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MATANET B. ISKENDEROVA

TO THE PROBLEM ON MULTIPLE SUMMABILITY
OF EXPANSIONS IN EIGEN FUNCTIONS OF
IRREGULAR BOUNDARY VALUE PROBLEMS OF
FOURTH ORDER

Abstract

The paper is devoted to studying in Lo [0;1] the problem of k— fold sum-
mability of expansions in a system of eigen functions of an irregular boundary
value problem generated by the differential expression

Ly, N) = Y pixiy? (1)

i+j=n
with the splitting boundary conditions

ui (y) =y (6;) = 0,

5, =0, i=T1,1,

§;i=1, i=I+1Ln, 2)
0<x;<...<y;<m—1
0<x1<--<xp,<n-—-1

—~

n—1
where p; € C (0,7) . Po, Pn £ 0, Z |pi| > 0, X is a complex parameter.
i=1
The problem on k— fold completeness (1 < k <n) of a system of eigen and
adjoint functions (s.e.a.f) {Yi (z,A\)},_1 of the considered problems was stud-
ied in a number of papers, for example, in [2], where it was shown that multi-
ple completeness of s.e.a.f depends on the type of boundary conditions (2) and
arrangement of the roots k; (z = 1,7) of a characteristic equation. The pres-
ence of multiple complete s.e.a.f makes urgent the problem on convergence of
multiple expansions in Fourier series by this system for functions from the do-
main of definition of the operetor L generated by the problem (1) — (2). So,
in [3] involving n— fold complete s.e.a.f the problem on n— fold summabil-
ity of expansions for differential operetors of even and odd orders was studied
in the case |2l —n| = 0;1. In [4;5] similar problem was solved in the case
2<2l—n|<n-2.
In the suggested paper we’ll see how the problem on multiple summability of
these expansions involving k— fold (1 < k < 3) complete in Lo [0;1] s.e.a.f is
solved for differential expressions of fourth order.

Thus, in L9 [0;1] we consider a boundary value problem for the differential ex-
pression

Ly, N) =Y pxiy? (1)

itj=4
with splitting boundary conditions
y(XJ') (O) =0, i=1,1 (2/)
y03) (1) =0, j=T+1,1
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and let the arrangement of the roots k; (z = 1,74) of the characteristic equation

> pikl =0 (3)

itj=4

correspond to the conditions 1)-4) of the paper [2] :

1) k; # 0 are simple (i = 1,4);

2) there exists a straight line passing through the origin and not containing the
roots k; such that at each half-planes generated by it the number of roots k; (z = m)
is not less than (n —1);

3) det{k;(i Fig=1,0- det{k;‘(i}i,szn—l 7 0;

4) Let there exist a ray going out from the origin on which maximal number of
the roots of equation (3) equals m > n — . In the considered case this is possible for
m = 3 for |2l —n| =0 and m = 2;3 for |2 — n| = 2.

As is known [1], equation (1) has a fundamental system of solutions

{yi (x,\) };_17 of the form

dy; (x, \)

e (Mk;) exp (Akiz), (s =0,3) (4)

where )\ are the roots of the characteristic determinant

A (A) = det{u; (yi)}i,j:1,4 (5)

The roots A (\) = 0 are the eigen values of the problem (1') — (2') and arranged
according for example to [8], at the angles of arbitrary small opening containing
mean perpendiculars to the sides of indicator diagram Ja of the function A ().
They generate i— series {\;;} by the number of sides Ja.

Denote

j=1,00
C =0\ U Uue (Ay)
7=1 1

and we’ll conduct all the reasonings in C.

We'll use the following [2] :

Definition. Let on q rays going out from the origin, the number of roots
ki (i=1,n) equal m; ,m; >n—1 (i =1,q). The number

d= max (m; — (n—1))

is said to be a defective number of problem (1) — (2).

It holds [2].

Theorem. It the roots k; (i =1,n) of problem (1)—(2) satisfy conditions 1)-4),
then s.e.a.f of this problem is k— fold complete in L [0;1], where

k=n-—d

and d is a defective number of the problem.

