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Gulbahar A. SALIMOVA

SOLUTION OF A NONLOCAL BOUNDARY VALUE
PROBLEM FOR A FOURTH ORDER PARTIAL

DIFFERENTIAL EQUATION

Abstract

In this paper the existence of the classical solution of a nonlocal boundary
value problem for a fourth order partial differential equation is proved.

For the equation [1,2]

ε2utttt (x, t)− uttxx (x, t) + utt (x, t)− uxx (x, t) = f (x, t) (1)

in the domain DT = {(x, t) : 0 ≤ x ≤ T} it is considered a problem under ordinary
local boundary conditions

u (0, t) = 0, ux (1, t) = 0, 0 ≤ t ≤ T, (2)

and nonlocal boundary conditions

u (x, 0) + δu (x, T ) = ϕ0 (x) ,
ut (x, 0) + δut (x, T ) = ϕ1 (x) ,
utt (x, 0) + δutt (x, T ) = ϕ2 (x) ,
uttt (x, 0) + δuttt (x, T ) = ϕ3 (x) , 0 ≤ x ≤ 1

(3)

where 0 < ε ≤ 1, δ are the given numbers, f (x, t), ϕi (x)
(
i = 0, 3

)
are the given

functions, and u (x, t) is a desired function, and under the classical solution of prob-
lem (1) - (3) we understand the function u (x, t) continuous in the domain DT to-
gether with all its derivatives included in equation (1), and satisfying all conditions
(1) - (3) in the ordinary sense.

Since the system
{

sinλkx, λk =
π

2
(2k − 1)

}∞
k=1

is complete in L2 (0, 1), each

classical solution of problem(1) - (3) is of the form:

u (x, t) =
∞∑

k=1

uk (t) sinλkx, λk =
π

2
(2k − 1) , (4)

where

uk (t) = 2

1∫
0

u (x, t) sinλkxdx.

Then, applying the formal scheme of Fourier method, from (1), (3) we have:

ε2u
(4)
k (t) +

(
1 + λ2

k

)
u′′k (t) + λ2

kuk (t) = fk (t) , 0 ≤ t ≤ T,

uk (0) + δuk (T ) = ϕ0k, u′k (0) + δu′k (T ) = ϕ1k,

u′′k (0) + δu′′k (T ) = ϕ2k, u′′′k (0) + δu′′′k (T ) = ϕ3k,
(5)
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where

fk (t) = 2

1∫
0

f (x, t) sinλkxdx, ϕik = 2

1∫
0

ϕi (x, t) sinλkxdx
(
i = 0, 3

)
.

It is obvious, that(
λ2

k + 1
)2 − 4ε2λ2

k > 0,
(
λ2

k + 1
)
−
√(

λ2
k + 1

)2 − 2ε2λ > 0.

Then the roots of the characteristic equation

ε2µ4
k +

(
1 + λ2

k

)
µ2

k + λ2
k = 0

corresponding to (5) are defined by the formula:

µjk = (−1)j αki (j = 1, 2) ,

µjk = (−1)j βki (j = 3, 4) ,

where

ak =
1
ε

√√√√λ2
k + 1−

√(
λ2

k + 1
)2 − 2ε2λk

2
, (6)

βk =
1
ε

√√√√λ2
k + 1 +

√(
λ2

k + 1
)2 − 2ε2λk

2
, (7)

The general solution of equation (5), according to Lagrange method, we search
in the form of

uk (t) = c1k (t) cos αkt + c2k (t) sinαkt + c3k (t) cos βkt + c4k (t) sinβkt, (8)

where cik (t) are until unknown functions.
For definition of the function cik (t)

(
i = 1, 4

)
we have the system

c′1k (t) cos αkt + c′2k (t) sinαkt + c′3k (t) cos βkt + c′4k (t) sinβkt = 0

−akc
′
1k (t) sinαkt + akc

′
2k (t) cos αkt− βkc

′
3k (t) sinβkt+
+ βkc

′
4k (t) cos βkt = 0

−a2
kc
′
1k (t) cos αkt− a2

kc
′
2k (t) sinαkt− β2

kc
′
3k (t) cos βkt+
+ β2

kc
′
4k (t) sinβkt = 0

a3
kc
′
1k (t) sinαkt− a3

kc
′
2k (t) cos αkt + β3

kc
′
3k (t) sinβkt−
− β3

kc
′
4k (t) cos βkt =

1
ε2

f (t)

hence we find:

c′1k (t) =
1

ε2ak

(
β2

k − α2
k

)fk (t) sinαkt, c′2k (t) =
1

ε2ak

(
β2

k − α2
k

)fk (t) cos αkt,
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c′3k (t) =
1

