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NURBALA A. SULEYMANOV

ON THE EXISTENCE OF AN ABSORBING SET
FOR SEMI-LINEAR PSEUDOHYPERBOLIC
EQUATIONS OF HIGHER ORDER

Abstract

In the paper we consider a mized problem for semi-linear pseudohyperbolic
equations of fourth order with Rinke boundary conditions. For this problem we
prove the existence of the absorbing set.

Let Q C R, be a bounded domain with smooth boundary I'. In the domain
Q = [0,00) x ©Q we consider a mixed problem for a semi-linear pseudohyperbolic
equation

g — Augy + A%u — Au+ug + [ufPu+ f(u) =g (z), t>0, 2 €R, (1)
with boundary conditions
u(t,z) =0, Au(t,z) =0, t>0, z €T (2)
and initial conditions
u(0,z) =up (z), w (0,2) =uy (x), z €9, (3)

where the number p and the function f (u) and g (z) satisfy the following conditions
n+4

n—4

20, f (u) is a differentiable function in R and for all u € R the estimations

19 1<p<ooandforn>4, p<

If ()] <ecrt (1+ul?), p<p. Uf(u)ZCQ/Ouf(S)dS—03U2—C4,

where ¢; > 0, i = 1,2, 3,4, are fulfilled.
o —1 !
3%, g(-) € Wyt (Q), where W51 (Q) = <W2 (Q)) .
By W3 () we denote a sub.space of Sobolev space W ()
W1 (Q) = {u;uewg(m, N‘u(g'c) —0,i=0,1,..,(r/2), :UGF},
k for r=2k+1

here (=) =
were(i)— k—1 for r=2k
Introduce the space H = W3 () x W () with scalar product

<w1,w2> = /Aul - Auldx + /Vvl - Vo?dz, (4)
Q Q

)

where w' = < qu’ > , i=1,2. We similarly introduce Hy = W3 (Q) x W2 (Q).
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Following [1] , by substitution v; = u, ve = u; we can reduce problem (1) — (3)

to the Cauchy problem
w' = Aw + F (w) (5)
w (0) = wy (6)

in the Hilbert space H , where

0 —
F““):(G(!u\p—lu—ﬂuw(m)) )’G:(I‘A’ g

D i
D(A4) = Ho, AZ(-A?G AG—G)'

It is known that G : W5 (Q) — Wst2(Q), s > 0 realizes isomorphism (see
[2],13])-

It is proved that a linear operator A generates a strongly continuous semi-group
in H and F (w) satisfies the local Lipschitz condition, i.e.

17 (') = F ()| < e ([ [lw?[]) [l = w?[],

where ¢ (+,-) € C' (R2). (see [1]). So for the problem (5)—(6), all conditions theorem
of the local solvability ([4]) are fulfilled therefore for any wy € H problem (5) — (6)
has unique solution w (-) € C ([0,00),H). If wyp € Hp then w(-) € C (]0,00),H) N
C' ([0,00), H). Thus, there exists a nonlinear semi-group W (t), where w (t) =
W (t) wo. Problem (5) — (6) is equivalent to the integral equation

w(t):U(t)wo—i—/O U(t—71)F (w(r))dr. (7)

By B (H) we denote a totality of bounded sets in H.

The set By is said to be an absorbing set for a semi-group W (t) if for any
B C B (H) there exists tg > 0 such that W (t) B C By, t>tp.

In the paper we obtained the following result

Theorem 1. Let conditions 1° —3° be fulfilled. Then the semi-group W (t) has
an absorbing set By C B (H)

We first prove the following theorem.

Theorem 2. U (t) is an exponentially decreasing semi-group, i.e. there exists
M > 1 and w > 0, such that

U (t)HL(H,H) < Me_wt, t>0.
Proof of theorem 2. let’s consider a linear pseudohyperbolic operator
L (u) = ugy — Aug + A%u — Aug + uy

with boundary conditions (2).
Multiply L (u) by u; + nu and integrate over the domain 2. Then, after integra-
tion by parts we’ll get

d |1 1 1
(L () 4 ) = |5 e ()2 5 1V )12+ 5 1A 2]+

(e () )+ (Ve (), Va ) + 2 [Vl + 3 ull’] +
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[ = ) 970 (1)1 + (1= ) e (&) + A (8,2 (8)

Equality (8) is valid for any function

ue C? =2 ([o, 0) ,Wg) ncl ([0,00) W22> ne ([o,oo) Wg) .
Denoting
1 2 1 2 1 2
E(t) = 5 llue (& )7 + 5 Ve (8117 + 5 1 Aw )7 47 (ue (8 ) () +

0 (Vue (8,2), Vu t,)) + 3 [Val]* + 3 [lul*,
we get from (8)

DB )+ (1) 1V ()7 + (1) e () +

+n || Au (t, -)Ilﬂ = (L (u) (;-)  ue (¢, ) +nu(t,)) - 9)

Then, using the Holder inequality we get

[Guae (8,-) (8 )] < 5 llue (&)1 + 5 Jlu (8,17

(10)
(Vue (t,), Va8, ))] < 5 1 Vae (87 + 5 11V (8]
In view of the known inequalities (see [2],[3]).
[oll < Bo [ Al |Av] < By ([vllyiz gy » lwll < Ba |Aw]],
(11)

ve W2 (Q),we Wi (Q)
we get from (9), (10) and (11) that

d

HE O +wB ) < (Lu(t-),u(t ) +nu(t ) +

|5 W+ n8y) = 1+n) fue ()17 +
|5 (L m) = L) IVl + [ 5 (L4 By +mo) —n) 1 Au (2,7,

Later we’ll choose 1 and w in the following way :

