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THE PROBLEMS OF OPTIMAL CONTROL BY
PARABOLIC EQUATIONS COEFFICIENTS

Abstract

For the problems of optimal control by parabolic equations coefficients the
questions of correctness of their statement have been investigated, sufficient
conditions for aim functional differentiability have been found, formula for its
gradient has been obtained, and necessary condition of optimality has been
determined.

The problems of optimal control by coefficients of mathematical physics have
great theoretical and applied significance [1]-[3]. By investigating the correctness
of these problems statement and receiving necessary conditions of optimality there
arises a series of difficulties connected with theirs nonlinearity and nonconvexity [1],
4)-[6].

In the given paper a problem of optimal control by parabolic equations coeffi-
cients provided, that these coefficents are found in the spaces I/Vp1 and Lg ,where
p and s are some finite numbers, has been investigated.Earlier, such problems has
been studied in the papers [1], [4]-[6] and in others, in cases, when coefficients of
parabolic equations are found in the spaces WL and L.

For the below considered optimal control problem the questions of correctness of
its statement have been investigated, sufficient conditions for aim functional differen-
tiability have been found, formula for its gradient has been obtained, and necessary
condition of optimality has been determined.

1. Problem statement.

Let ©2 be a bounded domain of n-dimensional Euclidean space R"™, S be a bound-
ary of the domain €2, which is assumed to be continuous by Lipschitz, z = (x1, ..., x,)
be an arbitrary point of domain 2, T" > 0 be a given number, 0 < ¢t < T,
Qr =0 x(0,T), Sy =S x [0,T]. The functional spaces C (Qr), Ls (Qr), V?/% (Q),

V?/é’o (Qr), 10/;’1/2 (Qr), W;’l (Qr), V(Efél (Qr), VV22’1 (Qr) used below are intro-
duced, for example in [7, ch.I, §1, pp.12-17]. Moreover, everywhere below by M we
denote positive constants that don’t depend on admissible controls and on evaluated
quantities.

Let’s consider controlled process described by the equation of parabolic type

0 "9 0
J‘;m<ka<x,t>aﬁa>+q<x,t>u=f<m,t>, (@) €Qr, (1)

where f € Ly (Qr) is the given function, ko (z,t) (a =1,n), ¢ (z,t) are control

functions.
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Let for equation (1.1) the following boundary condidions be given:
ulg, =0, ul_g=¢(), €, (1.2)

where ¢ € W3 () is the known function.
Suppose, that control v = (ky (z,t), ..., kn (z,t) ,q (z,t)) is found on the following
set of admissible controls:

V={v=(k,..kn,q) € B= Wy (Qr)]" x Ls (Qr) :

° aka «a
0 < Vo < ka (2,8) < pig, V(2,1) € Qr, H&r, < d,
v LP(QT)
Ok .
2 < da, (a,izl,n), ||QHL Q Sp}a (13)
H Ot L, @n s@n)

(@)

f)

where vq, [y da, d
n—+2

,p>0 (a,i=1,n), s,p are given numbers, with s > 2 at

o
n<2 8> atn>3,p>n+2atn>1, symbol V denotes ”almost for all ”.

Let’s consider the problem on minimization of functional

J () = Bolluly—p — w2,y + B It —wil12, o) (1.4)

on the solutions u = u(x,t) = u(x,t;v) of boundary value problem (1.1), (1.2),
which correspond to all admissible controls v € V', where 3,3, > 0, 85+ 3; > 0
are given numbers, wug € Lo (), u1 € Lo (Qr) are the known functions.

Under solution of boundary value problem (1.1), (1.2) at each v € V we under-

stand the function u = u (z,t;v) from V12 Q) satisfying the identity
2

877 n ou 677 / /
ot "0z = , , (L.
/ ( U + Zlk 0z, D + qun) dxdt e(@)n(x,0)de+ [ fndzdt, (1.5)
Qr a= O O

for all n = n (z,t) from I/?/él (Qr) ;equal zero at t =T.