ε2βk

(
β2

k − α2
k

)fk (t) sinβkt, c′4k (t) =
1

ε2βk

(
β2

k − α2
k

)fk (t) cos βkt.

Integrating from 0 to τ we get:

c1k (t) = − 1
ε2ak

(
β2

k − α2
k

) t∫
0

fk (τ) sinαkτdτ + c1k,

c2k (t) =
1

ε2ak

(
β2

k − α2
k

) t∫
0

fk (τ) cos αkτdτ + c2k,

c3k (t) =
1

ε2βk

(
β2

k − α2
k

) t∫
0

fk (τ) sinβkτdτ + c3k,

c4k (t) =
1

ε2βk

(
β2

k − α2
k

) t∫
0

fk (τ) cos βkτdτ + c4k.

(9)

Substituting (9) in (8), we find the general solution uk (t) of equation (5):

uk (t) = c1k cos αkt + c2k sinαkt + c3k cos βkt + c4k sin βkt+

+
1

ε2ak

(
β2

k − α2
k

) t∫
0

fk (τ)
[

1
αk

sinαk (t− τ)− 1
βk

sinβk (t− τ)
]

dτ, (10)

where cik

(
i = 1, 4

)
are arbitrary constants, and αk, βk are determined by relations

(6), (7), respectively.
Hence we find:

u′k (t) = −akc1k sinαkt + αkc2k cos αkt− βkc3k sin βkt + βkc4k sinβkt+

+
1

ε2ak

(
β2

k − α2
k

) t∫
0

fk (τ) [cos αk (t− τ)− cos βk (t− τ)] dτ ,

u′′k (t) = −a2
kc1k cos αkt− α2

kc2k sinαkt− β2
kc3k cos βkt− β2

kc4k sinβkt+

+
1

ε2ak

(
β2

k − α2
k

) t∫
0

fk (τ) [−αk sinαk (t− τ) + βk sinβk (t− τ)] dτ,

u′′′k (t) = a3
kc1k sinαkt− α3

kc2k cos αkt + β3
kc3k sinβkt− β3

kc4k sin βkt+

+
1

ε2ak

(
β2

k − α2
k

) t∫
0

fk (τ)
[
−α2

k cos αk (t− τ) + β2
k cos βk (t− τ)

]
dτ .
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Further, using nonlocal conditions (6), we obtain:

c1k (1 + δ cos αkT ) + c2kδ sinαkT + c3k (1 + δ cos βkT ) +
+ c4kδ sin βkT = F1k (T )

−akc1kδ sinαkT + c2kak (1 + δ cos βkT )− c3kβk sin δβkT+
+ c4kβk (1 + δ cos βkT ) = F2k (T )

−a2
kcik (1 + δ cos αkT )− c2ka

2
kδ sinαkT − c3k (1 + δ cos βkT ) +
+ c4kβ

2
kδ sinβkT = F3k (T )

a3
kc1kδ sinαkt− c2ka

3
k (1 + δ cos βkt) + c3kβ

3
kδ sinβkt−

− c4kβ
3
k (1 + δ cos βkt) = F4k (T ) ,

(11)

where

F1k (T ) = ϕ0k −
δ

ε2
(
β2

k − α2
k

) T∫
0

fk (τ)
[

1
αk

sinαk (T − τ)− 1
βk

sinβk (T − τ)
]

dτ,

F2k (T ) = ϕ1k −
δ

ε2
(
β2

k − α2
k

) T∫
0

fk (τ) [cos αk (T − τ)− cos βk (T − τ)] dτ ,

F3k (T ) = ϕ2k −
δ

ε2
(
β2

k − α2
k

) T∫
0

fk (τ) [−αk sinαk (T − τ) + βk sinβk (T − τ)] dτ ,

F4k (T ) = ϕ3k −
δ

ε2
(
β2

k − α2
k

)×
×

T∫
0

fk (τ)
[
−α2

k cos αk (T − τ) + β2
k cos βk (T − τ)

