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EXTREMUM PROBLEMS FOR DELAY DISCRETE
INCLUSIONS WITH VARIABLE STRUCTURE

Abstract

In this work necessary extremum conditions are obtained for one discrete
systems class. We consider extremum problems for delay discrete inclusions
with variable structure. The formulation of this problem is new.

1. Introduction. The survey of problems, considered in this work may be
found in [4, p.132]. This work is generalization of some results, obtaining in [5,
p.89-94; 6, p.106-112]. The considered problem is reduced to the problem of the
mathematical programming using the method given in [1, p. 3-55]. Further, we
obtain necessary extremum conditions in the problem for delay discrete inclusions
with variable structure using the nonsmooth analysis theory [3, p. 98-100].

2. The formulation of the problem. Let X,Y be Banach spaces, a; :
X2 52X t=0,1,.,k—1,b : Y2 = 2Y t =k k+1,..,m — 1 the multival-
ued mappings, where 2V denotes the set of all subsets of V. We denote grF =
{(z,v) € ZxV:veF(z)}
Let us consider the delay discrete inclusions with variable structure

Tiy1 € (I‘t,A,ﬂft), t:O,].,,kJ—].
xp=c(t) at t=—-A-A+1,..,-1,0

Ytr1 € by (Ye—n,yt), t=kk+1,...,m—1 (2.1)
yy=G(xy) at t=k—hk—h+1,..k
Ym € C,

where ¢(t) € X at t = —A,—-A+1,..,-1,0, C C Y,G : X — Y - mapping,
k,m, A, h- fixed natural numbers. As a trajectory (solution) ({x:}, {y,}) of the
discrete inclusion (2.1) we understand the process

z,t=1,., k=1 ky,v=k+1,....m

for which (2.1) is satisfied.
Suppose, that
A<k—1, h<min{k—-1,m—k—1},

g:X—R, t=1Fk, fi:Y >R, t=k+1,m.
We denote & = (21, ..., k), Y= (Ykt1s--s Ym)
Consider the minimization of the function:

k

F(z,y)=> g(z)+ Y, fi(u) (2.2)

t=1 t=k+1

on the trajectories of (2.1) discrete inclusion. We note that as a trajectory (solution)
of (2.1) we take the pairs (z,y), for which (2.1) is satisfied. Denote by D the set of
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solutions of the problem (2.1). We denote s = m — k and define the sets in X* x Y'*
as

My ={(x1, s Tk , Ykt1s--sYm) € Xk xYS:z €ag (c(=A),c(0))},
Ml = {(xly s Tk s yk-l—l?""ym) € Xk ) T2 € a1 (C (_A + ]-) axl)}’
Ma ={(x1, s Tk 5 Yktls -y Ym) € Xk xys: xa+1 € an (c(0),za)},
MA+1 = {(l’l,...,xk y Yk+1, 7y’m) € Xk xY? T TA42 S AA+1 (331 ) xA"rl)}a
M1 ={(T1, s Tk s Yht1s 0 Ym) € XF XY 12y € a1 (Tp—1-n 5 Tp-1) 1},
Mk = {(xla s Tk oy Yk+1, aym) S Xk X Y*: Yr+1 S bk (G (l‘k—h) 7G (S[?k))},
Mk+1 = {(.3(}1, ey Tl yk+17-'-7ym> S Xk xYS:
Yk+2 € bit1 (G (Thy1-h) Ykt1)}s
Mk+h - {(xla s Lk oy Yk+1, 7ym) S Xk X Y?:
Yktht1 € burn (G (k) ,Yken)
Mk+h+1 = {(1‘17 e Lk oy Yk+1, 7ym) € Xk X Y*:
Yktht2 € brphit (Ykt1 » Yetrhi1)}
M1 = {(T1, ey Tk 5 Ybtty s Ym) € XE XY 1y € b1 (Ym—1-h » Ym—1) 1},
My, ={(x1, s Tk, Yks1s--sYm) € XExYs:y, € C}

Thus, the formulated problem will be reduced to the minimization of the function
F (z,y) on the set D = ﬁOMi .
1=

3. The solution of the problem. Let Z be a Banach space, E be a non-empty
subset of Z. Consider the function dg : Z — R, defined as dg (z) = inf{||z — 9| :
¥ € E}. Consider the generalized directional derivative z of the function ¢ in the
point zg:

0 (20;2) = Iim 2 (0 +Az) — ¢ (V)

v—z0 A
L0

If ¢ is a Lipschitz function in the neighbourhood of zg, then z — ¢ (29; 2) is
a sublinear function. The generalized gradient of the function ¢ in the point zg,
denoted as d¢ (2p) is the set of all linear continuous functionals p € Z* such that
WY (20;2) >< p,z>forall z € Z.

