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Gulbahar A. SALIMOVA

SOLUTION OF A NONLOCAL BOUNDARY VALUE
PROBLEM FOR A FOURTH ORDER PARTIAL
DIFFERENTIAL EQUATION

Abstract

In this paper the existence of the classical solution of a monlocal boundary
value problem for a fourth order partial differential equation is proved.

For the equation [1,2]
2t (2, 1) — Uptae (T,8) + gy (2,1) — Ugy (2, 1) = f (1) (1)

in the domain Dy = {(z,t): 0 <z < T} it is considered a problem under ordinary
local boundary conditions

w(0,t) =0, uy (1,¢) =0, 0<t<T, (2)
and nonlocal boundary conditions

u(z,0) + ou(z,T) = ¢ (x)

ug (2,0) + dug (2,T) = 1 (2), (3)
ugt (2,0) + duy (2, T) = g (2)
Uttt (.’L’, ) + 5Uttt (.1‘ T) (.’L‘) , 0<z<1

where 0 < & < 1, ¢ are the given numbers, f(z,t), ¢; () (1 = (),73) are the given
functions, and u (x,t) is a desired function, and under the classical solution of prob-
lem (1) - (3) we understand the function u (z,t) continuous in the domain D to-
gether with all its derivatives included in equation (1), and satisfying all conditions
(1) - (3) in the ordinary sense.

o0
Since the system {sin AT, A = g (2k — 1)} is complete in Ly (0,1), each

classical solution of problem(1) - (3) is of the form:

=3 w () sin Mz, A = g (2k — 1), (4)

where

1
2/u x,t) sin \gxdx.
0

Then, applying the formal scheme of Fourier method, from (1), (3) we have:
2ul™ (1) + (14 A) wl () + Mg () = fr (1), 0<t<T,
ug (0) + dug (T) = pop, uy, (0) + duy (T') = oy,

i (0) + 0wy (T) = @y, uy’ (0) + 0up! (T) = oy,
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where

fe(t) =2

o —

1
f (x, ) sin Npada, g, =2 / oi (@, t) sin \wdz (i = 0,3).
0

It is obvious, that

M2+1)72 =422 >0, (A +1)— \/(Az +1)% = 2e21 > 0.
Then the roots of the characteristic equation
b (1) X =0
corresponding to (5) are defined by the formula:
b= (-Doaui (=12),

pip = (=17 Bi (j =3,4),

where
L= 02 41)7 — 220, .
ag = g 9 ’ ( )
L1+ 0241)7 — 220,

The general solution of equation (5), according to Lagrange method, we search
in the form of

uy, (t) = €1, (t) cos ot + Car; (t) sin ot + C3p () cos Byt + Cag (t) sin Bit,  (8)

where ¢, (t) are until unknown functions.
For definition of the function ¢ (t) (i =1,4) we have the system

@(t) cos ait + @ (t) sin oyt + cgik(t) cos Bt + % (t)sin Bt =0

—ayc), (1) sin gt + agchy, (t) cos agt — Bicy, (t) sin By t+
+ Brcly, (t) cos Bt =0

—a2c), (t) cos gt — alch, () sinagt — Bich, (t) cos Byt +

a3c, (t)sinayt — ajch, () cos axt + Bich, (t) sin Byt —

B (1) cos it = 1 (1)

hence we find:

1 —_— 1
Ay () = Je (t)sinagt, cby (1) = ——F—5——5v fx (t) cos axt,
WO o o) )= o =)
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. Bt T (e
= mfk (t)sin Byt, cly (t) = 23, (ﬁ% — a%) fr (t) cos Byt.

iy (1)

Integrating from 0 to 7 we get:

1 t
fH=— in a7 ,
etk ( Fon (= a?) {fk (1) sinapTdr + ciy,
1 t
) = — - d
€2k ( ) EQGk (52 - OJ%) \[{‘fk (T) COSARTAT F ok (9)
1 t
)= — in B, 7dT + can,
3k( ) 525k (ﬂ%—a%) b[fk (T)Sln/ng T CSk
1 t
Cak (1) = v J fr (1) cos B,7dT + cap..

