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ABBAS A. MEKHTIEV

OPTIMAL CONTROL PROBLEM FOR BAR
OSCILLATIONS EQUATION

Abstract

In the optimal problem for oscillation equation of a bar we derive necessary
condition of optimality in the form of Pontryagin’s maximum principle.

It is known [1] that many problems from practice, e.g. oscillations of a beam
and membrane are reduced to fourth order equations. Therefore, optimal control
problems for such oscillating systems are of urgent character. In the given paper
optimal control problem is studied for the equation of lateral oscillations of a bar
and necessary optimality condition is derived in the form of Pontryagin’s maximum
principle.

Problem statement. Let’s consider an optimal control problem for a bar oscilla-
tion equation

20 ( A (x
Ou(z,t) 0% (z,t) = f (2, t,u(z,t),v(z,t)),

ot? ozt
(r,t) e@Q@={0<z<l,0<t<T}, (1)
with initial conditions
ou (z,0
u(e,0) =gy, P00 _ ), 0<a < ®

and boundary conditions

ou(0,t)  Ou(l,t)
or  Ox

u(0,t) =u(l,t) =0, =0, 0<I<T, (3)
where u (z,t) is a function of state, v (x,t) is a control function.
As a class of admissible controls U,g we take a set of measurable bounded func-
tions v (z,t) on @ accepting values from [a, 3], where «, 3 are the given numbers.
The following problem is stated: to find such an admissible control from the U,q
that delivers minimum to functional

J(v) = // fo(x, t,u(z,t),v(x,t))dxdt. (4)
Q

Assume that the given problems satisfy the following conditions:

0
1) QDOEW%(OJ)aSOl GLQ(OJ); _
2) f(z,t,u,v) and fo (z,t,u,v) are continuous on @) X R x V and have contin-

afo, moreover 8—f is bounded, g and %

Ou ou ou ou

condition with respect to u.
Definition 1. Under the generalized solution of problem (1)-(3) corresponding
to v =wv(x,t) € Uyg we’ll understand the function u(x,t) € C (O,T; wt, WO), where

uous derivatives a—f, satisfy Lipschitz
u
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0
Wt =W 2(0,1), WO = Ly (0,1) and satisfying conditions (2), (3) in the sense of
equality of appropriate traces and integral identity

// <_8ugn,t) 0P (¢,t) | 9%u(e,t) 9P (x,t)
Q

t Ot 02 0z?

l

+ f(z, tu(z,t),v(z,t) @ (z,t)) dedt — /apl () @ (,0)dz =0
0

for all ® (x,t) € C (O,T; WI,WO) and ® (z,T) = 0.

Definition 2. (u(z,t),v (x,t)) is said to be admissible pair, if v (z,t) is admis-
sible control, u (z,t) € C (0,T; W', W?) is a generalized solution of problem (1)-(3)
corresponding to this control. Admissible pair is said to be optimal pair if it delivers
minimum to functional (4).

We can prove that under above-mentioned conditions on data for each admissible
control the problem (1)-(3) has a unique generalized solution (see [2], [3]).

For the given admissible pair (ug (z,t) ,vo (x,t)) we introduce the conjugate sys-
tem:

O*Y (x,t) O (x,t)  OH (z,t,u(z,t),v(z, )9 (z,t)) (5)

ot? ozt ou ’
o W (z,T)
TIZ)(CC,T) _Oa T _07 (6)
0% (0,t) _ v (LY

=0 (7)

1/1(0775) :w(lvt):()? Oz O

where H (x,t,u (z,t),v (z,t),¢ (x,t) ¢ (x,t) f (z,t,u(x,t),v(x,t)) —
—fo(x,t,u(x,t),v(x,t)) is Pontryagin function. Since (5) is a linear equation with
respect to v (x,t) we get from the conditions imposed on data that problem (5)-(6)
has a unique generalized solution from C (0, T; W', W) (see [2], [3]).

