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INVESTIGATION OF RESOLVENT OF
OPERATOR-DIFFERENTIAL EQUATIONS ON

SEMI-AXIS

Abstract

In the present paper asymptotics of the Green function for the 2n-order
operator differential equations on (0,∞) is obtained.

Let H be a separable Hilbert space. Let’s consider in the space
H1 = L2[H; 0 ≤ x < ∞] a differential operator L, generated by the expression

l (y) = (−1)n
(
P (x) y(n)

)(n)
+

2n∑
j=2

Qj (x) y(2n−j) (1)

with the boundary conditions

y(j) (0) = 0, j = 0, n− 1. (2)

Here y ∈ H1 and derivatives are understood in the strong sense. Denote Q2n (x)
by Q (x) everywhere.

Suppose, that coefficients of expression (1) satisfy the conditions:
1. For all x ∈ (0,∞) and for all h ∈ H

m (h, h)H ≤ (P (x) h, h)H ≤ M (h, h)H , m, M > 0.

2. The operator function P (x) is n-time differentiable for all x ∈ (0,∞).
3. The operators P (x) are self-adjoint in H almost for all x, moreover, in H

there exists common for all x and dense everywhere in H the set D {Q (x)} = D (Q),
on which Q (x) are defined and symmetric*. (* Thus, we assume, that operators
Q (x) can be nonbounded in H).

4. Operators Q (x) are uniformly bounded below, i.e. there exists such a number
d > 0, that for all x and f ∈ D (Q), (Q (x) f, f)H ≥ d (f, f)H .

5. There exists a constant number c > 0, 0 < a <
2n + 1

2n
such that for all x

and |x− ξ| ≤ 1 the following inequality is true:∥∥[Q (ξ)−Q (x)]−a Q (x)
∥∥

H
≤ c |x− ξ|

6. For |x− ξ| > 1 ∥∥∥∥K (ξ) exp
{
−Jmε1

2
|x− ξ|ω

}∥∥∥∥
H

< C,

where K (x) = P− 1
2 (x) Q (x) P− 1

2 (x) , ω =
{
K (x) + µP−1 (x)

} 1
2n , µ > 0.

Jmε1 = min
i

{
Jmεi > 0, ε2n

i = −1
}

.
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7. For all x, ξ ∈ (0,∞)∥∥∥Q (x) P± 1
2 (x) Q−1 (x)

∥∥∥
H

< C,
∥∥∥Q (ξ) P− 1

2 (x) Q−1 (ξ)
∥∥∥

H
< C.

8. Operator functions Qj (x) , j = 3, 4, ..., 2n − 1 are self-adjoint in H and for
all x ∈ (0,∞)∥∥∥Qj (x) Q

1−j
2n

+ε (x)
∥∥∥

H
< C, (j = 3, 4, ..., 2n− 1) , ε > 0.

Let D′ be a totality of all functions of the form
m∑

k=1

ϕk (x) fk, where ϕk (x) are 2n-

time continuously-differentiable finite scalar functions in zero, satisfying conditions
(2) and fk ∈ D (Q). Let’s define operator L′, generated by expression (1) with the
domain of definition D′. L′ is a symmetrical positive definite operator in H1. We’ll
suppose that closure L of operator L′ is self-adjoint.

The main result of this paper is the following:
Theorem. If conditions 1)-8) are fulfilled, then for sufficiently large µ > 0

there exists a inverse operator Rµ = (L + µE)−1, which is a integral operator
with the operator kernel G (x, ηçµ), which we’ll call Green’s function of operator
L. G (x, η, µ) is an operator function in H, which depends on two variables x and
η (0 ≤ x, η < ∞) and parameter µ, satisfying the following conditions

a)
∂kG (x, η, µ)

∂ηk
, k = 0, 2n− 2 is a strongly continuous operator-valued function

by variables x, η

b)
∂2n−1G (x, x + 0, µ)

∂η2n−1
− ∂2n−1G (x, x− 0, µ)

∂η2n−1
= (−1)n P−1 (x)

c) (−1)n
(
C

(n)
η P (η)

)(n)

η
+

2n∑
j=2

C
(2n−j)
η Qj (η) + µG (x, η, µ) = 0

∂kG(x,η,µ)
∂ηk

∣∣∣
η=0

= 0, k = 0, n− 1

d) G∗ (x, η, µ) = G (η, x, µ)

e)
∞∫
0

‖G (x, η, µ)‖2
H dη < ∞.