B 525k (ﬁ% - ak) 0
Substituting (9) in (8), we find the general solution wug (t) of equation (5):

ug (t) = c1x cos agt + cop sin gt + cgp cos Byt + cqp sin B t+

L ) /fk (1) [1 sinag (t—7) — isinﬁk (t—7)| dr, (10)

4+
SQCLk (ﬂ% — Ozi 5 (077 ﬁk

where c¢;i (z = 1,74) are arbitrary constants, and oy, 3, are determined by relations
(6), (7), respectively.
Hence we find:

uy, (1) = —agcrg sin oyt + ageap cos agt — Bycax sin Bt + Bicap sin Byt +

1

"o (2 - a2)

/fk (1) [cosay, (t — T) — cos By, (t — 7)] d,
0

up (t) = —aiclk cos at — aic% sin ot — ﬁic;),k cos Bt — ﬂiqk sin Bt+

t
1
+2k(ﬂk—ak)o/ i (7) [ sim o (1 = 7) + B sin 5y (¢ = )] dr,

u! (t) = adcyp sin agt — s cgp cos ot + Bacsy sin Bt — Bacyy sin Bt +

t

L /fk (1) [—a% cosay (t —7) + ﬂi cos (B, (t — T)] dr.

+—
o (D) J
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Further, using nonlocal conditions (6), we obtain:

c1k (L + dcosaT) + copd sinagT + cg (1 + 6 cos 8, T) +
+ capd sin B, T = Fuy (T)

—agciro sin o T + copay (1 4 0 cos B, T) — cap 3y sin 65, T+
+ carBy (1 + dcos B, T) = For (T)
(11)
—a%cik (1+dcosaiT) — czkaié sin T — esx (1 4+ dcos B, T) +
+ e P28 sin B, T = Fay, (T)

aiclké sin apt — czkai (1 + 0 cosft) + 03kﬂ25 sin B t—
— C4kﬂ% (14 dcos Bt) = Fu (T,

where
) T 1 . 1.
Fii (T) = eor, — 2 (=) bffk (7) o Sma (T'=7) = g sin By (T —7) | dr,
k
5 T
Fop, (T) = ¢y, — 2 (B o) of fi (7) [cos ay, (T — 1) — cos B, (T — 7)] dr,
k
K} T
F3 (T) = o, — mofﬁc (1) [agsinay (T — 1) + By sin 8y, (T — )] dr,
kT O
)
Fu (T) = o3 — mx
T
X /fk (1) [—a% cosay (T —7) + ﬂ% cos B, (T — T)] dr. (12)
0

Solving system (11), we get:
1
Qp (ﬁi - 04%) P1k (T)

Clp = [akﬂzFlk (T) (14 dcosayT) —

_IBzFQk (T) dsin T + ay F3p (T) (1+0cosapT) — Fy (T) d sin Osz] ,

1

2Fy (T) 6 sin g T
o (B = o) pae () (P D P T

Cok =

—|—ﬁzF2k (T) (14 dcosaT) + aFsp (T) dsinagT + Fu, (T') (1 4 6 cos akT)] ,
1
By, (B — o) pay (T)

+ai Foy, (T) 6 sin 8, T — B4 Fsp (T) (14 6 cos B, T) + Fui, (T) 6sin 8, T
1
By, (8% — o) pay (T)

Cap = [—ad B Fu (T) (1 + & cos B, T) +

Cqk = [OéiﬂkFlk (T) (5smﬂkT + OCI%FQk (T) (1 + 0 cos ,Bk.T) +
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+0,Fs (T) dsin BT + Fuy, (T) (1 + & cos 5, T)] (13)

where
pi (T) = 1+ 26cos apT + 6, poy, (T) = 1+ 26 cos B, T + 6°. (14)

Substituting c1g, cok, C3k, ca from (13) in (10), taking into account (12), we
find:

2
ug (t) = 7 i " { [plffT) (cosagt+dcosay (T — 7)) —
oy

B par (T)

2
+ [kT (sinagt — dsinayg (T —t)) —

(cos Byt + d cos By (T — t))} Pokt

1
+ | ——=—(cosait +dcosay (T —t)) —
o (eosa e (T 1)

(cos Byt + 5 cos By (T — t>>} oot

par (1)

+ | ——— (sinagt — dsinay (T —t)) —
ey e # (T -1)

L (s Gyt — G 6 (7 - t>>] oo
t

1) 1 ) '
_52/f’f (1) [W (sinag (T'+t—7)—dsinag (t — 7)) —

- m(sinﬁk (T+t—71)—0sinf, (t—T))] dr—

+;O/tfk 0 [(sman -7~ Tsnpe-n)] df}. (15)

Differentiating (15) four times, we obtain:

2
uy (t) = 5 1 {[ kB (—sinagt +osinay (T'— 7)) —

Br — i LLpw (T)

(—sin Byt + dsin By (T' — t))] Pokt

2
+[ O (cosagt + dcosag (T —t)) —
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A . .
+ —sinogt +osinag (T —t)) —
sty (s +(T=0)

— b (sin 4 sin 5 (T = ) o+

1
+ cosapt +o0cosay (T —t)) —
[P1k(T)( g k( ))

1
o (T (cos Bt + d cos B, (T — t))] P3k—

t

1 .
o2 O/fk (1) [Puc(T) (cosap (T'+t—71)—dsinag (t — 7)) —

oo (T (cos B (T +t—171)—0dsinfy (t — 7'))} dr—

t
+512/fk (7) [(cosak (t—T)—ﬁlkcosﬂk (t—r))] dT}; (16)
0
2 22
up () = P i = { [p?:(ﬁ;) (—cosagt —dcosag (T — 7)) —
k k
2 22
—pj:(ﬂjli) (—cos Byt — b cos By, (T — t))} PokT
o in gt + dsinay, (T — t
2 9
—ﬂki';jé“T) (—sin Bt + dsin B, (T — t))] Pt
o2
+ |:p1k ECT) (—cosayt —dcosay (T —t)) —

2
_kaBl(fT) (—cos Bt — d cos B, (T — t))} Vot

Qy . .
+ —sinagt +osinag (T —t)) —
oty s «(T =)

[)25](}) (—sin Bt + 0sin B, (T — t))} O3p—

t

g . .
gzo/f’“ 7 {plk (@ (s (T +t—7) +dsina (t 7))

761‘“‘ —sin - T sin -7 T—
= oo (@) SO (Tt = 7) - Osin By (¢ ))}d
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¢
45 [ 50 (Cansinan (= ) + Bysin g ¢ = ) dr} )
0
3 52
uy, (t) = 72 i o2 { [p?[:(ﬁlli) (sinagt —dsinay (T — 7)) —
2 33
- pj:(ﬁ;) (sin Bt — dsin B, (T — t))} Port

2 32
—i—[ ki (—cosagt —dcosay (T —t)) —

_ ﬂia% (—cos Bt —dcos B, (T —t)) +
par (1) : ’ -
+[ a% (sinagt — dsinay (T —t)) —

o (1) '

- Bi (sin Bt — dsin By (T — 1)) +
par (T) ’ ’ -
+[ a% (—cosagt —dcosag (T —1t)) —

o (T) ‘ '

_ Bi (—cos Bt —dcos B (T —1)) -

oo (1) (P ‘ o

t

—i T ai —cos -7 sin o —T7))—
& [ 5 [ (ccosan (T +- 1)+ Ssiman (1 7)

B
P2k (T)

(—cosfB (T+t—71)+0sinfy, (t — T)):| dr—

+€12/fk (1) [(—a% cosay (t — 7) + 2 cos By, (t — )] dT} : (18)
0

432
@) L Ok RN
u, (t) = B a? { |:p1k ) (cosagt + dcosay (T'— 7))