]
dτ. (12)

Solving system (11), we get:

c1k =
1

αk

(
β2

k − α2
k

)
ρ1k (T )

[
αkβ

2
kF1k (T ) (1 + δ cos αkT )−

−β2
kF2k (T ) δ sinαkT + αkF3k (T ) (1 + δ cos αkT )− F4k (T ) δ sinαkT

]
,

c2k =
1

αk

(
β2

k − α2
k

)
ρ2k (T )

[
αkβ

2
kF1k (T ) δ sinαkT+

+β2
kF2k (T ) (1 + δ cos αkT ) + αkF3k (T ) δ sin αkT + F4k (T ) (1 + δ cos αkT )

]
,

c3k =
1

βk

(
β2

k − α2
k

)
ρ2k (T )

[
−α2

kβkF1k (T ) (1 + δ cos βkT ) +

+α2
kF2k (T ) δ sinβkT − βkF3k (T ) (1 + δ cos βkT ) + F4k (T ) δ sinβkT

]
,

c4k =
1

βk

(
β2

k − α2
k

)
ρ2k (T )

[
α2

kβkF1k (T ) δ sinβkT + α2
kF2k (T ) (1 + δ cos βkT ) +
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+βkF3k (T ) δ sinβkT + F4k (T ) (1 + δ cos βkT )] , (13)

where

ρ1k (T ) = 1 + 2δ cos αkT + δ2, ρ2k (T ) = 1 + 2δ cos βkT + δ2. (14)

Substituting c1k, c2k, c3k, c4k from (13) in (10), taking into account (12), we
find:

uk (t) =
1

β2
k − α2

k

{[
β2

k

ρ1k (T )
(cos αkt + δ cos αk (T − τ))−

−
α2

k

ρ2k (T )
(cos βkt + δ cos βk (T − t))

]
ϕ0k+

+
[

β2
k

αkρ1k (T )
(sinαkt− δ sinαk (T − t))−

−
α2

k

βkρ2k (T )
(sinβkt− δ sinβk (T − t))

]
ϕ1k+

+
[

1
ρ1k (T )

(cos αkt + δ cos αk (T − t)) −

− 1
ρ2k (T )

(cos βkt + δ cos βk (T − t))
]

ϕ2k+

+
[

1
αkρ1k (T )

(sinαkt− δ sinαk (T − t)) −

− 1
βkρ2k (T )

(sinβkt− δ sinβk (T − t))
]

ϕ3k−

− δ

ε2

t∫
0

fk (τ)
[

1
αkρ1k (T )

(sinαk (T + t− τ)− δ sinαk (t− τ))−

− 1
βkρ2k (T )

(sinβk (T + t− τ)− δ sinβk (t− τ))
]

dτ−

+
1
ε2

t∫
0

fk (τ)
1
αk

[(
sinαk (t− τ)− 1

βk

sinβk (t− τ)
)]

dτ

 . (15)

Differentiating (15) four times, we obtain:

u′k (t) =
1

β2
k − α2

k

{[
αkβ

2
k

ρ1k (T )
(− sin αkt + δ sinαk (T − τ))−

−
α2

kβk

ρ2k (T )
(− sinβkt + δ sinβk (T − t))

]
ϕ0k+

+
[

β2
k

ρ1k (T )
(cos αkt + δ cos αk (T − t))−

−
α2

k

ρ2k (T )
(cos βkt + δ cos βk (T − t))

]
ϕ1k+



130
[G.A.Salimova]

Transactions of NAS of Azerbaijan

+
[

αk

ρ1k (T )
(− sinαkt + δ sinαk (T − t)) −

− βk

ρ2k (T )
(− sinβkt + δ sinβk (T − t))

]
ϕ2k+

+
[

1
ρ1k (T )

(cos αkt + δ cos αk (T − t)) −

− 1
ρ2k (T )

(cos βkt + δ cos βk (T − t))
]

ϕ3k−

− δ

ε2

t∫
0

fk (τ)
[

1
ρ1k (T )