We briefly state the proof course of the theorem. At first construct Green’s
function of operator L1, generated by differential expression

l1 (y) = (−1)n
(
P (x) y(n)

)(n)
+ Q (x) + µy (3)

and boundary conditions (2).
To this aim we use “parametrics” method. We construct Green’s function of

operator L1 with the “frozen” in “ξ” coefficients:{
l̃1 (y) = (−1)n (

P (ξ) y(n)
)(n)

+ Q (ξ) y + µy

y(j) (0) = 0, j = 0, n− 1.
(4)

Here “ξ” is a fixed point from [0,∞).
We’ll search Green’s function g (x, η; ξ, µ) of the problem (4) in the following

form:
g (x, η; ξ, µ) = g̃ (x, η; ξ, µ) + V (x, η; ξ, µ) , (5)
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where g̃ (x, η; ξ, µ) is a Green’s function of equation l̃1 (y) = 0 on the axis. As is
known, (see [4]), it has the form:

g̃ (x, η; ξ, µ) =
1
2π

P− 1
2 (ξ) ω1−2n

ξ

n∑
k=1

εk exp (iεk |x− η|ωξ) P− 1
2 (ξ) . (6)

Here, by εk we determine roots from 2n
√
−1, lying on the upper half plane.

The function V (x, η; ξ, µ) is bounded as x → +∞ by solution of the following
problem:

l̃1 (V ) = 0 (7)

V (j)|x=0 = g̃(j)|x=0, j = 0, n− 1. (8)

Solution of problem (7), (8) is represented in the form:

V (x, η; ξ, µ) =
1

2ni
P− 1

2 (ξ) ω1−2n
ξ

n∑
k=1

εke
iεkωξ(x+η)P− 1

2 (ξ) . (9)

Then, Green’s function of problem (5) will take the form:

g̃ (x, η; ξ, µ) =
1

2ni
P− 1

2 (ξ) ω1−2n
ξ

n∑
k=1

εke
iεkωξ|x−η|P− 1

2 (ξ)−

− 1
2ni

P− 1
2 (ξ) ω1−2n

ξ

n∑
k=1

εke
iεkωξ(x+η)P− 1

2 (ξ) .

The function g (x, η; ξ, µ) can be transformed in the following form:

g̃ (x, η; ξ, µ) =

=


1

2ni
P− 1

2 (ξ) ω1−2n
ξ

n∑
k=1

εke
iεkωξ(x−η)

{
E − e2iεkωξη

}
P− 1

2 (ξ) , x > η

1
2ni

P− 1
2 (ξ) ω1−2n

ξ

n∑
k=1

εke
iεkωξ(η−x)

{
E − e2iεkωξη

}
P− 1

2 (ξ) , x < η

Since
∥∥eiεkωξη

∥∥
H
→ 0, as µ →∞, we have:

g̃ (x, η; ξ, µ) =

=
1

2ni
P− 1

2 (ξ) ω1−2n
ξ

n∑
k=1

εke
iεkωξ|x−η| {E − r (x, η; ξ, µ)}P− 1

2 (ξ) (10)

moreover, as µ → ∞ we have ‖r (x, η; ξ, µ)‖ = 0 (1) uniformly by (x, η). Now, let’s
investigate Green’s function of equation (3). For this we rewrite equation (3) in the
following form:

(−1)n
(
P (x) y(n)

)(n)
+ Q (x) y + µy = (−1)n

(
P (ξ) y(n)

)(n)
+ Q (ξ) y + µy+

(11)

+ (−1)n
{(

P (x) y(n)
)
−

(
P (ξ) y(n)

)}(n)
+ {Q (x)−Q (ξ)} y = 0.

Formally search Green’s function of operator L1, G (x, η; ξ, µ) in the form:

G1 (x, η; ξ, µ) = g (x, η; ξ, µ) + g0 (x, η; ξ, µ) .
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In the last equation, putting g + g0 instead of y and applying to the both hand
sides the operator, generated by kernel g (x, η; ξ, µ) (supposing x = ξ), we get

G1 (x, ξ, µ) = g (x, ξ, µ)−
∞∫
0

g (x, ξ, µ) [Q (ξ)−Q (x)]G1 (ξ, η, µ) dξ+

+
1

2ni

∞∫
0

P (x)−
1
2 ω

n∑
k=1

εk exp (iεk |x− ξ|ω) (E − r (x, ξ, µ))×

×P− 1
2 (x) [P (ξ)− P (x)]G1 (η, ξ, µ) dξ+

+(−1)n
n∑

m=1
Cm

n

∞∫
0

g
(2n−m)
ξ (x, ξ, µ) P

(m)
ξ (ξ) G1 (η, ξ, µ) dξ (12)

(Here G1 (x, η, µ) ≡ G (x, η; ξ, µ) , g (x, η, µ) ≡ g (x, η; ξ, µ)).
For investigation of integral equation (12), according to the paper [1], introduce

Banach spaces X1, X2, X
(p)
3 , X

(s)
2 , X

(s)
4 and X5 (p ≥ 1, s <) whose elements are op-

erator functions A (x, η) in H for x, η ∈ (0,∞) and norms are determined as:

‖A (x, η)‖2
X1

=
∞∫
0

dx

{∞∫
0

‖A (x, η)‖2
H dη

}

‖A (x, η)‖2
X2

=
∞∫
0

dx

{∞∫
0

‖A (x, η)‖2
2 dη

}
.

