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ON SCATTERING DATA FOR DISCONTINUOUS
STURM-LIOUVILLE OPERATOR

Abstract

In the paper a total collection of eigenfunctions and scattering data is con-
structed, behavior of scattering function at infinity is studied for discontinuous
Sturm-Liouville operator.

Consider a boundary value problem generated on a semi-axis 0 < z < oo by the

differential equation
—y" +q(x)y = Ny, (1)

boundary condition
y(0) =0, (2)

and discontinuity conditions at the point a € (0, c0)

y(a—0)=ay(a+0),
(3)
y' (a—=0)=a 'y (a+0),

where o« > 0, o # 1. Assume that the function ¢ (z) is real and satisfies the condition

+o0

/ zlq(z)]dx < +o0. (4)

0

Let’s introduce the following notation
o(@) = [la@ldt, o1(@)= [o@)ar

In this paper we define scattering data of the problem (1)-(3) and study be-
havior of the scattering function at infinity. Such a problem without discontinuity
conditions (3), i.e. when o = 1, was considered in the paper [1] (see also [2]).

At first we prove the following useful lemma.

Lemma 1. For all values of X equation (1) has the solution S (x,\) satisfying
conditions (3) and

Sz, N)=z[1+0(1)], S (x,A\)=1+0(1), = —0. (5)
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This solution is an entire function of A and for Im X\ > 0 satisfies the inequality

(S (2.3) = 8o (2. 0) €] < {01 (0) — o (1N 1)} G o

c=at+|a7|,

where the function Sp (z,\) is defined by the formula

sin Az
P 0<zx<a,
SO (I’, )‘) =
i i -2 1
a+smx\x+a_—sm/\(x a),a<x<oo, of == (ata™).
A A 2
Proof. It is easy to show that problem (1), (3), (5) is equivalent to the integral
equation
SN =S\ + [ ot Na(0)S (N dt (7)
0
where
sin A (z — t)
N a<t<z, ort<z<a,
So (tv Z, )‘) -

sin A (z — t) N _sin A (z+t—2a)

+
@ A @ ) :

t<a<ux.
For Im A > 0 we’ll look for the solution of integral equation (7) in the form S (x, \) =
re” % (2, \). Then, for the function z (x, \) we get the equation

T

So (x, \) A n / So (t,x, \) e @=t)

T

z(x,\) =

. tq (t) z (t, \) dt.
0

To solve this equation we apply the method of successive approximations. Then
o

Z(w,)\):z,zk(:c,)\), (8)
k=0

where N
)\ IAT
o) = BN

x ¢ Y iA(z—t)
zk(x,)\):/ So (b ) e ) 2y (1A dt.
0

x

Since for ImA > 0,0 <t <=z

So (t,x, \) &A@t
x

So (w, \) e

Soﬁ—i—‘a“,
x

Soﬁ—i—‘a“,
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then
|20 (2, V)] <o + o] =g,

T T k

e < e [ tla @l (@] de= 5 e [ tlaolar|
0 0
and the series (8) uniformly converges in the domain = € [0,b], Im\ > 0 for any
b > 0 and its sum is an analytic function of A for Im A > 0, continuous in the
half-plane Im A > 0 and satisfies the inequality

|z (z,\)| < cecgth(t)ldt.

Therefore, the function S (z,A) = zz (z,\) e~ satisfies equations (7) and (1), is
an analytic function of A for Im A > 0, continuous in the closed half-plane Im A > 0
and satisfies the inequality

e [ tlq(t)ldt

‘S (z,\) €| < cze 0 . 9)

It is proved in a similar way that equation (7) has a solution for ImA < 0 and
its solution S (z, A) is analytic with respect to A for Im A < 0 and continuous for
Im A < 0. Thus, S (x,)\) is a solution of equation (1), and with respect to \ it is an
entire function. It is easy to see that the solution S (z, \) satisfies conditions (5).

Using equation (7), estimation (9), inequality [ASp (£, 2, A) e*@=D| < at + a7,
for Im A > 0 we have

T

A(S (2, A) — So (z, \)) € g/‘xso (t,x,A)eW%t)‘\q(t)\IS(t,A) em(dtg

0
x ¢ e
< c/ 4 (1) Ctec({f\tz(&)\dﬁdt . eC{E\Q(&)\dS 1 (10)
0
Hence, in particular, it follows that
A8 (1) €] < eed 1N (11)

Now, we establish the validity of estimation (6) for Im A > 0. Consider the cases
A7t < 2 and |A|7! > 2 separately.
Let Im A > 0 and |A|"" < z. Then, by (7), (9) and (11)

A7t

A(S (z,)) = S (z,)) ] < / ‘)\So (t, 2, \) N () NS (¢, \)| di+
0
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+ / ’ASO(t,x,)\)ei’\(‘”’t)q(t)emS(t,)\) dt <

AT
A t z ¢
< / clq (t)] ctecOIS|q(S)|det + ﬁ lg (t)] cecgsm(S)ldet <
0 A
AT

e [ tlg(t)ldt B

X
1
< /www+w/meeo -
0

A7t
M Jtla®)la
9 _ |>\‘—1 i -1\ c | tiq(t t<
=c to(t)|y' + 0/ o (t)dt+ B {U (]/\] ) a(m)} eo <

ég{m«n—m(urﬁ};?““%

i.e. inequality (6) is proved for |A|7' < z.