(cos αk (T + t− τ)− δ sin αk (t− τ))−

− 1
ρ2k (T )

(cos βk (T + t− τ)− δ sinβk (t− τ))
]

dτ−

+
1
ε2

t∫
0

fk (τ)
[(

cos αk (t− τ)− 1
βk

cos βk (t− τ)
)]

dτ

 ; (16)

u′′k (t) =
1

β2
k − α2

k

{[
α2

kβ
2
k

ρ1k (T )
(− cos αkt− δ cos αk (T − τ))−

−
α2

kβ
2
k

ρ2k (T )
(− cos βkt− δ cos βk (T − t))

]
ϕ0k+

+
[

α2
kβ

2
k

αkρ1k (T )
(− sinαkt + δ sinαk (T − t))−

−
β2

kα
2
k

βkρ2k (T )
(− sinβkt + δ sinβk (T − t))

]
ϕ1k+

+
[

α2
k

ρ1k (T )
(− cos αkt− δ cos αk (T − t)) −

− β2
k

ρ2k (T )
(− cos βkt− δ cos βk (T − t))

]
ϕ2k+

+
[

αk

ρ1k (T )
(− sinαkt + δ sinαk (T − t)) −

− βk

ρ2k (T )
(− sinβkt + δ sinβk (T − t))

]
ϕ3k−

− δ

ε2

t∫
0

fk (τ)
[

αk

ρ1k (T )
(− sin αk (T + t− τ) + δ sinαk (t− τ))−

− βk

ρ2k (T )
(− sin βk (T + t− τ) + δ sinβk (t− τ))

]
dτ−
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+
1
ε2

t∫
0

fk (τ) [(−αk sinαk (t− τ) + βk sinβk (t− τ))] dτ

 ; (17)

u′′′k (t) =
1

β2
k − α2

k

{[
α3

kβ
2
k

ρ1k (T )
(sinαkt− δ sin αk (T − τ))−

−
α2

kβ
3
k

ρ2k (T )
(sinβkt− δ sinβk (T − t))

]
ϕ0k+

+
[

α2
kβ

2
k

ρ1k (T )
(− cos αkt− δ cos αk (T − t))−

−
β2

kα
2
k

ρ2k (T )
(− cos βkt− δ cos βk (T − t))

]
ϕ1k+

+
[

α3
k

ρ1k (T )
(sinαkt− δ sinαk (T − t)) −

− β3
k

ρ2k (T )
(sinβkt− δ sinβk (T − t))

]
ϕ2k+

+
[

α2
k

ρ1k (T )
(− cos αkt− δ cos αk (T − t)) −

− β2
k

ρ2k (T )
(− cos βkt− δ cos βk (T − t))

]
ϕ3k−

− δ

ε2

t∫
0

fk (τ)
[

α2
k

ρ1k (T )
(− cos αk (T + t− τ) + δ sinαk (t− τ))−

− β2
k

ρ2k (T )
(− cos βk (T + t− τ) + δ sinβk (t− τ))

]
dτ−

+
1
ε2

t∫
0

fk (τ)
[(
−α2

k cos αk (t− τ) + β2
k cos βk (t− τ)

)]
dτ

 ; (18)

u
(4)
k (t) =

1
β2

k − α2
k

{[
α4

kβ
2
k

ρ1k (T )
(cos αkt + δ cos αk (T − τ))−

−
α2

kβ
4
k

ρ2k (T )
(cos βkt + δ cos βk (T − t))

]
ϕ0k+

+
[

α3
kβ

2
k

ρ1k (T )
(sinαkt− δ sinαk (T − t))−

−
β3

kα
2
k

βkρ2k (T )
(sinβkt− δ sinβk (T − t))

]
ϕ1k+

+
[

α4
k

ρ1k (T )
(cos αkt + δ cos αk (T − t)) −
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− β4
k

ρ2k (T )
(cos βkt + δ cos βk (T − t))

]
ϕ2k+

+
[

α3
k

ρ1k (T )
(sinαkt− δ sinαk (T − t)) −

− β3
k

ρ2k (T )
(sinβkt δ sinβk (T − t))

