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Valeh H. HAJIYEV

ON GENERALIZED n-TH ORDER DERIVATIVE
FUNCTIONS SQUARE SUMMABLE ON HILBERT
SPACE WITH GAUSS MEASURE

Abstract

The concept of generalization of the n-th order derivative for of square-
summable functions on Hilbert space with Gauss measure is considered. The
necessary and sufficient condition for existence of generalization of derivative
for some class of square summable functions is obtained.

Let X be a Hilbert space with scalar product (z,y), z, y €X, & be & 0— algebra of
Borel sets from X, u be Gauss measure on & with characteristic functional ¢, (z) =
exp {—% (Bz, z)} where B is a correlation operator. By Lo (X,11) we denote a space
of functions on Xsquare summable. Fourier transformation of the function f (z) €
Lo (z, 1) is defined as follows: ¢ (2) = [ €*%) f (z) uu (dz). By X we denote complex
extension of X whose elements are the formal sums z+iy, z, y€X, with a scalar
product defined by the relation:

(1 +iy1, 2 + 1y2);, = [(x1,22) + (Y1, y2)] + 4 [(y1, 22) — (21,92)]

Thus X-is linear space. The linear space X with such a scalar product will
be a complex Hilbert space and X will be its subspace ([1]) and (z,y)r =(z,y),
(x1 + Ay, 2), = (x12) + A (Y1, @), 21, y1,2 € X, A is a complex number.

Then the function ¢ (z1 + Ay1) = [ @1 T2k f () p (dx) is an entire analytic
function with respect to A for any fixed z1, y; €X, and for real A this function we
have

p(z1+Ey) = /6"(’“+£ ) f (@) p(da) = /ei(“’x)“é(yl’x)f(x)/J(daf),

where ¢ is real and integral at the right side is an analytical function with respect
to & Consequently, ¢, (z) and ¢ (z) are continuable on X and for complex A
functions ¢, (r + \y), ¢ (x + Ay) are entire analytical functions with respect to A
for any fixed x, y€ X, and at each point z€ X, both functions have Freshet derivatives,
(p(()k) (2391, ...y) and o) (z;y1, 0, ...y) are k-linear forms.

In the paper we find necessary and sufficient condition for the function f(z) €
Ly (X, p) for existence of generalized derivative f(™ (x;ay,as,...an) in any direc-

tions a1, as, ...a,, € BX.
n n
1. To each polynomial function P, () = > > Ciyiy..i, (@, €i1)... (x,€;,) where
k=1141,...1%
n>1, ¢, i, are numbers, e; . e; € X , we associate the differential operator

d n n
P, <dx> ()= > cii@® (zrei, i eiy).

k=11i1...i5=0



56 Transactions of NAS of Azerbaijan
[V.H.Hajiyev]

Let’s confider a derivative of P, (x) in the direction aj, ag, ..., a,, € X and differ-
ential operator Py(lzlmam (d%) corresponding to it.

First we study an action of one addend of the polynomial P,(z). Denote it in
the form *P (2) = (x,e1) ... (z, ex) 1<k<n.

The differential operator ¥P (%) v(z) = oF (z;e1, ea...e) corresponds to it. It
k k
is easy to see that kPag) ()= > (a1,e) I (x,€j).

i1=1 =1 j#u
Consequently taking derivatives with respect to as,a3a,, we get

k k
PP e @)= > (an,€) (ag,€) o (amei,) [ (@eg)
i11—im=1 j=1
11F£12F ... =im JFi1 . im

For m > k:kPéT,),am (z) =0.