0}k

_m (cos Byt + dcos By, (T — t))} Pokt

+[O‘%ﬂi(' t — §sinay (T —t))
S1N v — S1n & — —
pre (1) P "

B}
Brpa (T)

(sin Byt — dsin B (T — t>>] ot

4

Y

+ (cosagt + dcosay (T —t)) —
[Pm (T)
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4
_pgf?T) (cos Bt + d cos B, (T — t))] Vart+

3

oy . )

+ | —E— (sinagt — dsinay (T —t)) —
[plk(j)( g g )

3
- ’(CT) (sin Byt-0sin By (T — t))} P3k—

/fk(T)[ il (=sinay (T+t—7)+dsinay (t — 7)) —

3
— pgflgT) (—sinf, (T +t—7)+dsin G, (t — T)):| dr—

t
+€12/fk (1) [~} sinad (t — 7) + B sin B, (¢ — 7)] dT} +5i2fk (®);
0

It is easy to see, that

—1<\/()\ —4e2)7 < A
Ak 2 1 1
o o SMSOS A gSars —
K - /25, BSOS M f
2
Af41)7 —4e2)2 -1
ﬂi—aiz\/( )2 i A%
9 9
i (D)7 < 148 =218 = (1= 18)) > = p(1),

o (D)7 = [1 6% = 203]| ™ = (1= [8]) > = p(T).

Now, from (15) - (19), taking into account (20), we have, respectively:

(19)

(20)

uk (] < = (2 +2) p (T) (14 131 Lol + 5 (2* +4%)  (7) (1 + 6] o] +

1 V2e 2e2
42 (T) (1+18]) 53 loan] + <2+ W) p(T) (1+16) =5 loan] +
k k

1/2
+(1+2)p@@rlo) VT (/fk dT) ,

|ui ()] < 20 (T) (1 + 10]) [soor| + Q\f (m+¢) p(T) (1 +10]) lorel +

t=—(m+e)p(T) (1 +10]) !wzk\+46 p(T) (1 +!5D !@3k|+
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1/2

+4p (T) 1+\5| (/fk )2 dT) )

9

!uw)!s4p<T><1+|6|>|¢0k\+M(1+ )p<T><1+|6r>\so1k|+

™
2

I g2
+4 <1 + 7T2> p(T) (1 +10]) |ar] +2V2 ( +6> p(T)(1+ |5|) |903k\ +

1/2

+2f( )<1+6|p<>1+\6r (/f df) ,

() < 2V2 (254 1) o) 0+ 10 Aol +
#2v3e (242) p(1) 1+ 10) ol +

2 2
+2v/2 (ETr + i) p(T) (L416]) Mk [0op| + 2 (E + 2) p(T) (1 +16]) skl +

1/2

+4<7T12+€12)(1+I6!p( (L+14])) (/fk dT) )

0] <4 (72 + 2 ) PO A+ 18D A bl +

7T2
1 1
L9v3e (W + ) p(T) (1 + 18) A |9uel +
g2 1 2
+8( 5+ p(T) (1 +8]) Ak lparl +
42 L oY s,ma S A
+ S+ e’p (T) (1 +|0]) Ak |se] +

#4VE (54 5 ) 0 Bl (1 13)

- 1/2
X\ VT (/fk (T)sz) +€l2|fk @)1, (21)
0

(i (A e HCOT])2>W <

k=1

™

Hence, we have:

[e.e]

1/2
< 2 (2m 4+ &%) p(T) (1 + |6]) (Z (X |900k\)2> +

™
k=1
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0o 1/2
2 (24 4%) p (T) (14 18] (Z(Awwrf) T
k=1

[e.e]

1/2
+4e2p (T) (1 +16)) <Z (A |¢2k|)2> +

1/2
( )p 1+I5!< (Ak!¢3k|)2> :