At accepted estimates from the results of the paper [7, ch.III, §4, p.189] it follows
that at each v € V' | boundary value problem (1.1), (1.2) has a unique solution from
10/51/2 (Qr). Moreover, solution of problem (1.1), (1.2) from 1()/;1/2 (Qr) belongs
also to the space 1/1/2201 (Qr) = I/VQZ’1 (Qr) N V(E/é’o (Qr), satisfies equation (1.1) at
Y (z,t) € Qr, equals ¢ (z) at t = 0 and it holds the estimation [7, ch.III, §6, pp.203-
212]

bl igry < M (11 zagar) + I9lwaien)] - (16)

2. Correctness of problem statement
Let’s show, that problem (1.1)-(1.4) has at least one solution.
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Theorem 2.1. Let the conditions accepted at the statement of problem (1.1)-
(1.4), where s > nt 2 at n > 3, be fulfilled. Then functional (1.4) is wekly con-
tinuous on V, the set Vo, = {v, €V : J(vs) = Jo =inf{J (v) : v € V'}} of optimal
controls of problem (1.1)-(1.4) is nonempty, weakly compact in B and any mini-

mizing sequence {u(m)} weakly converges in B to the set V.
Proof. Let’s show that functional (1.4) is weakly continuous on V. Let v =
(k1,....kn,q) € V be some element, {V(m) = (k:gm), ...,kf{"),qw)} C V be an arbi-

trary sequence, such that

m)

V™ — 1 is weakly in B, (2.1)

as m — oo.
Let u(™ = u(™ (z,t) = u (z,t;v™) be a solution of problrm (1.1), (1.2) from
W2201 (Qr) at v = v(™). From (1.6) it follows that

Hu(m)H - <const (m=1,2,..). (2.2)
Qr)

Moreover, it is known, that the embedding W;} 1 (Qr) — C (@T) is compact at
p > n + 1, the embedding I/V2201 (Qr) — L2 () is compact at any n [7, ch.II, §2,

2 2
p.78], and the embedding VV2 0 (QT) — L, (Qr) is compact at 1 <r < (n+2)7 if

n >3 [8, ch.I, §2, p.39] for any finite r > 1, if n = 2 and at r = oo, 1fn—1 [8, ch.I,
§1, p.33]. Therefore, from (2.1) and (2.2) it follows, that from {V(m U } we can
extract such a subsequence that we again denote by { I/(m),u(m)}, that

k™ kg, (. =1,n) is weakly in I/Vpl’1 (Qr) and strongly in C (Qr),  (2.3)

¢"™ — ¢ is weakly in Lg (Qr), (2.4)
u™ — u is weakly in 1/1/2201 (Qr) and strongly in L, (Qr), (2.5)
ul™ ‘t_T — ul,_p strongly in Ly (), (2.6)

where v = u (z,t) is some function from I/VQZO1 (Qr), r =00, if n =1, r > 1is any

2(n+2)

finite number, if n =2 and 1<r < ,ifn > 3.

Let’s show. that u = u (z,t) = u (z,t;v). It is clear, that the function u(™ (x, 1),
m = 1,2, ... satisfies the identity

Hu(m)
pm) 2% (m),,(m) =
/ ( —i— Z D 8:5& +q""u n) dxdt

Qr

- / ¢ (z)n(z,0)dz + / fndadt, (2.7)

Q Qr
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for all n = n (z,t) from W;’l (Qr) equal zero at t =T
Moreover, the equality

/Z<m - 8ndazdt /Z k(m—k)

a

(m) (m)
 du 8nddt+/2k O™ O . (2.8)

is true.

From (2.2) and (2.3) it follows, that the first item in the right hand side of
equality (2.8) tends to zero as m — oo. Therefore, passing to the limit in (2.8) as
m — oo and using (2.5) we have

m) A ou On
/ Z axa xad:vdt—> / Zk: B a$adxdt (2.9)

Now, let’s show that

/q(m)u(m)nda:dt% /qund:cdt, (2.10)
Qr Qr

as m — oo. It is clear, that the equality

/q(m)u(m)nd:rdt = /q(m) (u(m) - u) ndxdt + /q(m)undazdt, (2.11)
Qr Qr Qr
is true.
Using inequality (1.8) from [7, ch. II, §I, p.75] and the condition Hq(m) HLS(QT) <
p, we have
(m) (M) — o) pdzdt| < H (m)‘ Hu(m) —uH <
[ () ) ] <[l bz o Mt <
T
(m) _
<p H“ UHL,st(QT) 170l 2y00) - (2.12)
2 2 2 2
Since, at n > 3 from the condition s > nt it follows, that i (n+2)

