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ON IOST SOLUTION OF STURM-LIOUVILLE
EQUATION WITH DISCONTINUITY CONDITIONS

Abstract

In the paper integral representation of Iost solution is found and the prop-

erties of representation kernel are studied.
Let’s consider the differential equation
—y" +q(x)y =Ny, xc(0,a)U (a,+0c0) (1)
with discontinuity conditions
y(a—0)=ay(a+0),

Y (a—0)=a "y (a+0), (2)

where o # 1, a > 0, X is a complex parameter, g (z) is a complex valued function

and satisfies the condition
+00

/ 2 g (2)] dz < +o0. (3)

0
The function e (z, \) satisfying equation (1), conditions (2) and condition at infinity
lim e (2, \) e”™* = 1 is said to be Iost solution of equation (1). It is easy to show

T—-+00

that if ¢ (z) = 0 then the Iost solution is the function
AT

eg(:v,)\):{e ) E2 (4)

ate® 4 g 20-2) (< g < g,

1 1
where ot = = <a:|: ) .
2 o
The main result of the paper is the following
Theorem. Let a complex valued function q(x) satisfy equation (3). Then for
all X from the upper half-plane there ezists the Iost solution e (z, \) of equation (1),

it is unique and representable in the form
+00
e(x,\) =eg(z,\) + / K (z,t) e™dt, (5)

where for each fired x € (0,a) U (a,+00) the kernel K (z,-) belongs to the space
L (xz,00) and satisfies the inequality

400 +00
/|K(x,t)|dtgewl<x>_1 c=at 17|, o) (x)= /t|q(t)|dt . (6)

T
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Besides
+oo
at
K($>$):2/Q(t)dt> l’E(O,CL)
1 o
K (z,2) = 3 / q(t)dt, =€ (a,+o0)

T

K (z,2a —z+0)— K (z,2a —x—0) =

/ dt—/ P dt, z € (0,a). (7)

Notice that for Sturm-Liouville equation at the absence of discontinuity con-
dition, i.e. when in conditions (2) « = 1, lost solutions representation was first
obtained in the paper [1] (see also [2]). In this case the representation is of ”trian-
gular” form. Formula (5) and (7) show that for discontinuity condition the ”trian-
gular property” of lost solution representation is lost and the kernel bears break on
the line t = 2a — x for x € (0,a).

The similar problem for Sturm-Liouville equation with disconnected coefficients
was solved in the paper [3].

Proof of the theorem. Rewriting equation (1) in the form 3" + X2y = ¢ (z)y
and assuming the right hand side to be known, in order to find the solution e (z, \)
of this equation we can apply the method of arbitrary constands variation. As a

result we arrive at the equality

+00
e(x,\) =eg(z,\) + / So (z,t, ) q (t)e(t,\)dt, ()
where )
So (z,t,\) = ﬁ{eo (x,Neg (E,N) —eo (z,\) e (£, M)} 9)

Equality (8) is an integral equation for the function e(x,\). We'll look for the
solution of this equation in the form (5) . In order such kind function satisfy equation

(8) the equation

/ K (z,t) e™dt = / So (z,t, ) q (t)eo (¢, ) dt+

/ So (z,t,\) q / K (t,5) e?*dsdt (10)

be fulfilled and vise versa, if the function K (x,t) satisfies this equality, the function

e (x, A) is Iost solution of equation (1).
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Transform the right hand side of equality (10) so that it have the form of Fourier
transfermation of some function.

First we note that allowing for relation (4) we can write the function Sy (z,t, A)
in the form

sin A (t — z) wewt
A ’ o
So (x,t,\) = a+sm)\(>7\§—x)+a_sm)\(t—)\2a+x)’ r<a<t,
sin A (t — z) r<t<a
)\ 9y

For the first addend from the right hand side of (10) for x < a we have

+oo
/ So (2,4, 0) g (1) eo (1, A) di =

a

[N e en) s

T

n +/Oo[a+sin)\(t —x) N a_sin)\ (t+z— 2a)} ¢ (1) eMdt —
A A
+oo [ 2t—x a [/ 2a—z
= %cﬁ / / eMde | g (t)dt + ;04_/ / ePode | g (t) dt—
x z T \a—2t+a
2-z / 2a—= 0o [ 2t—2a+tz
—%a_ / / eNde | q(t)dt + %a_ / / eMede | g (t) dt.
a t—2a+a 2a—z \ 2a—z

Changing integration order and then in the obtained equality changing denotation

for integration variables, we get (for z < a).

+o00
/ So (x,t,A) q (t)eo (t,\) dt =

1 +o0 [ o0 1 2a—x a
:§a+ / / q(€)de emdt+§of / / q(€)de | eMdt—
P4 t+x xT 2a+xz—t
2 2
2a—x t+2§7z “+o00 “+o00

|
| =
Q
|
\
—
)
™
QU
Sy
o

mdt—k%a‘ / / q (&) de | eMat.  (11)

T a 2a—x t+2a—x
2
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For z < a we act similarly and for the second addend from the right hand side

of (10) and continuing the function K (t, s) by zero for s < ¢, we have

/Soxt)\ /Kts”\sdsdt

t+&—x
/ / / K (€,5)dsde | eMdt+
t—&+a
+oo [ +o0 t+€—x
/ / / K (¢, 5)dsde | eMdt—
t—&+x
. +oo [ 2a—=x t—&+2a—x
-0 / / q(€) / K (€, 5) dsd€ | e dt+
—00 a t+&—2a+x
) +o0o [ 4oo t+&—2a+x
50" / / ¢ () / K (&,5) dsde | e™dr. (12)
—o00 \2a—=x t—&+2a—x

