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NONSTATIONARY WAVES PROPAGATION IN

VISCOELASTIC RECTANGULAR BARS

Abstract

The nonstationary wave propagation process in viscoelastic rectangular bars
subjected to the action of suddenly applied axial forces, is studied.

Based on the results of [4], a method for construction of a solution, taking
into account of properties of viscoelastic relation between strains and stress, is
worked out. The solution is obtained for the case of Kelvin-Foight material and
it was reduced to numerical calculations and illustrations.

In the present paper the nonstationary waves propagation in semi-infinite rec-
tangular bars, whose material possesses the viscoelastic properties, is investigated.
At that we accept that stress deviator linearly depends both on strain deviator, and
on its time derivatives. Problems on waves propagation in viscoelastic and viscoplas-
tic bars occur in the papers of I.I. Zverev [2], E.G.Li and I.Kanter [3] considered
elastoviscous bars of finite length.

To the problem of dynamics of elastic rectangular bars were devoted the papers
[4,5], where it was obtained analytical solutions for some types of boundary condi-
tions. The present paper is viscoelastic analogy of the problem considered in [4], for
Kelvin-Foight material.

Determinative relations describing this material are accepted in the form:

sij = 2µ0

(
eij + η

∂eij
∂t

)
σkk = 3K0εii

(1)

here η is coefficient of viscosity, µ0, K0 are elactic constants, sij and eij are compo-
nents of stress and strain deviators:

eij = εij − 1
3
δijεkk

sij = σij − 1
3
δijεkk

where σij, εij are the real components of corresponding tensors.
Impart to (1) the classic form:

σij −K0δijεkk = 2µ0

(
εij − 1

3
δijεkk + η

∂εij

∂t
− 1

3
ηδij

∂εkk

∂t

)
Hence

σij = 2µ0

(
εij + η

∂εij

∂t

)
+

1
3
δij

[
(3K0 − 2µ0) εkk − 2ηµ0

∂εkk

∂t

]
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that after Laplace transformation has the following form:

σij =
1
3
δij (3K0 − 2µ0 − 2ηp) εkk + 2µ (1 + ηp) εij

reminding ”elastic” relations:

σij = δijλ (p) εkk + 2µ (p) εij (2)

here
λ (p) =

3K0 − 2µ (p)
3

; µ (p) = µ0 (1 + ηp) (3)

where p is parameter of Laplace transformation.
The motion equations are

div
−→
T k = ρ

∂2Uk

∂t2−→
U =

−→
U (u, ϑ,w) =

−→
i kUk−→

T k =
−→
i rσkr

(4)

where
−→
U is displacement vector, and ik are unit orts of coordinate axis, with the

boundary and initial conditions:

u = ϑ = w = 0
∂u

∂t
=
∂ϑ

∂t
=
∂w

∂t
= 0

⎫⎬⎭ for t = 0 (5)

σ33 = σ0 (x, y) f (t)
u = ϑ = 0

}
for z = 0 (6)

σ11 = 0
ϑ = w = 0

}
for x = ±a (7)

σ22 = 0
u = w = 0

}
for y = ±b (8)

with taking into account (1) form closed system in the domain −a ≤ x ≤ a ; −b ≤
y ≤ b ; z ≥ 0. As in [4], in view of statement multidimensionality, for two variables
Laplace and Fourier transformations is applied. Relations (2) keep its form after
Fourier integrals effect as well, and under these conditions the solutions, obtained
in [4], in transformed planes completely determine here solution of problem (2)-(8)
as well, therewith difference that in the present case λ and µ are the functions with
respect to p of (3) type:

us =
∂ϕ

∂x
+
∂ψ1

∂y
− q

∂ψ2

∂x

ϑs =
∂ψ

∂y
− ∂ψ1

∂x
− q

∂ψ2

∂y

wc = qϕ− ∂2ψ2

∂x2
− ∂2ψ2

∂y2
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here us, ϑs, wc are twofold transformations of components of displacement vector
(by Laplace and Fourier), and indices s and c indicate on sines and cosines of Fourier
transformation, respectively, q is its parameter.

ϕ =
∑

k

∑
m

Akm cosαkx cos βmy

ψ2 =
∑

k

∑
m

Bkm cosαkx cos βmy

ψ1 = 0

αk =
(

1
2

+ k

)
π

a
; βk =

(
1
2

+m

)
π

b

Akm (p, q) =
f (p) q

λ (p) + 2µ (p)
· σkm(

α2
m + β2

m +
p2

c21 (p)
+ q2

) (
α2

m + β2
m + q2

)
Bkm (p, q) =

f (p) q
µ (p)

· σkm(
α2

m + β2
m +

p2

c22 (p)
+ q2

)(
α2

m + β2
m + q2

)
σkm =

1
ab

b∫
−a

b∫
−b

σ0 (x, y) cosαmx · cosβmydxdy

c21 (p) =

(
K0 +

4
3
µ0

)
+

4
3
ηµ0p

ρ
= e1 + e2p

c22 (p) =
µ0 (1 + ηp)

ρ
= s1 + s2p

In view of formulae identity, it suffices to define longitudinal component ex-
pressed by means of the coefficients Akm. Judging by the expression Akm the inverse
transformation by Laplace we can determine by immediate application of the second
expansions theorem [1]:

LAkm (p, q) =
f (t)σkm

ρ

2e−
(q2+γ2

km)e2

2
t sinh

�
e2
2(γ2

km+q2)
2 t(

γ2
km + q2

) 3
2

√
e22

(
γ2

km + q2
) − 4e1

q2dq√
e1

Passing to nondimensional quantities:

τ =
e1
e2
t; q̃ =

e2√
e1
q; z̃ =

√
e1
e2

z; γ̃km =
e2√
e1
γkm;

πe2√
e1a

= ξ

the longitudinal nondimensional velocity Wz =
ẇ

σ0/ρ
√
e1

of central axis particle for

a = b; σ0 (x, y) = const = σ0 has been calculated.
Graphs in fig.1 illustrate the velocities of end section of central axis for the

different values of the parameter ξ =
πe2√
e1a

; as it shown on the graphs, the maximum
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of strain rate will be for τ = 0. As expected, the viscous component prevents the
instantaneous strain initiation; strain or velocity of end section rapidly (but no
instantly) go up from zero to some value. Oscillations, as in [4], can be related
to cross-section inertia. As the waves deviate from lateral surface, the velocity
of bombarding body becomes slower, and then it is quickly reestablished and this
process will be repeated in the sequel as well (fig.2).

The width of pit increases as the viscosity grows, that is completely natural
(fig.1). If we compare the graphs in fig.3 with corresponding results obtained in [4],
the material viscosity strongly influences on velocity distribution along the axis as
well.

Fig. 1.
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Fig. 2.

Fig. 3.
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