We denote by M the least convex domain containing the roots k; (z = 1,7) of
problem (1’) — (2). Let’s consider two cases:

Case I. Let M be a segment and (0,0) € M
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Case II. Let M be a triangle and (0,0) € M

In each of these cases we study expansion in Fourier series by s.e.a.f

{Yi (2, N} izt

o0
fle)=> (f.Z)Y (6)
i=1
where {Z;} [ is a s.e.a.f of the operator L*
As the considered problem is irregular in the sense of Tamarkin, in some sectors in
C exponential growth of Green function G (z, &, \) adversely affect the convergence of
series (6). In this relation we can speak only on natural in this case Abel summation
method.
Definition. We'll say that s.e.a.f of the operator L possesses a property of n—
fold summability by Abel method of order v = (’yl, ...,’yp) of Fourier series for

f(z) € L5 [0;1] N D (L),
if in the sense of the norm of the space Ls [0;1] there exists a limit

%E%uy(xawzfl/(x)? (Vzoak_l)a

where

ZZ o fus Zs) Ysexp (= (Nsp wg)" 1), (7)
s=1 k=

where wy, (k=1,p) are such that
Re ()‘SJC wk)v’ﬂ > 0.

Show that in each of the cases 1 and 2 there hold the theorems:

Theorem 1. Series (6) is not summable by Abel method, no matter what order
and multiplicity.

Theorem 2. Series (6) is ki— fold summable (1 < ki < 3) by Abel method of
order v = (71,72, V7) , where v; > 1 (j :ﬁ) are the numbers depending on
the concrete problem.

Proof of theorem 1. We'll use the lemma [6]:

Lemma. For the series (6) to be uniformly k—fold summed by Abel method of
order v = (v1,...,7,) to f(z) € L5[0;1) N D (L) it is necessary and sufficient that

tl_l)riloJ,, (x,t) = f, (z), (v=0k-1),

where

/ exp (—A\w)” t] )\”d)\/G 2, &, 0) [, (§, ) déd. (8)

r

Here I is a system of extended contours constructed in an ordinary way [8] .
Not loosing generality, in case 1 we put Imk; = 0 (z = m) and numerate k;
proceeding from the condition

Rek; < ... < Reky. (9)
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We accept the following denotation as well: let |2 denote the number of summands
in the set 2 and let A = Rexpip.It holds

Lemmal. Characteristic determinant A (X\) of problem (1')—(2') is a first order
growth entire function of normal type and satisfies the asymptotic estimate.

AN = (AT Xaexp A ks (10)
S Y

where
0] = 1, for |2l —n|=2,
1 2, for [20—n|=0.

In fact, allowing for numeration (9) and expression (5) the segment

JA _ [kl;k4] s for |2l — n] =2
[k1 + ko; ks + k), for [2l—n|=0

will be indicator diagram of the function A (\).
Let’s introduce the growth indicator

. In|Rexpt
a9 o 205

By Polia theorem, in the left and right half-planes

where K (—¢) is a support function of conjugated diagram,and

K(¢)= sup (xcosyp+ysing)=

z+iyEJa
sup k; (cos @ + isinyp), for |2l —n| =2,
— Jj=14
sup (ki + kj) (cosp +ising),  for |2l—n|=0
i#j

The latter proves lemma 1.
Let’s construct and study the function H (x,£, \) for < &

H (2,60 = AXi e txa—(n=1)

g(z,8) yi(z) Yya ()
ui (g)  w(y1) Uy (Y1)
, for |2l —n|=2
uz (9) w3 (Y1) u3 (Y1)
0 usa(yr) g (ya)
x (11)
g(z,8) yi(z) ya ()
up (9) wi(yr) o wr(ya)
uz (g) w2 (y1) - ug (ya)|, for |2l—n|=0
0 uz(y1) - u3(ya)
0 wi(yr) - ua(ys)
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necessary calculations allow to get the following expression for H (x,&, ) for x < & :