Then we have

k
m d —m
"R, (dz) e(z)= Y (ane) . (ameim) 9" (260, c0)

i1yedm=1
which corresponds to the polynomial kPé??gQ__am (z).
Summation is taken for all collection of indices

(lllm) U (im+1ik) = (1, 2, k), i1 F 02 F iy Il < I < oo < Gk

Hence

m d —m
P am <dz> ¢ (2) |z=0 = Z (a1€i1) . (amieim) ©%™ (0r€4,, 01 eiri) - (1)

Now let’s see the action of the operator on (a1, z) (ag, 2) ... (am, 2) ¢ (2).
First we consider the case (a1, 2) ¢ (2). Consider

k
d
v <dz> [(a1,2) ¢ (2)] = ; (ar, €)™Y (2 €1, eimreip, er) +
+ (a1, 2) ga(k) (z1e1,e2,...ex). (2)

Let’s prove (2) by induction. Denote W1 (2) = (a1, 2) ¢ (z). Relation (2) is true
fork=1,2

(L) lanz) (23] = ¥ 1) (i) = 0 G+ te) oo =
= (a1, e1) ¢ (2) + (a1,2) ™ (25 1)
2p (4 — 02 (x _ M (. M (2
P () 2o ()] = ¥ Gsen.ea) = (anven) o) (i) + anc2) o (i e0) +

+ (a, 2) ©* (z;e1,€2)
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and so on. Let relation (2) is true for k, show that it is true for k+1 as well.

(k+1) p <CZ> [(a1,2) ¢ (2)] =

k d k
= \Ilg +1) (z;€1,€9...65,€511) = — [\Ilg ) (z + tegt1; €1, ...ek)} =
dt t=0
d k
= Z (a1,€;) <p(k_1) (z +tegi1;€1.€i—1, €41, k) +
i=1

+ (a1, 2 + tegsr) oW (2 + tegyrsen, "'ek)} t=0
k k
=3 (a1, €)W (2;e11€21.-€i-1, €it1, -hy exr1) + (a1, eni1) ) (25 €1, €a...e8) +
i=1

k1
+ (a1, 2) D (2561, en.ep, epr) = 3 (a1, €)™ (25e1, €261, €541, neprn) +
=1

+ (a,2) %) (261, e, ..., €1q1) -

Thus, relation (2) has proved.
Consider (ay, z) (az, z) ¢ (z). Denote ¥3 (2) = (a2, 2) ¢ (2). Using (2) we have

k
"P(&£) [(a1,2) ¥y (2)] = ,Zl (a1, e,) WS <Z§€i27€i3,.‘.eik) +
3)

+ (a12) \I/gk) (z;€1,€9...€) .

Let A=DP (z) = (z,e1) ... (ziei_1) (z,ei41) ... (x, €x).
Then
k— _
W (21 ey, e15me5,) = VP (&) [(a2,2) 0 (2)] =
k—1
Z (a2v eiz)@(k_m (25 eis"'eik) + (CLQZ) @(k_l) (Z; eizeis'“eik) )

io=1

U (zre1,e9..00) = FP (L) [(az,2) ¢ (2)] =

k
= 3 (ag,ei) 0"V (25€4,,.05) + (ag, 2) @¥) (25 €1, €9, ...ex) -
i1=1

Substituting and into we get

P () [(a12) (a22) 9 (2)] = *P () [(a12) U2 (2)] =

k k=1
=3 |(arei) 2 (ag,ei,) D (25 €45..05,) + (a2, 2) 9% (25 €455, ) | +
=1 iz=1

+ (a12) [X (a2, €;,) P* D (25 e4y...65,) + (ag, 2) ®) (2 ereg...ex)] .
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Opening parenthesis, we get:

k

"P (&) [(ar1,2) (a22) 0 (2)] = 12 (a1, ei,) (a2, €,) ¥ (25 €45, .05, +
i1 i s <ia <k
k :
+ 20 (ar,eq,) (a2, 2) %Y (2505, i) + X0 (a2, €0) (a1,2) 907D (2505, 03,) +
i1=1

i1=1

+ (a12) (az, 2) ™) (z; e1e9...e1) .
Using induction we have:

) "P () [(a1,2) (a2, 2) .. (am, 2) ¢ (2)] =

= > (arei, ) (azei,) ... (ams €i,,) ‘P(kim) (z; Cimt1 '-'eik) +

11,89... i =1

_l’_

3

s

k
1 2 1 (ar€ir) (azeiz) (@51, €i1) (@541 i) oo (ams €i) (a5,2) X
11---tm=
X0 )+
+ Z Z H (aja €ij) (asw Z) (a52> Z) (‘O(k_(m_Q)) (Z; €im72"'ei") '

51,82=1 41...0m—1 JF#S1,52

51<82
=+ Z E H (aja 67;].) (asl 9 Z) (a82a Z) (a83a Z) Qo(ki(mig)) (Z, el‘m737 ezk) +
51,52,83=1 4192...m—3
8§1<82<83
Hooo 4 (a12) (a22) ... (a22) o™ (25 €1, €9...¢1) .
Hence

EP (L) [(a1,2) (a2, 2) .. (am, 2) 9 (2)],_p =

k (6)
= 12 (a1, €i,) (a2, €iy) . (Qm, €q,,) @F7™ (05 €4, €4 ) -
$199...0m=
i i1 sim <

‘We have from and @

P () 012 e a2 g =PI () ()

Since these relations are true for all addends of the polynomial P, (x), we can
say that the following lemma is true.

Lemma 1. The following equality holds:

Pa () 6013) 02,2 o 2) ¢ (oo = P2 31 ) 92 oo

2. Similarly we give the following definition.
Definition Let for a sequence { f,, (k)} there exist fém) (x;a1,a9...ap) and f, () —

f(x),n— o0, in Ly (X,p), and a {fr(zm) (x; a1, ag...am)} converges in Lo (X, 1) to
some function p (x;aiag...apm) € Lo (X, 1).
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Then we’ Il say that f(xz) has a generalized derivativef (™ (x;a1,a9...anm,) and by
definition we assume (™) (z;a1,a9...am) = p(2;0102...01,).
Having f(™) (x;a1,a9..ap,) we sequentially apply formula of integration by parts:

/f1 x;a) p (dx) /f (z;0) + g (z) (B a,z)] pu (dz)
and easily get the following equality:

[0 (2501, a2, ...am) g (x) @ (dz) = [ f () G (z,a1,a2...am)u (dzx) (7)

where
ng n3
G (z,a1,...am) = Zg(”l) (x; a;, ...ainl) H (B_lak]._iak].u) H (B_1a€3x)
j=1 s=1

and summation is taken in all indices

(’ilig...inl) U ((k?lk‘Q) , (k3k4) (an,l, kan)) U (lllgln3) = (1, 2, 3TL) ,
ni,no,ng > 0, ny+ng+n3=m

Taking this relation as a basis we can formulate the following lemma.
Lemma 2. Let f(x) € Lo (X, p) and there exist such p(z,aj...am) € Lo (x, 1)
depending on ai,as...a, € BX, that the equality

[ p(z1a1, as...am)g (z) p(dz) = [ f(2)G (z,a1,...am) p (dz) (8)

is fulfilled for any g (x) € Lo (x, ), for which ¢" (x;aia9...ay,) exist the functions
g(z) are a complete system of functions in Lo(x, ). Then f(x) has a generalized
derivative (™ (x;a1,a9...am) = p(T101,02...01).

The proof is a similar the proof of lemma from [3].

Generalized derivative, defined in lemma 2 is unigue. Let f, (k) an arbitrary
sequence such that f,(z) and f7(z,a1,as, ..., am) converge in L?(z, u) to f(x) and
p(z,a1,az,...,amy). Then the equality (7) for f,(x) has the following form

/f,’f(x,al,ag,...,am)g(m)u(dw)—/fn(x)G(m,al,ag,...,am)u(d:c).