<
s—2 n—2"
passing to the limit in (2.12) as m — oo and using (2.5) we get, that he first

item in the right hand side of equality (2.11) tends to zero as m — oco. Moreover,

from embedding theorem [8, ch.I, §1, p.33, §2, p.39] and from condition s > 2 at
2 o

n<2 s> n at n > 3 it follows, that if u € W22”01 (Qr), n € W4 (Qr), then

un € L_s_(Qr). Therefore passing on to the limit in (2.11) at mm — oo and using
(2.4) we obtam correctness of relations (2.10).
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Now, passing to the limit in (2.7) as m — oo and using (2.5), (2.9), (2.10) we

get, that the function u = w (x,t) satisfies identity (1.5). From here and since the

function u = u (z,t) is in element of the space W22 ’01 (Qr) it follows that the function
[e]

u = u (z,t) satisfies equation (1.1) V¥ (z,t) € Qr and boundary conditions (1.2). It
means, that v = u (z,t) = u (x,t;v).

Thus, it is established, that by fulfilling (2.1) from the sequence {I/(m), u(m)} we
can extract a subsequence, that we again denote by {l/(m),u(m)} for which relations
(2.3)-(2.6) are true, where u = u (z,t;v). Using uniqueness of solution of problem
(1.1), (1.2) it is easy to show, that these relations are true for the whole of sequence
{V(m),u(m)} too.

Now using (2.5), (2.6) from (1.4) we obtain, that J (y(m)) — J(v) as m — oo,
i.e. the functional J (v) is weakly continuous on V. Moreover, the set V defined
by relation (1.3) is a convex closed bounded set in reflexive banach space B. Then
from Weirstrass theorem [9, ch. I, §3, pp.49-51] it follows the problem statement.
Theorem 2.1 is proved.

Now let’s consider the problem on minimization of functional
Lw) =7 @) +7lv—wl? (2.13)

on the set V' defined by relation (1.3), under condition (1.1), (1.2), where v > 0 is
given number, w € B is given element, the functional J (v) is defined by formula
(1.4). This problem is called problem (1.1)-(1.3), (2.13).

Theorem 2.2. Let the conditions of theorem 2.1 be fulfilled, and v > 0. Then
for each w € B problem (1.1)-(1.3) has at least one solution. If v > 0, then there
exists a dense subset G of the space B, such that for each w € G problem (1.1)-(1.3),
(2.13) has a unique solution.

Proof. The functional I, (v) is a sum of weakly continuous functional J (v)
on V and the weakly semicontinuous below functional v ||v — w||23, (v > 0). Hence,
the functional I, (v) is weakly semicontinuous below on V. Then from Weirstrass
theorem [9, ch. I, §3, pp.49-51] it follows that at ~ > 0 problem (1.1)-(1.3), (2.13)
has at least one solution.

Now, let v > 0. The functional J (v) is continuous by the norm of the space
B and is bounded below on V', the space B is uniformly convex, and the set V is
closed and bounded on B. Then by virtue of the known theorem [10], there exists a
dense subset G of the space B such that for any w € G at v > 0 problem (1.1)-(1.3),
(2.13) has the unique solution. Theorem 2.2 is proved.

3. Differentiability of functional and necessary condition of optimality.
For proving differentiability of functional (1.4) we intoduce the following problem
on determination of a function ¢ = ¢ (z,t) = 9 (z,t;v) from the conditions

O ~ 0 9y _
3+ 2 g (e g ) —av
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=20, [u(z,t;v) —uy (x,t)], (z,t) € Qr, (3.1)
Vg, =0, Yli_p=-26pu(z,T;v)—uo(z)], z€Q, (3.2)
where u (z,t;v) is the solution of problem (1.1), (1.2).

Under solution of boundary value problem (3.1), (3 2), at each v € V, we'll

understand generalized solution of this problem from V L1/2 (Qr) [7, ch.3, §1, pp.
160-163]. If in relations (3.1), (3.2) instead of the Varlable t we take a new inde-
pendent variable 7 = T — ¢, we get boundary value problem of (1.1), (1.2) type.
Then from the results of the papers [7, ch. III, §2, p.189] it follows , that problem

(3.1), (3.2), at each v € V, has a umque solution from V1 /2 (Qr). Moreover, if

ug € Wi (Q), then u(- ,T;v) —ug (-) € W2 (Q) [11, ch.III, §2, p.160] and therefore
solution of problem (3.1), (3.2) belongs to the space W2201 (Qr), satisfies equation

(3.1) V(z,t) € Qr, equals =25 [u (z,T;v) — up (z)] at t = T and the estimation [7,
ch.II1, §6, pp.203-212]

HT/’HWZ 1 < M [50 |u (2, T;v) — ug (Jf)HWg(Q) + By llu (z, t;v) —wy (xat)HLQ(QT)

is true.