H (.T, é-’ )\) — >\X1+...+X4—(TL—1) %

(

4 4
> Comexp (Mesw + Mo (1 - 6)) +
s=1 m=1
s#m
4
—i—ZDieXp)\ki(l—i-:r—{), for |2l —n|=2
< (12)
DD Camyexp (Mest + Mo (1 — &) + Mkj) +
s=1 7]:1
—i—ZDijeXp)\ki( +a—&) + \kj for [20l—n|=0
ij=1
i
Similarly, for x > & we have:
H (.’L‘, 67 )\) — AX1+~~~+X47(H*1) %
9(x.&) i (x) ya ()
0 u(y1) ug (ya)
we |, for |20l —n|=2
0 us(y1) us (ya)
us (9)  wa(y1) uy (Ya)
X
g(x,&) i (x) Ya ()
0 1(y1) u1 (Y1)
0 wua(y1) ug (ya)|, for [20—n|=0
uz (g9)  us(y1) us (ya)
us (9)  wa(y1) uy (Ya)
In this connection we get for x > ¢
A) = \atetxa—(n=1)
H@&) = x
4 4
> ) By exp Mk (v — &) + M+
s=1 i=1
4 4
+ 3 Comexp (Ve + Mo (1 €)), for |20 —n|=2
s=1 m=1
X 45
ZZBQexp)\k —l—)\Zk-i-
s=1 Q 1€Q2
1Q[=2
4 4
Z Z Com,, xp (Nes + Moy (1 — €) + AEj ), for [20—n|=0
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The segment

T — (k1 + ko ks + kal, for |2l —n|=2
i [k1+k2+k3;k2+k‘3+/€4], for |2l—n]:0

well be an indicator diagram Jg of the function H (x,&, \).
By the Polia theorem in the left and right half-planes the function H (z,&, \)
will have its own growth indicator

(ki + kit1) (cos@ + isin @), i =1 from the left

it =3 from the right
(ki + kiy1 + kigr2) (cos@ +isinf), i =1 from the left

1 = 2 from the right

hy =

Then, it holds

Lemma 2. The function H (x,&,\) of boundary value problem(1') — (2') is a
first order growth entire function of normal type and has two growth indicators.

Then Ja C Jg, if the roots k; (z = m) are arranged by two in each of half-
planes and Ja C Jg in that of half-planes wherein (k; + kito + kits) > (ki + kit1)
in the case when half-planes contain unequal number k; — x.

Then, it is easy to calculate the growth indicator of the Green function G (z, &, \) :

he (0) = h (0) — ha (0) -

The above-stated one allows to assert that, at least, in one of half-planes ha (0) >
0, and consequently, the Green function grows there exponentially. Thus, it holds

Theorem 3. The Green function G (z,§,\) of problem (1) —(2') is a first order
growth entire function of normal type and satisfies the asymptotic estimate

M exp \k; (x —
G (2,6,0)] < pwg( )
[A]—o0

(x> ¢) (13)

at least, in one of half-planes.
Consider estimate (13) in (8) . Moreover, if we can choose the number v so that

1)y>1
2) ReX? >0 (14)
3)Re Mk (z— &) — A\t <0

then, proceeding from the lemma [6], the summation (k — fold summation) of series
(6) should hold, uniformly over z,§ € [0,1]. However, fullfilment of conditions 1)
and 2) from (14) is impossible within the frames of theorem 3, consequently, the
assertion of theorem 1 holds.

In case 2 the similar reasonings lead to the following results: with regard to
the fact that (0,0) € M in case 2 only boundary conditions of type |2l —n| = 2
are to be considered. Introduce the denotation k; = a; + if3; (j = m) Not
loosing generality, we put 8; =0 (j = 3,4) and preserve the numeration (9) of the
roots k; (j = 1,7) . Then a triangle with vertices at the point k1, ko, k4 will be an
indicator diagram Ja of the function A (\). It holds
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Lemma 1'. Characteristic determinant A (X) of problem (1) — (2') is a first
order growth entire function of normal type and satisfies the asymptotic estimate

[AN)] > NaTXaexp \k;

|A|—o0

1 = 1;2; 4, respectively, in the sectors

S = {gp]w§¢§2ﬁ—arctga4+|a2}

|52
Sy = {w!arctga‘l’;‘aﬂ << w}
1
S3 — {gp‘ — arct‘gw S © S arctgo%—'_ml’}
|82 |61

And, consequently the function A (A) has three growth indicators

Wiy () = K(—0) = sup (zcosf+ysinf) =
r+iyeJa

ajcosf+ fBysinf, for 6 € 5y,
= agcosl+ [Bysinf, for 6 e S,
g cos b, for 6 € Ss.