]
ϕ3k−

− δ

ε2

t∫
0

fk (τ)
[

α3
k

ρ1k (T )
(− sin αk (T + t− τ) + δ sinαk (t− τ))−

− β3
k

ρ2k (T )
(− sin βk (T + t− τ) + δ sinβk (t− τ))

]
dτ−

+
1
ε2

t∫
0

fk (τ)
[
−α3

k sin α3
k (t− τ) + β3

k sinβk (t− τ)
]
dτ

+
1
ε2

fk (t) ; (19)

It is easy to see, that

λ2
k − 1 <

√(
λ2

k + 1
)2 − 4ε2λ2

k < λ2
k + 1,

αk =
λk

ε
√

2βk

,
1
ε
λk ≤ βk ≤

√
2

ε
λk,

1
2
≤ αk ≤

1√
2
,

β2
k − α2

k =

√(
λ2

k + 1
)2 − 4ε2λ2

k

ε2
>

λ2
k − 1
ε2

>
1

2ε2
λ2

k,

|ρ1k (T )|−1 ≤
∣∣1 + δ2 − 2 |δ|

∣∣−1 = (1− |δ|)−2 ≡ ρ (T ) ,

|ρ2k (T )|−1 =
∣∣1 + δ2 − 2 |δ|

∣∣−1 = (1− |δ|)−2 ≡ ρ (T ) . (20)

Now, from (15) - (19), taking into account (20), we have, respectively:

|uk (t)| ≤ 2
π

(
2π + ε2

)
ρ (T ) (1 + |δ|) |ϕ0k|+

2
π3

(
π3 + 4ε2

)
ρ (T ) (1 + |δ|) |ϕ1k|+

+4ε2ρ (T ) (1 + |δ|) 1
λ2

k

|ϕ2k|+

(
2 +

√
2ε

π

)
ρ (T ) (1 + |δ|) 2ε2

λ2
k

|ϕ3k|+

+
(
1 +

ε

π

)
ρ (T ) (1 + |δ|)

√
T

1
λ2

k

 T∫
0

|fk (τ)|2 dτ

1/2

,

∣∣u′k (t)
∣∣ ≤ 2ρ (T ) (1 + |δ|) |ϕ0k|+

2
√

2
π

(π + ε) ρ (T ) (1 + |δ|) |ϕ1k|+

+
2
√

2
π

(π + ε) ρ (T ) (1 + |δ|) 1
λk

|ϕ2k|+ 4ε2ρ (T ) (1 + |δ|) 1
λ2

k

|ϕ3k|+
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+4ρ (T ) (1 + |δ|) 1
λ2

k

√
T

 T∫
0

|fk (τ)|2 dτ

1/2

,

∣∣u′′k (t)
∣∣ ≤ 4ρ (T ) (1 + |δ|) |ϕ0k|+ 2

√
2
(
1 +

ε

π

)
ρ (T ) (1 + |δ|) |ϕ1k|+

+4
(

1 +
ε2

π2

)
ρ (T ) (1 + |δ|) |ϕ2k|+ 2

√
2
(

ε2

π
+ ε

)
ρ (T ) (1 + |δ|) 1

λk
|ϕ3k|+

+2
√

2
(

1
π

+
1
ε

)
(1 + |δ| ρ (T ) (1 + |δ|))

√
T

1
λk

 T∫
0

|fk (τ)|2 dτ

1/2

,

∣∣u′′′k (t)
∣∣ ≤ 2

√
2
(

1
π2

+
1
ε

)
ρ (T ) (1 + |δ|) λk |ϕ0k|+

+2
√

2ε

(
1
π

+
1
ε

)
ρ (T ) (1 + |δ|) |ϕ1k|+

+2
√

2
(

ε2

π
+

2
ε

)
ρ (T ) (1 + |δ|) λk |ϕ2k|+ 2

(
ε2

π
+ 2
)

ρ (T ) (1 + |δ|) |ϕ3k|+

+4
(

1
π2

+
1
ε2

)
(1 + |δ| ρ (T ) (1 + |δ|))

√
T

 T∫
0

|fk (τ)|2 dτ

1/2

,

∣∣∣u(4)
k (t)