Here ‖A (x, η)‖2 is a Hilbert-Schmidt norm (absolute norm) of operator A (x, η)
in H.

‖A (x, η)‖
X

(p)
3

=
[

sup
0≤x<∞

∞∫
0

‖A (x, η)‖p
H dη

]1/p

, X3 ≡ X
(1)
3

‖A (x, η)‖
X

(s)
2

=
∞∫
0

dx

{∞∫
0

‖A (x, η) Qs (η)‖2
2 dη

}
‖A (x, η)‖

X
(s)
4

= sup
0≤x≤∞

∞∫
0

‖A (x, η) Qs (η)‖H dη

‖A (x, η)‖X5
= sup

0<x<∞
sup

0<η<∞
‖A (x, η)‖H

(definition and proof of their completeness for x, η ∈ (−∞,+∞) are given by B.M.
Levitan [1]).

Introduce operator N , defined by equality

NA (x, η) =
∞∫
0

g (x, ξ, µ) [Q (ξ)−Q (x)]A (ξ, η) dξ +
∞∫
0

1
2ni

∞∫
0

P− 1
2 ω.

n∑
k=1

εk exp (iεk |x− ξ|ω) (E − r (x, ξ, µ))P−
1
2 [P (ξ)− P (x)]A (ξ, η) dξ+

+
∞∫
0

(−1)n
n∑

m=1
Cm

n g
(2n−m)
ξ (x, ξ, µ) P

(m)
ξ (ξ) A (ξ, η) dξ. (13)

We prove the following
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Lemma. If operator functions P (x) and Q (x) satisfy conditions 1)-7), then
for sufficiently large µ > 0 the operator N is a contracting operator in the spaces
X1, X2, X

(p)
3 , X

(s)
2 , X

(s)
4 , X5, therefore equation (12) for sufficiently large µ > 0 can

be solved by iteration method.
We prove, that its solution is Green’s operator function for operator L1. Using

conditions (4), (5), (6) and equation (3) one can show, that as µ →∞ the relation:

G1 (x, η, µ) = g (x, η, µ) [E + θ (x, η, µ)] , (14)

holds.
Here ‖θ (x, η, µ)‖H = o (1) as µ →∞ uniformly by (x, η) ∈ (0,∞).
We’ll search Green’s function of problem (1) and (2) in the form of:

G (x, η, µ) = G1 (x, η, µ) +
∞∫
0

G1 (x, η, µ) ρ (ξ, η) dξ. (15)

Using properties of function G1 (x, η, µ) for ρ (x, η) we get the equation

ρ (x, η) +
2n∑

j=2
Qj (x)

∂2n−jG1 (x, η, µ)
∂x2n−j

−

−
2n∑

j=2
Qj (x)

∂2n−jG1 (x, ξ, µ)
∂x2n−j

ρ (ξ, η) dξ = 0. (16)

If we suppose

F (x, η, µ) = −
2n∑

j=2
Qj (x)

∂2n−jG1 (x, η, µ)
∂x2n−j

then, equation (16) takes the form

ρ (x, η) = F (x, η, µ)−
∞∫
0

F (x, ξ, µ) ρ (ξ, η) dξ. (17)

Using asymptotical representation (14) for the function G1 (x, η, µ) one can es-
timate the norm ‖F (x, η, µ)‖H :

‖F (x, η, µ)‖H ≤ c−ξ
µ · e−Jmω1 2n

√
µ|x−η|.

Hence sup
0<x<∞

∞∫
0

‖F (x, η, µ)‖2
H dη ≤ cµ−2ε.

It follows from this estimation, that the function F (x, η, µ) is an element of the
space X

(2)
3 and as µ →∞ tends (by norm of space X

(2)
3 ) to zero. Therefore, equation

(17) in space X
(2)
3 has a solution, and this solution is unique.

Hence, particularly, it follows the fact that at sufficiently large µ the solution
ρ (x, η) of equation (17) behaves itself in the same way as F (x, η, µ).

At sufficiently large µ an integral operator, contained in equation (15), is con-
tractive (and as µ →∞ tends to zero), therefore, at µ →∞ we have:

G (x, η, µ) = G1 (x, η, µ) [E + α (x, η, µ)] , (18)
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where ‖α (x, η, µ)‖H = 0 (1) at µ →∞.
Using asymptotical equality (14) from (18) we get the following important equal-

ity
‖G (x, η, µ)‖H = ‖g (x, η, µ)‖H (1 + 0 (1)) . (19)

It is easy to show, that for the function g (x, η, µ) the following estimation is
true:

∞∫
0

{∞∫
0

‖g (x, η, µ)‖2
2 dη

}
dx < ∞.

From this estimation and equality (19) it follows, that the function G (x, η, µ)
generates a Hilbert-Schmidt type integral operator. Since the function G (x, η, µ) is
a kernel of the operator Rλ = (L + µE)−1, we get, that operator L has a discrete
spectrum λ1, λ2, ..., λn... with a unique limit point in infinity.
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