Suppose zg € E. The vector z € Z is called the tangent to F in zg, if d% (z0;2) =
0. The set of all tangents to E in zp is denoted as Tg (z9), i.e. Tr(z0) = {z :
d% (z0;2) = 0}. If zo € int E, then Tg (20) = Z.

Define the normal cone to F at the point zg as a double cone to T (20):

Np(z0) ={2"€Z":<2",2><0 at z2€Tg(20)}

Furthermore denote by z = (Z,y) = (El, s Th s Ypgly o

,ym) an optimal so-
lution of the problem (2.1). From the corollary of theorem 2.4.

5 [3, p.57] follow
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that

Taty (Z) = {(21, s Tk 5 Yrt1s oo Ym) € XF XY 01 € Ty (o(—a)e(0)) (T1)}
TJ\/[1 (2) = {(:El, ey T ka,...,ym) S Xk xys:
(xl’xQ) € Tgra1(c(fA+1),-) (51752)}7
TMA (5) = {(:L'l,...,xk s Yk+1, - ,ym) S Xk xY?:
(za,za41) € TgraA( ( )sr) (Ta,Tat1)}s
U VN (Z) ={(®1, Tk, Yky1ssYm) € XFxys: (1, 2A41,7A42) €
S TgraA+1 (xlyfA—I—lyfA-f—Q)}a
TMk_1 (f) = {(:L’l,...,l'k s Yk+1, ,ym) c Xk xXYS: (ka—l—A y Th—1, xk) c
S Tgrak_l (Ek—l—A 5 Ek—1’$k)}7
Tu, () = {(21, s Tk, Y1y s Ym) € XFX Y (wp_py , Tk, Ypy1) €
€ Tyrvpc(),60)) (To—h Tk s Tps1) b
Tater (Z) = {(@1, s Tl s Ykt s Ym) € XF XY™ 2 (Thp1—ns Yht 1, Yg2) €
€ Torbyrr (G(), ) (fkﬂ—h s Yk+1 a?k+2)},
Tty (Z) = (@1, Tk Y1y - Tk s Yktrh s Yktrhe1) €
€ Ty n(G()) (T > Unth > Thrhi) b
TMk+h+1 (?) = {(xla s Tl oy Yk+1, -+ 7ym) € Xk xys: (yk » Yk+h+1 ayk+h+2) €
€ Tgrbk+h+1 Yk+1 > Yk+ht1 ’yk+h+2)}7

Ned
i
m

[ <
ol

X
S

TMm_l (E) = {(.’El, vy Tk s Yk+1, 7yM) € Xk XY*: (ym—l—h y Ym—1 7ym) €
S Tgrbm—l (gm—l—h y Ym—1 7§m)}>
Tar, (Z) = {(21, oy Tk s Ybt1s s Ym) € XEXYS 2y € To (7,,)}

Therefore

s xV* . 3:*1‘ € }{Vao(c(—A),c(O)) (Tl)},
N, (2) = {(2%,23,0,...,0) € X* x Y*":
( T ) < Ngral( (—A+1),") (thQ)}a

,n 0,28, 78 41,0,...,0) € X* x Y*
’M'AH) € Noraa(e(0),) (Ta, Tat) b,
Nutayr @) ={(27,0,...,0, 2% 11,25 5,0,...,0) € X x Y,
(xf»x*AHax*AJrz) € Nyrapy, (T1,Tat1,Tas2) ),

Nugp_, (2) = {(0,., 0,25 | A,0,..,0, &, ,2},0,...,0) € X* x V*" .
(372 1-as Th_1 CU}Z) € Nyraj_» (Th—1-A, T—1, Tk)},
(2) = {(0, .1, 0,2F_,0,...,0, z}, yf,1,0,...,0) € X** x Y*" .
(2o 70 Uin) € Noron (6.6 (Tr—n Tk 1 Tgs1) }
N, (2) = {(0,...,0 sz jo s s 0y Y1y Yhi9s 0,00, 0) € X x YV
(a:;;H he Yhats yk+2) € Nyrby 1 (GO, 3 (Thg1=h > T JTkt2) b

N, (

k
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Nityyp (2) = {(0,,0,25,0, 000, 0, Yf ps Yiinars 05, 0) € X x V¥
(ks Yiins Yirner) € Norvean(@0) (Th s Tt vgk—l-z—i-l)}a
Nt inir ) =40, .,0,55 1,0, .0, Yiipits Yiinior0,-,0) € X* x Y™

(Wit ylz+lﬁl’ yltjhﬂ <
€ Ngrbk+h+1(G(~),-) Yk+1 > Yk+h+1 ’yk+h+2)}’

Naty o (2) = {(0,,0, 9% 1 30,000, 0, w1y ) € X x V*°
(y; 1- h 7y:n—1 vYm) € Norvry (Yim—1-n +Ym—1 +Ym) s
Nit, () = {(0,,0,..,0, y3) € X x Y™ 147, € No ()}
The next corollary follows from the corollary of proposition 2.4.3 [3, p.55] .