2(1-7n) 2(1-n) 21 }
L+n+n6," 141 1408, +np

0<n<l, w—min{

It follows from the last inequality that for any function u € C? it is valid the
inequality

d
DB ) +wB (@) < (Lu(t, ) ue(t) + e, ). (12)
Let u (¢, 2) be a solution of the equation

L(u)=0 (13)
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with boundary conditions (2) and initial conditions (3) where ug € W3,

uy € Wit follows from [4] that u € C2. Therefore, on the basis of (12) — (13)
we have the inequality

d
ZE (1) +wE () 0.

Hence we get
E(t) < E(0)e v, (14)

where ] 1 1
B(0) = 5l O + 5 [V Ol + 5 1du0 ()] +

+1 (w1 (-) w0 (1)) + 1 (Vur (-), Vo () -
On the other hand, in view of (4)

lw ()11 = Ve (8, )|* + [ Au (2, )|
Therefore, using (11) we can see that
et lw @) < E(#) < e llw ()], (15)

where ¢; > 1 is independent of w () and ¢.
It follows from (14) and (15) that

|w ()] < Me " |lwol|, t>0, wo€ Hy,
where M = ¢?. Since w (t) = U (t) wo , then
U (#) wol| < Me “!|jwol|, t >0, wo € D(A) = H,. (16)

In view of of boundedness of U (t), for any ¢ € [0,00), inequality (16) is valid
for all wg € H , therefore

U O e,y < Me™“t ¢ > 0.

Proof of theorem 1.
Let ug € W3 and u; € W2 and u (¢, 2) be a solution of problem (1) — (3), then

u(t,z) € C2, and on the basis of (12) we get

d

B () +wE () < (g (2) — |ul u— f (u), w0 — ). (7)

Using Holder and Young inequality and inequality (10) we get the inequalities

149 () ()1 < 2 gl gy + < e >||W;(m (18)
4 ()t ) <12 gl s oy + & T gy < 2 lglsqey +
2 gl gy + <6 e 8 My - (19)

On the other hand

P, . _ p+1
/|u\ u - urde = +1dt/|u| dz, /f up = /F(u) dz, (20)
Q



Transactions of NAS of Azerbaijan 133
[On the existence of an absorbing set for...]

where F (u) = [ f (s)ds. By condition 3° we have :

C—g

—n/uf(u)§—ncz/F(u)d:U—|—7703Q/u2+C4n§

Q Q
< —nea [ F(w)de+ nessy | Al + can (21)
Q

Allowing for inequalities (18) — (21) in inequality (17) we get

aE(t)erE(t) S€||UtHW21+77663||U||W22_]H‘1dt/|u|p+ dm—n/\u|P+ dr—
Q Q
d 2 L+mn, 2
G [F e —nes [ F@)dsneay lulfys + e+ S gl gy (22
Q
Denoting

E(t):E(t)—i—pj_l/|u]p+1dx+/F(u)dx
Q Q

and choosing 7 sufficiently small from (22) we get

dE 1+
ar +wE<—— HQHW 1+ Cqm,

where wy; = min {w — 2e,w — 27 (6, + 6360) , 1L, (p+1)n, nea}
Thus

E(#) <E(o)e—w1t-—[1+77

1+
C477:| e—wlt |: n H H C47
EW w1

ol b+ (29

It follows from (15) and (23) that

lw ()2 < e1 |1 lw (0 |+/|u |”+1d:c+/ (uo (2)) dr | =11+

L+n can L+n Caml | —nt
. 24
gl + 2] - [T hal o+ 21

Using the embedding theorem (see [5]) we have:
luoll e < Bs oz - (25)

Further, from condition 2° it follows the inequality

/F (up (x)) dx < c/ lup ()] (1 4 |ug (2)|P) dz < ¢ - mesQ+

2 +1 2 +1 +1
+elluolly, g, + e lluollf,, < c-mesQ+ e85 lluollys + 85T luolly,

Q)" (26)
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It follows from (24) — (26) that

5p+ -
lw (B)]° < e [61 lw (0)]? | oHp+1 + ¢ lluollfyp + 85" HUollp+1 @l
L+n, o c4n 2n 2 41 —wit
+a1 [8&11 lgllyw,r + 07| = o 19l 47 ermesS e (27)

Inequality (27) is valid for all wy € Hy. On the other hand Hy = H and the
solution of problem (5) — (6) continuously depends on wq in the space H (see [6]),
therefore , we can easily see that inequality (25) is valid for any wy € H.

Let By ={w:w € H, ||w|| <ro} where

147
ro = \/1+(Ew)HgHW oy +

If ||wol| < r, it follows from (25) that

p+1
lw (@) < e1 |err® + ﬁ+ lrp+1 + eBgr? + Eﬁgrz + cﬁé’ﬂrl’ﬂ] ety
€
c1 (1+1) cam
+ | —- _|_7
O gy
5p+1 )
Obviously, if t > t, = w%lncl c1r? + +17,p+1+062r2_’_ €52 r2+cﬁ§+ s

then ||w (¢)|| < 7o for t > ¢t, .
Thus By is an absorbing set for the semi-group W ().
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