For the function H (x,&, \) the assertions (11) and (12) are preserved for the case
|2l —n| =2.

A convex hexagon with verices at the points: E]]Z i Zi% : Ezi i Z;; : E:z i :i; ’
will be an indicator diagram Ja of the function A ().

We’ll have respectively, six growth indicators:

hi; (0) = (k3 + k4)cos®, HeCy= {go] - arctgal‘;fé?’ <0< arctgaz’;ﬁg}
1 2

h% (0) = (ko + ky) (cos@ +isinf), 6OecCy= {gp[arctga1+a3 <0< W}

Bo] T2
B3, (0) = (k3 + k2) (cos 6 + isinf), 9603:{g0|72rSﬁgw—arctgazl—;‘féﬂ}
1
hi (0) = (k1 + ko) (cos@ +isinf), OecCy=
as + [o]| Oé3+|042!}
=qm—arctg————— < 0 < 7w —arctg
{ 181 ||
5 o as + || 3
hi (0) = (k1 + k3) (cos@ +isinf), 0e€C5= ﬂ—arct9W§9§7
2
6 . 3 ag + |ay |
hir (0) = (k1 + kyq) (cos@ +isinf), 0e Cs= 7§9§—arct9W :
1

Thus, it holds
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Lemma 2'. The function H (x,&,\) of boundary value problem (1') — (2') is an
entire function of first order growth and has six grow indicators at sixz sectors with
openings < .

Count the indicators of the function G (z,£, A). In the sector C1 N S3, we have:

he (0) = hig (0) — ha (6) = kycosf,  —arctg® 2% < g < qretg?2 93
|81 |3
in the sector C; N S3 we have:
he (0) = hir (0) — ha (0) = ks (cos@ + ising), 2179 g 4T 0s
|Ba| |8
in the sector Cy N .Sy we have:
het (0) = hi (6) — ha (6) = kacos, 2T <p< T
|35 2
in the sector C'3 N .Sy we have:
he (0) = hyr (8) — ha () = ks cosd < 0, g <0< —arctga?’;”aﬂ
1
in the sector C4 N Sy we have:
hg (0) = hg (0) — ha (0) = k1 (cos@ + isinf), 7w — arctga3|—;||al <O0<m
1
in the sector C4 N S7 we have:
hG (0) = hg (0) — ha (0) = ko (cos@ +isinf), 7<60< arctga?’|—g|‘a2|
2
in the sector C5 N S; we have:
hG (0) = hg (0) — ha (0) = kscosf < 0, 7T+arctga?’|_;‘|(m|§0§32ﬂ
2
in the sector Cg N S7 we have:
ha (0) = hy (0) — ha (0) = kqcos, 3% <6<2r— arctgaj; ’041
1
in the sector Cg N S3 we have:
. a4+ i a4+ ag
ha (0) = hg (0)—ha (0) = k1 (cos0 +isin®), arctg N <0 < —arctg TN
1 1

Consider the obtained estimates in (8) and choose the vector v = (v;....77)
proceeding from conditions (14). To this end, we consider one of the sectors with
exponential growth G (z,£,\). Let this be a sector of the opening . Then, the
condition

R cos(p+1) — R'tcosyp < R— R'tcosyp <0
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may be achieved for

l<y< (15)

</

We get a condition on
1 T

> > .
Ry=lcosyp = RY71

Similar reasonings at other sectors lead to the same estimates (15),(16).

t (16)

Choose t > max (%) and tending R — oo we get that the function

i=1,7
Gy (z,6,0) =G (2,6, \) e

we’ll everywhere satisfy the conditions C

a) |Gy (x,6 )] < M]‘fg

b) %L{%Gt (.’E,f,)\) :G(ﬂf7f7)\)

and convergence of (8) proceeds from these conditions, and consequently, con-
vergence of (6) uniformly with respect to z,£ € [0;1]. Notice that this conver-
gence is serial i.e. it is carried out by one of systems of extended contours I'; =

o0
‘U1Fj , containing one of series {)‘ij}j—f and the final result is taken over the
J= =1,00

2 3
totality of contours I' = 'U1Fi (in the case, if M is a segment) and I' = UT}
1=

(in the case, if M is a triangle).
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