Notice that for ¢ < x for the integrals from the right hand side of (12) we have

tré—z
K (& s)ds =
t—fta
t—E42a—a
K (&s)ds=0 for§ >a
t+e—2ata
t+E—2a+x
K (&,s)ds =0 for & >2a—x.
t—E+2a—x
Considering this remark, it follows from relations (11) and (12) that equality (10)

for x < a is equivalent to the equality

t+&—x

K (z,t) = Ko (2,t) + / /Kg, dsdé+

t—&+x

+oo t+{—x

+1a+/q(§) / K (€, ) dsdé—

2
a t—E&+x
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1 2a—x t—&+2a—x
307 [a© [ Kiedsder
a t+€—2a+x
1 400 t+€—2a+x
toa / q(€) / K (€, s) dsdg, (13)
2a—x t—€&+2a—=x
where
( “+00 a
N 1
ot [a@det jom [ a(@de-
x+t 2a+x—t
2
t+2a—=x
1 2
Ko@O={ ~ja= [ a@ds, s<t<20-z RGPy
1 i Y
204+/Q(§)d§+204_ / q(&)deg, t>2a—x
%‘H t+2a—=x
N 2

The above-mentioned arguments in the case x > a reduce to the equation

t+€—x
K (2,1) = Ko (2, 1) K (¢, 5) dsde (15)
/ t— §/+:)3
"
Ko@) =5 [ a©dt a>a (16)

x+t
2

Thus, in order to complete the proof of the theorem it suffices to show that for
each fixed = € (0,a) U (a, +00) the system of equations (13),(15) has the solution
K (z,-) € Ly (x,00) satisfying inequality (6).

Assume
t+&—x

/ | Koo (65 dsde+

t—Eta
tré—z
+ ot / / Ko (€, ) dsdé—
t—€+x
2a—x t—&4+2a—z
0 [a@ [ Keaesdsict
a t+&—2a+z
+o0 t+é—2ata
0 [a@ [ Ka@odsis s 0.0
20—z t—E+2a—x
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+00 t+§—x
K, / / Kp_1(&s)dsdé, x € (a,+00), n=12,.. (17)
t—&+x
where Ky (z,t) is determined by relations (14) and (16)
Show that
T "o ()}
C o1\
K t)dt < 1
[ 15 Gyl < S 2 (18)
whence, obviously , it will follow that the series K (z Z K, ) converges in

the space L1 (z,00), and its sum K (x,t) is the solution of the system of equations
(13) and (15) and satisfies inequality (6) .
From the definition K, (x,t) (see relations (17)) it follows

“+o00 t+&—x
Ko <5 (10 [ 10 (€s)ldsde, o€ (0.0)U(a+00)
T t—&+x
consequently
400 400 +oo
[ 1Eawnide<e [ ela@) [ 150 o)l dsie (19)
€T xT §

Now in order to establish (18) we apply the mathematical induction method. For
n =0, using (14), (16) we have

+oo

+oo
[ Kool [ela©lde =1 @), o>a

T

2a—x

+00 +o0
[ Kot olar s gor [ | [ la@iag | ar+

x
2

+gla” \796 /| (©)ldg | a+
45 lo” !%/x / 0(©lde | dt+ " 2:/00 /|q ) de | drt

+00
|a }/ / lg (§)] d€ dtg(a"'—}-’oz_’)al(x), for 0 <z < a.

—x t+2a x
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Thus, estimation (6) for n = 0 is valid and if it is valid for |[Ky (z,-)[|1, ;.0 then

using inequality (19) we have

2oy (1))
(n+2)!

"o (O
(n+1)!

+o0o +oo

[ 1K @l <e [ €lae) e =
x x

Validity of relations (7) follows directly from (13) — (16).

The theorem is proved.

Remark. It follows from estimation (6) that the solution of the system of
integral equations (13),(15) is coutinuous in the domains {0 < z < a, = <t <
20—z} {0 < x < a, t >a} and {x > a, t > x} and have partial derivatives
({;Ix(, é:?]t{ If the function ¢ (x) is differentiable, then for the function K (x,t) to be
the kernel of repersentation (5) it is necessary and sufficient that the function be

twice differentiable and satisfy the equation

0’K (x,t) B 0?K (x,t)

922 Ot2 = Q(x)K($7t)

and conditions

dx 2
dK (z,x) 1
o = —5q(x), z € (a,+00)
d 2a—x+0 a
%{K (@, )i a0} = 7@[ (), 0<z<a

K (a—0,t) =aK (a+0,t)

K (a—0,t) = a 'K (a+0,t)

lim OK (z,t) ~ lim OK (z,t) _o
z+t—00 ox z+t—00 ot
References

[1]. Levin B. Ya. Fourier and Laplace type transformations by means of solutions
of a second order differential equation -DAN SSSR, 1956, vol.106, No2, p.187-190.
(Russian)

[2]. Marchenko V. A. Sturm-Liouville operators and their applications. Kiev
”Naukova Dumka”, 1977, 331 pp. (Russian)

[3]. Huseynov H. M. Pashayev R. T. On an inverse problem for a second or-
der differential equation. Uspekhi mathem. nauk, 2002, vol.57, issue 3, p.147-148

(Russian)



70

Transactions of NAS of Azerbaijan
[H.M.Huseynov,J.A.Osmanovaj

Hidayat M. Huseynov, Jalala A. Osmanova

Institute of Mathematics and Mechanics of NAS of Azerbaijan.
9, F. Agayev str., AZ1141, Baku, Azerbaijan.

Tel.: (99412) 439 47 20 (off.)

Received July 17, 2006; Revised October 11, 2006.