Estimation of solution increment. Our goal is to derive necessary optimality
conditions for the problem under consideration. Let (o,7) € @ be a tame point of
all the functions of the problem. Determine the admissible control in the following
way:

v, (z,t) € I,
ve (x,t) = T ’ 8
(@ ={ () e e ot )

where v is an arbitrary number from [«, 5], II. = { (x,t) o<z <o+eT<t<
< 7+e} and € > 0 is so small that II. C Q. Denote the solution of problem (1)-(3)
for ve (x,t) by ue (z,t). Then Aue = us —ug is the solution of the following problem:

0?Aug (z,t)  0*Aug (z,t)

= f(z,t,ug (x,t) + Aug (x,t) ,ve (z,1)) —

ot? Ox*
_f ($7t7u0 (x¢t)77-70 (l‘,t)), (9)
Aue (2,0) =0, 28u@0) (10)

ot
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O0Au. (0,t)  0Au. (I,1)
ox N oz
Lemma. By fulfilling conditions 1.-2. for the solution of problem (9)-(11) the

following estimation holds:

Au, (0,t) = Aue (1, t) =0,

—0. (11)

oA, ||? oA, ||?
A +H +H :
(00 ot |l ,00.0 9T || 1,0,
A 2
+Ha’? < O, Ve [0,T]. (12)
Ox L(0,0)

In sequel, by C we’ll denote various constants.
Proof. Let (z,t) € [0,1] x [0,7]. In this domain v, (x,t) = vy (x,t). Therefore,

0?Au, (x,t) n O Auy (,t)

= f(x,t,up (x,t) + Aug (x,t) ,vo (x,t)) —

ot? ozt
_f (xatauo (xvt)avo (IIZ‘,t)), (13)
Aug (z,0) =0, 28u@0) _ (14)
ot
B B O0Au. (0,t)  O0Au.(I,t)
Au, (0,t) = Auc (I,t) =0, o = pe = 0. (15)

By uniqueness of the solution of problem (13)-(15)
Aug (x,t) =0, (z,t) €0,1] x[0,7]. (16)

Let (x,t) € [0,1] x [7,7 +¢€]. Assume that {n; ()} is a fundamental system in

0 ! =
W 3(0,1) and [, (z)n, (z)de = &}, = { (1)’: by é’ . We seek for the approximate
0 , :

N
solution Aul (z,t) of problem (13)-(15) in the form Aul (x,t) = > e (t) n; (2)
k=1
from the relations

l l
2A N 2A N 2
/8 Ug (x,t)m(l‘)dl'—l—/a Ug ($7t)8 Ul (x)d:E:
0

ot2 0z2 0z2
0

l
of [f (.t uo (z,t) + Aul (z,t) v (z,1) — f(z,t,u0 (2,1) ,v0 (2,1))] m; (2) d,

l=1,..,.N
(17)
and p
%Ci\f (t) |t=0 = 0, cp (0) =0. (18)
Equalities (17) are the systems of second order differential equations with respect

2 .N

e () o

k2 . Since f by
the argument wu satisfies Lipschitz condition, this system is uniquely solvable under

to t for the unknowns ck (t), k =1,..., N, solved with respect to
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ey (1)
dt?

d
(17) by its own %clN (t) and summing with respect to [ from 1 to N, we arrive at

initial data of (18), moreover, € Ly (0,7T). Multiplying each of equalities

the equality

l !
/82Auf_.v (z,t) 0AuY (w,t)dx n / O?Aul (x,t) 3 Aul (x,t)d
ot? ot ox? 0zt
0

0

l
/ :L‘tU() xt)—l—Au (33775):7)6(5U>t))_
0

UN i
—f (st o (2, 8) 0o (, t))]aAEat(’t)dx. (19)

Hence we have
l
d/ 8Au anuY (z,4)\* | (PAu (z,0)\°
— + | —=="= dr =
dt 0x?
0

!
- /[f (z,t,up (z,t) + Aul (2,1) v, (z,t)) —
0

N =

OAuY (z,t
—f (@t ug (2,1) v (z, t))]u%;m’)dx.
A N
Considering the conditions Aul (x,7) = 0, uga(tx,v') = 0 and integrating the

last relation with respect to t from 7 to ¢t we get:

Jleey e

l

= 2]/” (z,5,u0 (z,5) + AuY (z,5) ,ve (z,5)) —

T 0

ul (z,s
—f(z,s,up (z,5),v (, s))]aAeat(’)dﬂsds. (20)

Keeping in mind the estimation

l t
/Au SC’/
0 T

l
/(E)Au ) dxds.
0
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0
and equivalence of norms in W 2(0,t) from (20) by means of some transformations
we have:

0/1 [(Auév (1)) + (aA“gt(x’t)f + (ami@,g)g + (azAg;x’t))Q] dz <

t
SC/

T

ot ox

/(Aug (0.9 + (aAugv (Cc,s)>2 . (aAugV (x,s))2+
0

t

2A. N 2
4 (A (z5) dmdsw/
ox2

T

/ (B (z,)* + (‘Mgt”%

0

N 2 2 A, N 2 1/2
N <8Au€ (x,s)) n (8 Aut (ZL’,S)) dz] y

ox 0z2

I 1/2
X |:/ [f (z,s8,u0 (z,8),ve (z,5)) — f(x,s,u (x,5),v0 (, s))]2 ds] ) (21)
0

Introduce the following denotation:
l

AN () = / (A (2.9)" + (Mugt@))a

0

oAuY (z,5) 2 O?AuY (z,5) 2 (22)

+ <8x > + (83:2 ) |ds,
l

g(s)= C[g[f (x,s,up (x,8),ve (x,8)) — f(x,8,up (z,5),v0 (x, 5))]2d5]1/2.