Passing to limit (asn — oo) we get

/'ﬁ(m,al,ag,...,am)g(a:)u(da:) :/f(x)G(x,al,ag,...,am),u(da:)

which is true for any g(x) satisfing to condition of lemma 2. Right side of last
equality coincides with right side of (8). Hence p(z, a1, as,...,am) = p(x,ai, ..., am)
almost everywhere.

Theorem.f (x) € Ly (x, 1) has a generalized derivative f™ (z;a1, a9, ...am) in
the directions a1, as, ...a., € BX iff

o saan (PP < Cora / P2 ()  (dx)
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where
ni n2 d
lgo,B,a,... m (Pn) = Z (7i)min H (B lak]‘_iakj) Pn7ai1"'ainl <d> X
2,12 inl .7:1 :
ns d
X H (dz;B_lams>] ¢ (2) |2=0
s=1

(and summation is taken in all collection of indices

(iliz...inl) U ((mlmg — mng) U (k‘jflkl) (k‘nzfl, knz)) = (1, 2m) ,
ni,n2,ng > 0, ny+ng+ng=m

lo.B.a,...am (Pn) s a linear functional determined on all polynomials.
Proof. Necessity. We sequentially apply the formula of integration by parts

[0 @iay o) = [ @) [i02) + (B au2)] o ()

and get
ni no
/ei(”)f(m) (x;a1,a2...am) p (dx) = Z (—i)™ H (ai,, 2) H (Bflakjfl,akj) X
i ein s=1 j=1
. n3
X /f (x) ei(#:2) H (Bflamp,x) w(dx) =
p=1
no ni
= (=)™ Z H (B_lakjflakj) H (as,, z) o3 (2 B~ la,,, ...B_lamn?).) . (9)
iy =1 s=1

Appling the operator P, (%dilz) to the both sides of equality @), using lemma 1
and get:

[ @) fm) (2541, a...am) Py (2) p (dz) | =0 =

ng ni n3 B
= | X " (B an) Pild, e, () 1T (4B 1ams)] ¢ (2).=0-

i1.0ing Jj=1 5=
Hence
lo.Bar...am (Pn) = /f(m) (@5 araz...am) P () p (dz) -
Hence

2
learan (PP < [ 1 @iaran) | utde) - [ P2 (0 (do).
Denote Coyqy...am = [ ’f(m) (z; al,ag...am)lzp (dzx), then we have

o Baran (o) < Cayooa, - / P2 (2) 1 (da).
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Sufficiency. Since the polynomials{P, (z)},~, are complete system in Lo (X, ),
the linear functional I, B 4, ...a,, (Pn) is bounded on polynomials and can be continued
to all Ly (X, i) then accorting to the representation theorem there exists the function

p(x,a1,as...a,,) such that
Lo () = [ p(@01.000)Po () (d) (10)
Let’s consider the function,
Y (z;a109...0m) = /ei(27r)p(x;a1,a2...am)u (dz) .

Then

P, (lcjfc)wm)\: - [Py @at. ()

It follows from and that
1d
lga,B,a1...am (Pn) - Pn <’LdZ> 1/} <Z7 al-"am) ‘zzO

Then by the theorem on uniqueness of on entire analytical function and from @D

we have

[ p(z,a1,a2...a,)e %) (dz) =

ni . n2 n3

= [f(@) 2 (=" H1 (ai,, 2) > TT (B~ ax,_, ax,) H1 (B~ am,, ) p(dx)
s= j=1 p=

Denoting g. (z) = €(*%) we can rewrite last equality in following form

[ p(z,a1,az...am)g: (x) p (dx) =

=[f@| X g (x;ai,...ainl) ﬁl (Bak]._l,akj) ﬁl (B am,, )| p(dz).

i1eing j= p=
This equality is true for all linear combinations g (z) = > Ckg,, () and their
k
uniform bounded limits. This family of functions is dense in Ly (X, ) [2]. Therefore,

by lemma 2 f(z) has a generalized derivative and

f(m) (z;a1,a2...am) = p(,a102...01,) -
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