∣∣∣ ≤ 4
(

1
π2

+
1
ε2

)
ρ (T ) (1 + |δ|) λ2

k |ϕ0k|+

+2
√

2ε

(
1
π

+
1
ε

)
ρ (T ) (1 + |δ|) λk |ϕ1k|+

+8
(

ε2

π4
+

1
ε2

)
ρ (T ) (1 + |δ|) λ2

k |ϕ2k|+

+4
√

2
(

1
π3

+
1
ε3

)
ε3ρ (T ) (1 + |δ|) λk |ϕ3k|+

+4
√

2
(

1
π3

+
1
ε3

)
(1 + |δ| ρ (T ) (1 + |δ|))×

×λk

√
T

 T∫
0

|fk (τ)|2 dτ

1/2

+
1
ε2
|fk (t)| , (21)

Hence, we have: ( ∞∑
k=1

(
λ3

k ‖uk (t)‖C[0,T ]

)2
)1/2

≤

≤ 2
π

(
2π + ε2

)
ρ (T ) (1 + |δ|)

( ∞∑
k=1

(
λ3

k |ϕ0k|
)2)1/2

+
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+
2
π3

(
π3 + 4ε2

)
ρ (T ) (1 + |δ|)

( ∞∑
k=1

(
λ3

k |ϕ1k|
)2)1/2

+

+4ε2ρ (T ) (1 + |δ|)

( ∞∑
k=1

(λk |ϕ2k|)
2

)1/2

+

+2ε2

(
2 +

√
2ε

π

)
ρ (T ) (1 + |δ|)

( ∞∑
k=1

(λk |ϕ3k|)
2

)1/2

,

( ∞∑
k=1

(
λ3

k

∥∥u′k (t)
∥∥

C[0,T ]

)2
)1/2

≤ 2ρ (T ) (1 + |δ|)

( ∞∑
k=1

(
λ3

k |ϕ0k|
)2)1/2

+

+
2
√

2
π

(π + ε) ρ (T ) (1 + |δ|)

( ∞∑
k=1

(
λ3

k |ϕ1k|
)2)1/2

+

+
2
√

2
π

(π + ε) ρ (T ) (1 + |δ|)

( ∞∑
k=1

(λk |ϕ2k|)
2

)1/2

+

+4ε2ρ (T ) (1 + |δ|)

( ∞∑
k=1

(λk |ϕ3k|)
2

)1/2

+

+4 (1 + |δ| ρ (T ) (1 + |δ|))
√

T

 T∫
0

∞∑
k=1

(
λk |fk (τ)|2 dτ

)2

1/2

; (22)

( ∞∑
k=1

(
λ3

k

∥∥u′′k (t)
∥∥

C[0,T ]

)2
)1/2

≤ 4ρ (T ) (1 + |δ|)

( ∞∑
k=1

(
λ3

k |ϕ0k|
)2)1/2

+

+2
√

2
(
1 +

ε

π

)
ρ (T ) (1 + |δ|)

( ∞∑
k=1

(
λ3

k |ϕ1k|
)2)1/2

+

+4
(

1 +
ε2

π2

)
ρ (T ) (1 + |δ|)

( ∞∑
k=1

(
λ3

k |ϕ2k|
)2)1/2

+

+2
√

2
(

ε2

π
+ ε

)
ρ (T ) (1 + |δ|)

( ∞∑
k=1

(
λ2

k |ϕ3k|
)2)1/2

+

+2
√

2
(

1
π

+
1
ε

)
(1 + |δ| ρ (T ) (1 + |δ|))

√
T

 T∫
0

∞∑
k=1

(
λ2

k |fk (τ)|2
)

dτ

1/2

; (23)

( ∞∑
k=1

(
λ3

k

∥∥u′′′k (t)
∥∥

C[0,T ]

)2
)1/2

≤
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≤ 2
√

2
(

1
π2

+
1
ε

)
ρ (T ) (1 + |δ|)

( ∞∑
k=1

(
λ2

k |ϕ0k|
)2)1/2

+

+2
√

2ε

(
1
π

+
1
ε

)
ρ (T ) (1 + |δ|)

( ∞∑
k=1

(λk |ϕ1k|)
2

)1/2

+

+2
√

2
(

ε2

π
+

2
ε

)
ρ (T ) (1 + |δ|)

( ∞∑
k=1

(
λ2

k |ϕ2k|
)2)1/2

+

+2
(

ε2

π
+ 2
)