Then we can write inequality (21) in the following form:

AN (1) < C’/AN (s) ds—l—/g(s) \/ AN (s)ds.

Let

a(t) = C/AN (s) ds+/g(s) AN (s)ds.
Then « (1) = 0.
Hence

a(t) = CAY (1) + g (1) \/AN (t) < Ca(t) + g (t) Va 1) (23)
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Multiplying the both sides of (23) by a3 (t) exp (—@) and integrating from
7 to ¢t and then transforming the result, we get

T+€

a=c| [geis) -

T

T4+e[ 1 1/2 2
e / / [F @510 (2, 8) s ve (2, 8)) — f (2 5,10 (2, 8) 0 (2, 8)) P dee | ds
T 0

Hence, in view of the fact that (o, 7) is a tame point of all the functions in the
problem and v, (x,t) is of the form (8) we get:

T+e [ ote
AN <a(t)<C / /[f(x,s,uo(:r,s),v)—
2
—f (=, s,ug (,5) ,v0 (x,5))]? dx] i ds> <O, te[r,m+e. (24)

Now, let (z,t) € [0,1] x [T +¢&,T]. For Auc (x,t) as initial condition we take the
estimation following from (24) for ¢t =7 + ¢, i.e.

OAu. (x,7 +¢) |

< g3,
5 Ce (25)

|Aue (z, 7 +&)||* < Ce3, H

If we take into account the form (8) of the function v, (z,¢) and estimate (25),
it follows from equation (19) that

! 2 ) N 2
/ aAu 0Aug' (z,1) n 0°Auy (z,t) de < Ced
ox?
0

t 1

32 [ [ 107 svu0 ) + A (0,9) w0 (0,9)) -

T+e 0

oAuY (z,5)

—f(z,s,up (x,s),v0 (x,s))] o dxds.

Keeping in mind

l

/Au do < C&3 +C//<8A“ > dzds

0 T7+e 0

0
and equivalence of the norm in W 3 (0,1), we get

O/l[(AuéV () + <8Augt(x,t)>2 . <8Au§x(x,t)>2 . (82A1§:2(x,t)>2]dx -
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<ctC j /l[(A“éV ()" + <W>2+

T+e 0

OAuY (z,5) 2 O?Aul (z,5) 2
+ <81‘> + <8(L‘2> ]d:rds.

If we consider the denotation adopted above, from the previous inequality we
have:

t
ANy <ce+C / AN (s5) ds.
T+e

Applying Gronwall lemma we have:
AN (t) < Ce3, ter+eT]. (26)

Thus, it follows from (16), (24) and (26) that estimation

oAU ?
AulY 2 + -
H € HLQ(OJ) at L2(0)l)
N2 28u) |12
+ HaAus ‘ 9 AZ& < Ce®, vt € [0,T] 1)
97 L2(0) ox L2(0,0)

is true.

Then, as N — oo we can assume that Au. (z,t) is a weak limit of sequence
Aul (z,t) in C (0, T; W, W) and it is a generalized solution of problem (13)-(15).
Since the norm in Banach space is lower weakly semi-continuous, estimation (12)
follows from (27).

Increment of functional and necessary optimality condition. Now, we
find increment of the functional J (v). To calculate the increment of the functional
we’ll use the expansion:

f @t uo (2,8) + Aue (2,1) ,ve (2,1)) = f (2,8, u0 (2, 1) ve (2,1)) =

_Of (z,t,ug (1) v (2,1))
- ou
fo(z,tyug (x,t) + Aug (x,t) ,ve (2, 1)) — fo (z,t,uo (x,t) ,ve (2,1)) =

_ Ofo(z,t,ug (z,t) ,ve (2,1))
B ou

Aue (l’, t) +w (UO (JJ, t) s Aug ($, t)) )

Aug (x,t) + wo (up (z,t) ; Aug (,1)) .