Corollary 1. If g; is Lipschitz function in the neighbourhood of ZTi, t = 1,k f;
is Lipschitz function in the neighbourhood of y, , t =k+1,m , then

0€0F (zZ)+ Np (%) .

Corollary 2. If the condition

Tty (2) N (612'7115 T, (z)) £,

is satisfied there exists at least one hypertangent to M; , i = 1,m at the point Z
and gy is Lipschitz function in the neighbourhood of T, , t = 1,k  f; is Lipschitz
function in the neighbourhood of ¥, , t =k + 1, m then

m

0€0F(Z)+ Y Ny, (%).

1=0

The proof of corollary 2 follows from corollary 1 and theorem 2.9.8 [3, p.100].

Note that if M; , i = 1,m is a closed set, X = R™ and Y = R™ , then the
condition of existence of a hypertangent to M; in Z is redundant.

According to lemma 2.3.3 [3, p.43] we have

k m
OF (z,y) C Zagt (T¢) + Z oft (Yy) -

t=1 t=k+1

So taking into consideration corollary 2, we obtain

k m m
0¢ Zazgt (@) + Z 9.1t () + ZNMZ- (z). (3.1)
t=1 0

t=k+1 =

It is clear that vector ¥ € OF (Z) has the view =% = (27, ...,
agt(ft)7 t=1k, x:()eaft(yt)7 t=k+1,m.
Thus next theorem is proved.

x}) . where zj; €

Theorem 1. If the conditions of corollary 2 are satisfied and zZ = (T,7) is
an optimal solution of problem (2.1), (2.2), then there exist xj, € 3gt (Ty),t =
1, 1,k wtO € Jfy (yt) t=k+1,m 1,m {L‘1 (O) e N, ao(c(—A),c(0)) (.,”Ul) (:pt xt—i—l( ) €
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S Ngmt(c(,A+t)7.) (ft , Ter1),t = 1, A (a:,’f (A+1) ,ac*AH (A+1) ,xZ+t+1 (A + t) S
€ Ngrany, (Tt s Tagt sTags1) ,t = Lk—1—=A (zf_, (k). 2} (k), yip, (k) €
€ Nyr (60,600 @r—r s Tr s Tig1) » (@hgpmn k1), Yy (K1), iy (K1) €
€ Nyrbyy o (G(),) (fk+t—h7 Yk+t 7?k+t+1) s t=1h, (yl:th (k+h+1), Yerhtt (k+h+t),
Yirherr K+ h+1)) € Noww o, Tare s Urrnre s nangrsr)s t =Lm—1—k—h,
Yp, (m) € Nc (Yy,) such that in the case h = A the relations are fulfilled: xy, +
wf (t—)ta; () +af (A+t)=0att =1k ;afgty; (t =1+ y; () +y; (t+A) =0
att=k+1m—h—1; x70+y; (t—=1)+y;(t) =0 at t = m—h,m; in the case
h < A the relations are fulfilled: xjo +xf (t —1) + 27 () + 27 (A+1) =0 at t=
1,k—1—A;:v;0+x;‘(t—l)+xt()—0 att=k—Ak—h—1; a7q+a;(t—1)+
+af (t)+ap (t+h)=0at t =k —hk; afg+yf (t—1)+y; (t) +a;f (t+h)=0 at
t=k+lm—1—h; afg+y(t—1) +y;(t)=0at t = m—h,m in the
case h > A the relations are fulfilled:  zjo+a; (t—1)+af (t) +2f (A+1)=0
att =1k—h-1;aig+a;(t—1)+a;(t)+a;(t+A)+z;(t+h)=0att=
k—hk—1-A;ajg+a;(t—1)+ a7 (t) +a;(t+h) =0 at t =k — A k; 27 +
yr (= D4yf () +y; (t+h)=0att=k+1,m—1-h;x;o+y; (¢t —1)+yi (t) =0
at t=m—h,m.

Let Z be a Banach space, E C Z, Z € E. We denote the set of all hypertangent
vectors to E at the point Z by Ig (Z).