Then taking into account here the inequality

e (&, T30 gy < M Nl g,

from [11, ch.III, §2, p.160] and estimations (1.6) we get

\W\\W;J(QT)SM[HfHLQ(QTﬁHwng(m+ﬁoHuong<Q)+51 luill o | - (3:3)

Now we also introduce the following boundary value problems on definition of
the functions 6; = 6; (z,t) = 6; (z,t;v) (i = 1,n) from the conditions

" 0%, 0%, Ou Oy
_ _ = 4
= oxf ot 0 Ox; Ox;’ @.1) € Qr, 34
20;| | 00 _ %% _y Leq (i=T,n), (3.5)

where v = u (z,t;v), ¥ = ¢ (x,t;v) are the solutions of problem (1.1), (1.2) and
(3.1), (3.2) respectively, v is exterior normal to the boundary S.

Boundary value problem (3.4), (3.5) is Neuman problem for elliptical equation
(3.4) in the domain Q7. Under solution of problem (3.4), (3.5), at each v € V, we’ll
understand the function 6; = 6; (z,t) from W21 1 (Qr) ; satisfying the identity

08; Oon 89 on [ Ou O —
/ (Z diq aﬂ?a ot ot " 9177) = Oz; Ox; o (i=Tn)  (36)
Qr
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for all n = n(x,t) from I/VQL1 (Qr).
Lemma 3.1. Let the conditions of theorem 1.1 be fulfilled and 1 < n < 4,

ug € VT/% (). Then boundary value problem (3.4), (3.5), at each v € V', is uniquely
solvable in 1/1/21’1 (Qr) and the estimation

18:llw2 2 @py < M (11 Loy + Ilhwzin] (1) Loty + Ilhwaey +

+60 lwollwy @) + B lwrllyon]  (G=Tom) (3.7)
18 true.
Proof. As it follows from the results of the paper [12, ch.III, §6, pp.200-202],

for proving unique solvability of boundary value problem (3.4), (3.5) it suffices to
show, that

OO0 p o (@) (i=Tom), (3.8)

ox; Ox; A+l
wheren=n—+latn>2 n=24+¢,e>0atn=1.
Using inequality (1.7) from [7, ch.II, §1, p.75] and condition 1 < n < 4 we get

‘ ou O < H ou Oy <
02 0%ill1 5 @r) ~ NO%illL g @) 1OTillL oy @r)
A2 A 2(n+1)
ou o L
M H ox; Ox; (Z - 1’n) ’ (3'9)

Lony2) (QT) Lony2 (QT)

According to lemma 3.3 from [7, ch.IL, §3, p.95] for any function u € I/VQI’1 (Qr)
the inequality

< Mlullyan,
Lomt2) (QT)

n

o) (i=1,n) (3.10)

ou
81‘@

is true.
Then taking into consideration (3.10) and analogous inequality for the function
¥ in (3.9), we obtain

Hence, it folllows relation (3.8). Therefore problem (3.4), (3.5) has a unique solution
from W,'' (Qr) and the estimation [12, ch.ITI, §6, pp.200-202]

ou Oy

<M Hu||W22’1(QT) H@ZJHW;J(QT) ) (Z = 177) : (3.11)
L%(QT)

Ou 0y

, (i=T1n).
L 24 (Qr)
n+2

is true.
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Here taking into account (3.11), and then (1.6) and (3.3) we obtain (3.7). Lemma
3.1 is proved.

Theorem 3.1. Let the conditions of lemma 3.1 be fulfilled, and p > n + 2.
Then functional (1.4) is continuously differentiable by Freshe on V' and its gradient
has the form

J (V) = (01, ..., 0n,u)) . (3.12)

Proof. Let dv = (dk1,...,0k,,0q) € B be an increment of control on element
v € V, such that v+6v € V. Then solution of problem (1.1), (1.2) gets the increment
du = du(x,t) = u(z,t;v+ 0v) — u(z,t;v). From conditions (1.1), (1.2) it follows
that the function du is the solution from W2201 (Qr) of the following boundary value

problem:
odu .9 ddu
W —azlaxa ((ka+5ka) i?a:a> +(q+5q)5u-
"9 ou
dul_g =0, z€Q, dulg, =0. (3.14)