ρ (T ) (1 + |δ|)

( ∞∑
k=1

(λk |ϕ3k|)
2

)1/2

+

+4
(

1
π2

+
1
ε2

)
(1 + |δ| ρ (T ) (1 + |δ|))

√
T

 T∫
0

∞∑
k=1

(
λk |fk (τ)|2

)
dτ

1/2

; (24)

( ∞∑
k=1

(
λ3

k

∥∥∥u(4)
k (t)

∥∥∥
C[0,T ]

)2
)1/2

≤

≤ 4
(

1
π2

+
1
ε2

)
ρ (T ) (1 + |δ|)

( ∞∑
k=1

(
λ3

k |ϕ0k|
)2)1/2

+

+2
√

2
(

1
π

+
1
ε

)
ρ (T ) (1 + |δ|)

( ∞∑
k=1

(
λ2

k |ϕ1k|
)2)1/2

+

+8
(

ε2

π4
+

1
ε2

)
ρ (T ) (1 + |δ|)

( ∞∑
k=1

(
λ3

k |ϕ2k|
)2)1/2

+

+4
√

2
(

1
π3

+
1
ε3

)
ρ (T ) (1 + |δ|)

( ∞∑
k=1

(
λ2

k |ϕ3k|
)2)1/2

+

+4
√

2
(

1
π3

+
1
ε3

)
(1 + |δ| ρ (T ) (1 + |δ|))

√
T

 T∫
0

∞∑
k=1

(
λ2

k |fk (τ)|2
)

dτ

1/2

+

+
1
ε2

( ∞∑
k=1

(
λk |fk (τ)|2

)
dτ

)1/2

. (25)

So we can prove the following theorem.
Theorem. Let
1. ϕi (x) ∈ C2 [0, 1], ϕ′′′i (x) ∈ L2 (0, 1) and ϕi (0) = ϕ′i (1) = ϕ′′i (1) = 0

(i = 0, 1, 2).
2. ϕ3 (x) ∈ C2 [0, 1], ϕ′′3 (x) ∈ L2 (0, 1) and ϕ3 (0) = ϕ′3 (1).
3. f (x, t) ∈ C1,0

x,t (DT ), fxx (x, t) ∈ L2 (DT ) and f (0, t) = fx (1, t) = 0 (0 ≤ t ≤ T ).
4. |δ| 6= 1, 0 < ε < 1. .
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Then the function

u (x, t) =
∞∑

k=1

1
β2

k − α2
k

{[
β2

k

ρ1k (T )
(cos αkt + δ cos αk (T − τ))−

−
α2

k

ρ2k (T )
(cos βkt + δ cos βk (T − t))

]
ϕ0k+

+
[

β2
k

αkρ1k (T )
(sinαkt− δ sinαk (T − t))−

−
α2

k

βkρ2k (T )
(sinβkt− δ sin βk (T − t))

]
ϕ1k+

+
[

1
ρ1k (T )

(cos αkt + δ cos αk (T − t)) −

− 1
ρ2k (T )

(cos βkt + δ cos βk (T − t))
]

ϕ2k+

+
[

1
αkρ1k (T )

(sinαkt− δ sinαk (T − t)) −

− 1
βkρ2k (T )

(sinβkt− δ sin βk (T − t))
]

ϕ3k−

− δ

ε2

T∫
0

fk (τ)
[

1
αkρ1k (T )

(sinαk (T + t− τ)− δ sinαk (t− τ))−

− 1
βkρ2k (T )

(sinβk (T + t− τ)− δ sinβk (t− τ))
]

dτ−

+
1
ε2

t∫
0

fk (τ)
1
αk

[(
sinαk (t− τ)− 1

βk

sinβk (t− τ)
)]

dτ

 sinλkx (26)

is a classical solution of problem (1) - (3).
Proof. Under theorem’s conditions, from inequalities (21) - (25), we find, re-

spectively:( ∞∑
k=1

(
λ3

k ‖uk (t)‖C[0,T ]

)2
)1/2

≤ 2
√

2
π

(
2π + ε2

)
ρ (T ) (1 + |δ|)

∥∥ϕ′′′0 (x)
∥∥

L2(0,1)
+

+
2
√

2
π3

(
π3 + 4ε2

)
ρ (T ) (1 + |δ|)

