 1P Laqonystny < 140w || 0,090y +
du
A A <
H n L0 + [ A2ull 1y 0,1),m) <
du
< HBOH HUHHL2 ((0,1);H + ||B1” Al dt La((0.1):H) + HBQH HAQUHLQ((OJ);H) <
2((Y,1);
1

< 1 Boll l[Poull 1, (0,1); IWT 1Bl [ Povll 1, (0,1);0r) +

1
_'_7
lwiwa|

1
+ o 1Bl ) 1Pl o) = @19

then the norm of the operator HPlPO_
Then
v=(E+PPY " f and u=P; (E+PPyY) T
Hence it follows that

1Bl | Botalpy 0100 = <HBoH n 18] +

lwi| + w2

1
}|L2((0,1);H)HL2((0,1);H) <1l

HUHWQQ((O,I);H;H) < const HfHLz((O»l);H) :

The theorem is proved.
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