00 ) 1/2
<Z )‘3 g, (¢ HCOT] ) <2p(T) (1 +14]) (Z (A \¢0k’)2> +
k=1 k=1

~ 1/2
W22 (02 (1) (14 8] (Z A lenl) ) "

k=1

0 1/2
2v2
+—(7r+s) ) (14 16]) (Z (Ak |pakl) ) -
k=1

. 1/2
1422 (T) (1 + J9)) <Z (M rwgkn?) +
k=1
T 1/2
FA(1+18] o (T) (1 + 161)) T(/Z Mo lfi (7 m) @

0 k=1

00 1/2 00 1/2

<Z (%t <t>}|C[O,T])2> < 4p(T) (1+15) (Z (A |so0k|)2> "

k=1 k=1

. 1/2
+2v2 (14 =) p(T) (1 + 3] (Z X li]) ) -
k=1

9 00 1/2
15
+4<1+F> Y(1+8)) (Z A2 [ oarl) ) +

k=1

k

€2 >
+2\/§<7r ) (1 +d]) (Z At loarl) )

=1

T

1/2
+2\f< )<1+|6|p<>1+|5\ T(/Z (e )7) . (23)
0

k=1

(3 Ol HC[O,T])Q)W

k=1

IN
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[e.9]

1 1 e
<22 <7r2 + €> p(T) (1+15)) (Z (A% Iw0k|)2) +

k=1

o0

1/2
+2v/2¢ (; + i) p(T) (1 +16]) (Z (A& \solk!)Q) +

k=1

) - 1/2
+2f2(i+§>p(T)(1+!5|)( (Ailwzkl)2> +

k=1

) ~ 1/2
5
+2 <7T_|_2> ) (L+16]) (Z (Ak [03k]) ) +

1

T 1/2
4 (73 4 1) (1418 p (T) (1 + 18)) VT ( / S (wlfe ()F) ch) L)
0

i o) ) "
k clo,T) -

+2v/2 <i+i)p(T)( +14]) ( (A% le1rl) )
=1

g2 1
+8 <7r4+52> ) (1+[6]) (Z A [parl) )

k=1

+4\f<3 (1+10]) < (A% i) > +

=1

. 1/2
11 .

+4\/§<7r3+6>(1+5|l) (1414])) ﬁ(/; AL (7 T) +
-

o0 1/2
et (kz (e 113 (7)) ch) . (25)
=1

So we can prove the following theorem.

Theorem. Let

1 gi(x) € C?[0,1], ¢’ (z) € L2(0,1) and ¢;(0) = ¢;(1) = ¢ (1) = 0
(1=0,1,2).

2. 3 (x) € C?[0,1], ¢ (z) € L2 (0,1) and o5 (0) = ¢ (1).

3. f(x,t) € CoY (D), fux (2,t) € Ly (D) and f (0,) = f, (1,t) =0 (0< ¢ < T).

410l #1,0<e<1.
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Then the function

o0

2
u(z,t) = ; 7 1 2 { [PlflgT) (cosayt+dcosay (T — 7)) —

2

— Ok (con it + 005y (T~ 1) e+

2
+ [o%p?:(T) (sinagt — dsinag (T —t)) —
%

Brpar (T)

(sin Byt — b sin By, (T — t>>] o1t

+ [plkl(T) (cosayt +dcosay (T —1t)) —

~ D) (cos Byt + d cos B, (T — t))] Dot

=+ [akpllk(T) (sinogt — dsinay (T —t)) —
1

(s Byt — Ssin 3y (T t))] -

T
‘SZ/f’“ ") {akpllk(T) (sinay (T +t —7) = dsinay (t—7)) =
0

- m(sinﬁk (T+t—T)—5Sinﬁk(t—T)):| dr—

.l O/ R o | (smante=n) = st dT} sinAa (26)

is a classical solution of problem (1) - (3).
Proof. Under theorem’s conditions, from inequalities (21) - (25), we find, re-
spectively:

0 ) 1/2 22
<Z (Nl (D)oo ) <=2 (2m+2%) p(T) U+ 10D [l (@) 0, +
k=1
+27f (7% +4¢2) p(T) (1 +16]) [t @) 1y 00y +