For |\|™' > 2 we have [t|q(t)|dt < o1 (0) — 01 <\)\]71>. On the other hand, it
0
follows from inequality (10) that

. ¢ [ tla(t)lat
A(S (,0) = 8o (i, 1)) e ey

<cle

i ¢ [ tla(t)ldt ¢ [ tha(t)at
<02/t|q(t)|dt-eo ! < {o1(0) = (A7) e e
0

The lemma is proved.
In the paper [3] it is proved that provided (3) equation (1) has a Iost type solution
e (z,A), regular in A in the upper half-plane Im A > 0, continuous for Im A > 0 and

can be represented in the form

+oo
e(x,\) =eg(z,\)+ / K (z,t) e™Mdt, (12)
where
e, T >a
eo (z,\) =

ateirz 4 afei)\(Qafz)’ 0<z<a,

and the function K (z,-) € L (0, 00).
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Since the functions e (z,\) and e (z,—\) for real A # 0 form a fundamental

system of solutions of equation (1) with discontinuity conditions (3), then

S (2, 2) = — {—e (2, ~A) e (0,A) + ¢ (2, \) e (0, ~\)} .

20\
Since ¢ (z) is real, e (0, —\) = e (0, ). Therefore for all real A # 0 e (0, A) # 0,
—2iAS (z,\)
) e(x,—A)—SAN)e(x,N), (13)
where e (0,—N)
S(A) = W =S(=A)=S""(=N). (14)

From representation (12) it follows that e(0,\) — a® as |A\| — oo, ImA > 0.
Therefore the zeros of the function e (0,\) form bounded and at most countable
set whose unique limit point may be only a zero, since for real A # 0, e (0, \) # 0.
Further, as in the case of absence of discontinuity condition (3) we can prove that
all the zeros of e (0, A) in the upper half-plane (if they exist) lie on an imaginary
axis, they are simple and they are of finite number (see [2]). We denote these zeros
by i1, iAg,..,iAy, (0 < A1 < ... < Ap). We introduce the following notation

+oo
my > :/0 le (z,i\g) [P dz, k=1,2,..,n. (15)
Obviously, the functions
u(z,A) =e(z,=A)=SA)e(z,A), Ae(0,00), (16)

ug () = mge (z,i\g), k=1,2,...,n, (17)

are bounded solutions of problem (1)-(3). We can prove that they form a total
collection of normed eigenfunctions of this problem. From formulas (16), (17) it
follows that as * — oo normed eigenfunctions satisfy the asymptotic relations

w(z,\) =e ™ -5 (\) e +0(1), Ae (—o00,00),

up (x) = mpe M (1+0(1)), k=1,2,..,n.

A collection of quantities
{S (A) s Ak mk} )

that completely determine the behaviour of normed eigen functions at infinity is said
to be scattering data of boundary value problem (1), (2), (3) with real potential ¢ (x)
satisfying condition (4).
Behaviour of the scattering function S () is determined by the following lemma.
Lemma 2. The function Sy () — S (N) is a Fourier transformation of some
function Fj(t), i.e. o
S-S = [ e

—00
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eo (0,—A)  at +a e 2ieA

eo (0,\) a+ + a—eZiar ’

form Fs(t) = Y (t)—i—FS(Q) (t), where Y (1) € Ly (—o0,00), F? (+) € Ly (—00,00)

and  sup r? (t)’ < 00.
—oo<t<oo

Proof. Denoting K (0,t) = K (t) for brevity, we have

where Sp (N\) =

and Fs(t) can be represented in the

o0
e(0,\) =at 4+ a ¥ 4 / K (0,t) eMdt =

ot ta LR (—N), KO\ = / K () e~ Mt
0

B e (0,-N) K (=) B
So(d) =5 = €0 (0,A)  eg(0,A) + K (=)

gey
€0 (0,0) + K (—=\)
K (=)

At first, we show that the function ———
at + a—e2iaX
summable function. Really, if we denote K (t) = K (t), t >0, K, (t) =0, ¢t <0,

then the series

oo a_ n

> (=" (m) K, (t —2an)
n=0

(18)

is a Fourier transformation of some

converges in the space Lj to some function ¢ (-) € Ly (—o0, +00), since

Zg(l)” <Z;>HK+ (t — 2an) dt| <

/K )| dt.

—Z

a+

/K.,. (t — 2an)|dt =

Therefore

_ N
K (=) ,
m =oF Z <a+) (-1 / K (t — 2an) ¢dt =

2an
17 DY L
= o (t) e dt PR (=)
—oo
Consequently
. L
KN oW
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1
K (=) A

0O TN 14 Loy

Now, we can write equality (18) in the form

SoN) =S = ——F——, (19)

where the function v (\) is also a Fourier transformation of a summable function.
In the sequel, we are to argue in the same way as in the case a =1 (see [2]), i.e. we

can rewrite equality (19) in the form

-1
So(\) =S (\) =3 (=A) {1+(1—E(AN—1)) O;_Co(—)\)} 1|+
(=N =B (=) S - . (20)
1+ (1=RON ) =2 (=) 1+ —p(-))
where
L, |A<1
R =4 2—|, 1<[Al<2
L 0, Al >2

-1
Since for sufficiently large N the function {1 + (1 —h ()\N—l)) a%@ ()\)} —1is
a Fourier transformation of a summable function, the sum of the first two addends of
the right hand-side of relation (20) is also a Fourier transformation of some summable
function F\V (z). Notice that h (AN71) = 0 for |A| > 2N, consequently the third
addend in relation (20) also equals zero for |A\| > 2N. Therefore it is a Fourier
transformation of some bounded function F.* (1) € Ly(—00,+00). Lemma 2 is

proved.
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