As it follows from [7, ch.III, §6, pp.203-212] for the solution of problem (3.13),
(3.14) the estimation

n 9% 95ke Ou
[8ullyyz <M[< ) *H . Or >+
Wy (Qr) azl 8‘%%4 L2(Qr) 0o OTa L2(Qr)
+ ldgulpygp] (8.15)

Now let’s estimate the summands included in the right hand side of estimation
(3.15). Using boundedness of the embedding VVpl’l (Qr) — C(Qr) at p >n+1
[7, ch.II, §2, p.78], inequality (1.7) from [7, ch.II, §3, p.75], estimations (3.10) and
condition p > n + 2, we get

H 0u ko Ou

ko 01 H
La@r) || 9%a O%a

2
0x?,

La2(Qr)

0%u

2
0x?,

ou

0xq

Dok Ou

4 :
La(Qr) 0o Ora

Lomt2) (QT)
n

< |0kallo(o
(@r) Lnt2(QT)

< M |[[0kallyyr (a=1,n). (3.16)

@n 1wz
Moreover, it is known, that the embedding W22 o1 (Qr) — L, (Qr) is bounded at
2 2

2E2) e s 308 ohl, §2, p.39).

Therefore, using inequality (1.7) from [7, ch.II, §1, p.75] and taking into account,
n 42

any finite r > 1, if n < 2 and at any r <

that s >2atn <2 and s > at n > 3, we get

16qull L, @ry < 104l @p 1L 4, (@r) < M 104l @p) lellw2r gy - (3:17)

s—2
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Then taking into account (3.16), (3.17) in (3.15) and using (1.6) we obtain the

estimation
6ully21@py < M [ aar) + I€lwiey | 19115 (3.18)

Now, consider increment of the functional J (). Using formula (1.4), we get

5T (W) = J (v +6v) — J (v) = 28, / [ (2, T ) — o ()] 6u (2, T) da+
Q

+264 / [u(z,T;v) — ui (2, 1)] du (,t) dzdt + By || 0u (z, T)Hi(g) + 61 ||5UH%2(QT) :
Q

Using conditions (3.1), (3.2) and (3.13), (3.14) this expression can be represented
as

/ (Z g;‘ 0% 1 1 waq) dedt + R (o), (3.19)

where

w55

Gk aqu) 0 180 (2, Ty +01 160y - (3:20)
Q

Putting n = dk; in (3.6) and taking into consideration the obtained equality in
(3.19), we get

"\ [ 00; d6k;  00; DSk
5J(u)_/ !Z <8xa . o O i)+qu] dedt + R (6v), (3.21)
T

1=

Now, let’s estimate the remainder term R (dv). Using Cauchy-Bunyakovskii
inequality, inequality (1.7) from [7, ch.II, §1, p.75], boundedness of the embeddings
W, (Qr) — C(Qr), Wit (Qr) — L 2 (Qr) at p>n+1, s> 2[7, chll §l,
p.78], [8, ch.I, §2, p.39] and estimations (3 18), (3.3) we have

/ Z (gau N ke + 5u1/1(5q> dadt| <
xa Lo

8(5u o

0xq +

< Z I15kallc (g,

+10alz, 00 100l . @) uwrmm < M [l5ullyz gy Il o 6015 <

L2(QT) L2(QT)

< M 1 atn *+ 1€y 1] Lan + 1€lwy o +

+B0 oz @y + B el o) N6V 13 -
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Hence, from boundedness of the embedding W;’l (Qr) — L2 (Qr) [8, ch.I, §2,
p.39] and from (3.18) it follows that for the remainder term R (0v) defined by equality
(3.20) the estimation

IR 60)] < M [ zagr) + 1€l [1£1za@m + Il +

B0 oy oy + B |y g | 16V 13

is true.

Then, hence and from (3.21) it follows that functional (1.4) is differentiable by
Freshe on V' and for its gradient equality (3.12) is true.