+4v2%p (T) (1 + [6]) || % (x)HLQ(o,l) +
+21/2¢2 <2 + fs) p(T) (L +10]) [ ()| 100+

+4V2 (14 2) p (@) A+ Bl (1) A+ VT s @ypyy . (27)
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. 1/2
(55 Gt Oll)”) 2900000 ot @l

k=1

F2 (49 p (1) (14 10D 6 @)y 0 +

+% (m+e)p(T)(1+14]) H@lz/ (‘T)HLQ(O,l) +
+4v2e%p (T) (1 + |8]) || (aj)HLQ(O,l) +

+4V2 (L4161 p (T) L+ D) VT | fi (@)l iy (28)

~ 1/2
@1 (A [l <t>uc[o,ﬂ)2) < 420 (T) (1+10) [’ @) 0+
+4 (14 2) p (@) @+ 8D [} @] 01 +

52
+4/2 (1 " 7r2> p(T) (L +10]) [[5" ()| 0.0+

2
i (2 N 5> p (1) (1L+18) |95 @] 00y +

4 <}T ; 1) (1101 (T) (1 + D) VT oo (@) 1y (29)

> 30| 2 v
(Z ()\k [ (t)HC[O,T]) )

k=1

IN

4 <12 + i_) p(T) L+ 16D [Jeg @)]| 101y +

e (; + i) p(T) (1+10)) |1 (‘T)HLQ(O,I) +
82
+4 (W + z> p(T) (L +101) [[5 @[] 100y
82
+2v2 (W + 2) p(T) (1 +10]) || ()| 0.0+

+4V2 <7:2 + 512) (1+181p(T) 1+ 18D VT | faw @) 1) (30)

. 9\ 1/2
(S (e 0],) ) <

<432 <1 + 1) p(T) (1 +181) (|6 ()| 0.0+
v (71T n i) p(T) (L +10]) [} @)]] 1y 00) T

g2 1
+8VE (54 5 ) D @+ 100 | @0+
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48 <7T13 + ;) p(T) (L +16]) (|5 ()] 0.0y +

48 (7:3 n ;3) (L4131 p (T) (1 + [8) VT || faz (@) | 1y ) +

W @son ], a1

It is obvious, that, (32)

B
Il
—
—_

= (3020) (35 (8l Ol ) e
k=
[ugt (2, )] < (Z)\E(a) (Z (AiHu HC[OT ) (34)

k=1 k=1
stz (@, )] < (ZA&) > (N [l ¢ HC[O,T)) ) (35)
k=1 k=1
o 1/2 / oo 5\ /2
g (2, )] < (Z)‘k6> <Z ()‘%l ke ( HC[OT>> ’ (36)
k=1 k=1
o) 1/2 [es) 2 1/2
IEIE (zw) (Z (ot ” <t>Hcm>) -
k=1 k=1 ’

From (32) - (37), taking into account (27) - (31), it follows, that the functions
u(z,t), up (x,t), ug (x,t), Upen (x, 1), Uy (x, 1), uee (z,t) are continuous in Dy . By
immediate verification, it is easy to see, that the function u (z,t) satisfies equation
(1) and conditions (2), (3) in the ordinary sense. The theorem is proved.

References

[1]. Gabov S.A., Malysheva G.J., Sveshnikov A.G. On a compound type equation
connected with fluctuations of compressible stratified fluid. Differen. uravn., 1983,
v.19, No7, pp.1171-1180. (Russian)

[2]. Gabov S.A., Orazov B.B., A.G.Sveshnikov. On a fourth order evolutionary

equation arising in hydroacoustics of the stratified fluid. Differen. uravn., 1986, v.22,
Nol, pp. 19-25. (Russian)

Gulbahar A. Salimova

Baku State University

23, Z.Khalilov str., AZ1148, Baku, Azerbaijan
Tel.: (99412) 510 32 42 (off.)

Received July 18, 2006; Revised October 09, 2006.