It is clear that
AJ (vg) = J (ve) — J (vg) =

= / [fo (x,t,up (x,t) + Aug (x,t) v (2,t)) — fo (x,t,ug (x,t) ,v0 (x,t))] dzdt.
Q
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Considering that Au, (z,t) and ¢ (z,t) are the generalized solutions of problems
(9)-(11) and (5)-(7), after some transformations for the increment of the functional
we get the expression:

AJ (vg) = — g Ay H (z,t,ug (z,t) v (x,t) 9 (x,t)) dedt +n () , (28)

where
Ay H (z,t,up (z,t) ,v0 (x,t) 9 (,t)) = H (z,t,uo (x,t) ,ve (z,t) , ¢ (x,t)) —
—H (x,t,up (x,t) v (x,t) ¢ (z,1)),
n(e) = fo[w (@, t)w (uo (2, 1) ; Aue (1)) + wo (uo (2, 1) ; Aue (2, 1)) +

+0AUEH (z,t,uo (2,1) ,v0 (2,1) % (2,1))
ou

Au, (z,t)]dzdt.
Show that

fo[l/J (z,t)w (ug (z,t) ; Aue (2, 1)) + wo (up (z,t) ; Aug (x,t))]dedt =0 (52) . (29)

Indeed, we take into account the form wg (ug (z,t); Aue (x,t)), the conditions
imposed on f (z,t,u(x,t),v (z,t)) and the mean-value theorem (see [4]), we can
write

<

féf [V (z,t) w (ug (2, t) ; Aue (z,1))]dwdt

< qu ¢ (@, O f (2,8, u0 (2,1) + Aue (2,1) ,v0) —

Of (z,t,up (z,t),v9 (z,1))

—f(xz, t,ug (x,t),v9 (z,t)) — 5 Aug (x,t)| dedt <

Of (z,t,ug (z,t) + 0Au. (z,t) v (2,1))
ou B

< [/ 1 (z,t)] sup
Q

0<6<L1

_Of (w,t,u0 (2,1) ,v0 (2,1)) ' "
ou

X |Aug (z, 1) dedt < C [[ | (x,1)] |Aue (2, 1) dzdt.
Q
Since ¢ (z,t) € C (0, T; W', W?), then by the imbedding theorem (see[5] v (z, t)

is a continuous function on Q. Then by estimation (12) the right hand side of the
last inequality

C [[ 1 (z, )] |Aue (x,t)|* dedt < C [[ |Aue (z,1)|* dzdt < CeP.
Q Q

Hence we get:

g[T/) (z,t)w (ug (z,t) ; Aue (z,t))]dxdt = o (52) . (30)
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Now, we show that

fowo (uo (z,t) ; Aue (2,t)) dzdt = o (%) . (31)

In fact, if we take into account the form wq (ug (x,t) ; Aue (x,t)), conditions im-
posed on fo (x,t,u(x,t),v(x,t)), mean value theorem and estimation (12) we can
write

g[wo (up (z,t) ; Aug (z,t))]dzdt| < fo | fo (x,t,uo (x,t) + Aug (x,t) ,v9) —

8f0 (xatauo (.’B7t) , V0
ou

< O [[|Aue (z,t)* dedt < Ce® = 0 (7).
Q

—fo (@t w0 (1) , vo (2,8)) — @O | A (2, 1)) dat <

Thus, from (30) and (31) we get the validity (29). From estimation (12) and
definition of v, (z,t) we have:

ff 0A H (z,t,ug (az,atl)t,vo (z,t),v (z, t))Aug (x,t) dodt =

_ ff 0N, H (z,t,up (x,atzt, vo (z,t) ¢ (a,1)) Au, (z,t) dedt = o (52) ) (32)

Then from (29) and (32) we get n(g) = o(e?). Therefore, from (28) by the
increment of the functional J (v) we get the relation

AJ (vp) ——ffA H (z,t,ug (2,t) ,v0 (2,1) 1 (2, 1)) dzdt + o (7).

If (up,vo) is an optimal pair, then AJ (vg) > 0. Considering that (o, 7) is a tame
point of all the functions in the problem, we have:

H(o,7,uo(0,7),v,% (0,7)) < H(0,7,u0(0,7),v0 (0,7),% (0,7)) .

Thus, we prove the following theorem:

Theorem. Let conditions 1.-2. be fulfilled. If (ug (z,t),vo (x,t)) is an optimal
pair and ¢ (z,t) is an approzimate solution of problem (5)-(7), then for almost all
(z,t) € Q and for all v € [a, 3] the following inequality is valid:

H (2, t,u0 (2,8) v, (2,8)) < H (2, t,ug (2,8) v (0,1) 0 (2, 1)) (33)
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