It remains to show, that v — J'(v) is a continuous mapping from V into B*,
where B* is a space conjugate to B. Let 0¢ = ¢ (x,t;v + ov) — o (x,t;v), 00; =
0; (z,t;v + 6v) —b; (z,t;v) (i = 1,n) be an increment of solutions of problems (3.1),
(3.2) and (3.4), (3.5), respectively. Reasoning by analogy as estimation (3.18) for
the function du and estimation (3.7) for the function #; had been obtained, it is easy
to show that fot the functions 41 and §6; (z = 1,7) the estimations

1601l yy2 g,y < M [llflng(QT) + el ) +

+B0 l[uolly ) + B ||U1||L2(QT)} [ov| g (3:22)

max [|0ly21 ., <M [HfHLQ(QT) + HSOHWQl(Q)} [HfHLQ(QT) + llellwy @) +

1<i<n

+80 lollyg oy + B I i 16015 + 1ovIE] (3.23)

are true.
Then using equality (3.12) and estimations (1.6), (3.3), (3.18), (3.22), (3.23) we
get the estimations

| (v +6v) = J (v)|

5 M Ifla@m + 10lwi@)] |11 a@m + 10wy +

81t agom] [1611 + 1ovI13)

from which it continuity of J’ (v) on V follows. Theorem 3.1 is proved.

Now, let’s formulate necessary condition of optimality for solution of problem
(1.1)-(1.4).

Theorem 3.2. Let the conditions of theorem 3.1 be fulfilled, and
Vi = (k1#, ..., kn=,qc) € V' be optimal control for problem (1.1)-(1.4). Ten for any
control v = (ky,...,kn,q) € V the inequality

g "~ 00q+ (Oko  Okar
/{[Zea* (008) (o (1) = e (20) + 3 0 (G = G )
a=1 o i i i

Qr
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00 o+ <8kza Ok

a \ ot ot )] + s (2,8) P (2,1) (g (2,1) = g (2, t))} dadt >0, (3.24)

is fulfilled, where uy (x,t), ¥, (z,t) and O+ (x,1) (a = 1,7) are solutions of problems
(1.1), (1.2); (3.1), (3.2) and (3.4), (3.5), respectively, at v = v,.

Proof. By theorem 3.1 the functional J (v) is continuously differentiable by
Freshe on V and for its gradient formula (3.12) is true. The set V defined by
relation (1.3) is convex. Then by virtue of the known theorem [9, ch.I, §2, p.28], on

the element v* € V providing minimum to the functional J (v) the inequality
<J Vi), v —ve >p>0

is to be fulfilled for any v € V. Hence and from (3.12) it follows the validity of
inequality (3.24). Theorem 3.2 is proved.

References

[1]. Lions J.-L. Optimal control by systems described by partial equations. M.:
Mir, 1972, 416 p. (Russian)

[2]. Lurie K.A. Optimal control in mathematical physics problems. M.: Nauka,
1975, 480 p. (Russian)

[3]. Alifanov O.M., Artyukhin E.A., Rumyantsev S.V. Extremal methods of in-
correct problems solution. M.: Nauka, 1988, 288 p. (Russian)

[4]. Iskenderov A.D., Tagiyev R.K. Optimization problems with control in par-
abolic equation coefficients. Different. uravneniya, 1983, v.19, No8, pp.1324-1334.
(Russian)

[5]. Iskenderov A.D. On variational statement of multidimensional inverse prob-
lems of mathematical physics. DAN SSSR, 1984, v.274, No3, pp.531-535. (Russian)

[6]. Tagiyev R.K. On optimal control of the coefficients of the parabolic equation.
Transact. of National Academy of Sciences of Azerbaijan, isc. math.-mech., 2000,
v.XX, pp.251-257.

[7]. Ladyzhenskaya O.A., Solonnikov V.A., Uraltseva N.N. Linear and quasilin-
ear equations of parabolic type. M.: Nauka, 1967, 736 p. (Russian)

[8]. Lions J.-L. Control of singular distributed systems. M.: Nauka, 1987, 368 p.
(Russian)

[9]. Vasilyev F.P. Methods of extremal problems solution. M.: Nauka, 1981, 400
p. (Russian)

[10]. Goebel M. On existence of optimal control. Math. Nachr., 1979, v.93,
pp.67-73.

[11]. Ladyzhenskaya O.A. Boudary value problems of mathematical physics. M.:
Nauka, 1973, 408 p. (Russian)

[12]. Ladyzhenskaya O.A., Uraltseva N.N. Linear and quasilinear equations of
elliptic type. M.: Nauka, 1973, 576 p. (Russian)



146 Transactions of NAS of Azerbaijan
[R.K.Tagiyev]
Rafig K. Tagiyev
Baku State University.
23, Z.1. Khalilov str., AZ1148, Baku, Azerbaijan.
Tel.: (99412) 438 02 40,
(99412) 427 11 27

Received September 5, 2006; Revised December 20, 2006.