Theorem 2. Let z = (Tl, oy Tk 5 Ykt ...,@m) be an optimal trajectory,
Tgray(c(=ntt),) (Tt 5 Ter) at t =1, A Tpra, (Te-n, Tty Teg1) at t=A+1,k—1,
Ly (G().60) @it s Th Tiyr) s Lgwnic),) (Feon U Trpn) ot t=k+1k+h,
Iywo, (Us—p +Ue Upy1) at t = k+h+1,m—1 and Ic(Y,,) be a non-empty, the
function g: (+), t = 1,k , satisfies to Lipschitz condition in the neighbourhood of T ,
the function f (-), t = k + 1, m satisfies to Lipschitz condition in the neighbourhood
of Y, . Then there exist x}, € Og: (T) at t = 1,k, 2}y € 0f: (¥;) at t =k + 1,m,
z7(0) € Nao(C(—A),c(O)) (1), (x;tﬁ (t), Tipy (t)) € Ngrat(C(—A+t),-) (Tt ,Try1) at t =
7A ) (x;fk (A + t) ’ x*A—f—t (A + t) ’ I*A—&-H—l (A + t)) € NgT@A-o—t (ft 7EA+tafA+t+1) at
=LE—1-A, (zp_, (), 25 (k) yjp1 (k) € Ngwpc).o0) (Thon »Th  Ygt1) »
$]%;thfh (k + t) ay]t+t (k + t) vyZ+t+1 (k + t)) € Ngrka(G(J,-) (Ek—&—t—h ; ykth ayk+t+1)
at t = Lh , (yip(k+h+t), Y5 (k+h+t), Yiipq (E+h+1)) €
€ Norvsnse Thre » Thvnse Trrhiesn) ab t=Lm—1—k—h, yy, (m) € Nc (F,,)
and the number X equals zero or —1, such that not all are equal to zero simul-
taneously and in the case h = A the relations are fulfilled: x} (t —1) + xzf (t) +
2 (A+1) € \gy (7) at t = Tk g (t— 1)+ i (6) + yf (A+1) € ADfy (7)) at t=
E+1,m—h—1,yf (t—1)+y; (t) € NOf: (y,) at t =m — h,m ; in the case h < A
the relations are fulfiled: xf (t — 1)+ xf (t)+ xf (A +t) € X\Ogt (xt), t=1,k—1-A;
zf(t—1) 4z (t) € Nog (Ty) att =k — Ak —h—1,2f (t — 1)+ (t)+z; (t+h) €
e/\agt(ft) at t = k—hk, yf(t—1)+ y; )+ yf (C+h) €X0fi(y;) at t =
E+1,m—1—h,yf(t—1)4+yf (t) € XOf:(y,) at t = m — h,m; in the case h >
A the Telatzons are fulfiled: xy (t—1) 4+ af (t) + =z (A+1t) € XNg: (Ty) at t =
Lk—h—1; z;(t—-1)+ a;(t) + 2y (t+A) + z;(t+h) € Nog (Tt) at
t=k—hk—1-A, o} (t—1)+ 2z} ( )Jr:clt (t+h) € Mg (7)) at t=k— Ak,
yr(t—1)+ yi(t)+ yi(t+h) € Nofi(G,) at t = k+1,m—1—h, y} (t—1)+
yi (t) € Nof: (y,) at t=m —h,m .
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Proof. It is straightforward to check, that

Ing, () = {(@1, o, Tk 5 Yrtds oy Um) € XF XY (24, 1431) €
€ Lyra,(c(—att),) (Tt, Ter1)} at t=1,A;
Ing, ) = {(@1, ooy Tk 5 Yhtts ooy Um) € XE XY (24, @, 2411) €
€ Igrq, (Te—n, Ty, Tey1) at t=A+1,k—1;
Ing, (2) = {(21, oy Tk 5 Y1y ooor Um) € XFE XY
(Zh—h> T Uk t1) € Lgpv(c(),60)) (Thets Thr Ury1) )
I, (E) = {(.%‘1, vy T ka,...,ym) e Xkxys:
(Te—h Yt s ye41) € Lyrnyc)) (Te—n > Tp > Tpg1) }
at t=Fk+ L k+h;
I, (5) = {(.751, vy T yk+1,...,ym) e Xkxys:
We—n Yt Y1) € Logrby i (?t—h Yt a?t+1)}7
at t=k4+h+1,m—-1;
IMm (f) = {(.%'1, s Ty Yk+1, ...,ym) e Xk xys: ym € Io (ym)}

If Th, ()N <Tr'r1L1 Iy, (z)> = @ , then according to lemma 5.11 [2, p.37] we can find
1=

the linear functionals w} € Ny, (2), i =0, 1, ..., m, not all of which are equal to zero,
such that wj + w] + ... + w;, = 0. Then we obtain that at A = 0 the statement of
theorem 2 be satisfied.

Let Ty, (Z) N (ﬁll M, (z)) # @&. Then the conditions of corollary 2 be satisfied.
1=

Then from theorem 1 follow, that at A = 1 the statement of theorem 2 be satisfied.
The theorem is proved.
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