∥∥ϕ′′′1 (x)
∥∥

L2(0,1)
+

+4
√

2ε2ρ (T ) (1 + |δ|)
∥∥ϕ′2 (x)

∥∥
L2(0,1)

+

+2
√

2ε2

(
2 +

√
2

π
ε

)
ρ (T ) (1 + |δ|)

∥∥ϕ′3 (x)
∥∥

L2(0,1)
+

+4
√

2
(
1 +

ε

π

)
ρ (T ) (1 + |δ| ρ (T ) (1 + δ))

√
T ‖fx (x)‖L2(DT ) , (27)
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( ∞∑
k=1

(
λ3

k

∥∥u′k (t)
∥∥

C[0,T ]

)2
)1/2

≤ 2
√

2ρ (T ) (1 + |δ|)
∥∥ϕ′′′0 (x)

∥∥
L2(0,1)

+

+
4
π

(π + ε) ρ (T ) (1 + |δ|)
∥∥ϕ′′′1 (x)

∥∥
L2(0,1)

+

+
4
π

(π + ε) ρ (T ) (1 + |δ|)
∥∥ϕ′′2 (x)

∥∥
L2(0,1)

+

+4
√

2ε2ρ (T ) (1 + |δ|)
∥∥ϕ′3 (x)

∥∥
L2(0,1)

+

+4
√

2 (1 + |δ| ρ (T ) (1 + |δ|))
√

T ‖fx (x)‖L2(DT ) ; (28)( ∞∑
k=1

(
λ3

k

∥∥u′′k (t)
∥∥

C[0,T ]

)2
)1/2

≤ 4
√

2ρ (T ) (1 + |δ|)
∥∥ϕ′′′0 (x)

∥∥
L2(0,1)

+

+4
(
1 +

ε

π

)
ρ (T ) (1 + |δ|)

∥∥ϕ′′′1 (x)
∥∥

L2(0,1)
+

+4
√

2
(

1 +
ε2

π2

)
ρ (T ) (1 + |δ|)

∥∥ϕ′′′2 (x)
∥∥

L2(0,1)
+

+4
(

ε2

π
+ ε

)
ρ (T ) (1 + |δ|)

∥∥ϕ′′3 (x)
∥∥

L2(0,1)
+

+4
(

1
π

+
1
ε

)
(1 + |δ| ρ (T ) (1 + |δ|))

√
T ‖fxx (x)‖L2(DT ) ; (29)

( ∞∑
k=1

(
λ3

k

∥∥u′′′k (t)
∥∥

C[0,T ]

)2
)1/2

≤ 4
(

1
π2

+
1
ε

)
ρ (T ) (1 + |δ|)

∥∥ϕ′′0 (x)
∥∥

L2(0,1)
+

+4ε

(
1
π

+
1
ε

)
ρ (T ) (1 + |δ|)

∥∥ϕ′1 (x)
∥∥

L2(0,1)
+

+4
(

ε2

π
+

2
ε

)
ρ (T ) (1 + |δ|)

∥∥ϕ′′2 (x)
∥∥

L2(0,1)
+

+2
√

2
(

ε2

π
+ 2
)

ρ (T ) (1 + |δ|)
∥∥ϕ′3 (x)

∥∥
L2(0,1)

+

+4
√

2
(

1
π2

+
1
ε2

)
(1 + |δ| ρ (T ) (1 + |δ|))

√
T ‖fxx (x)‖L2(DT ) ; (30)

( ∞∑
k=1

(
λ3

k

∥∥∥u(4)
k (t)

∥∥∥
C[0,T ]

)2
)1/2

≤

≤ 4
√

2
(

1
π2

+
1
ε2

)
ρ (T ) (1 + |δ|)

∥∥ϕ′′′0 (x)
∥∥

L2(0,1)
+

+4
(

1
π

+
1
ε

)
ρ (T ) (1 + |δ|)

∥∥ϕ′′1 (x)
∥∥

L2(0,1)
+

+8
√

2
(

ε2

π4
+

1
ε2

)
ρ (T ) (1 + |δ|)

∥∥ϕ′′′2 (x)
∥∥

L2(0,1)
+
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+8
(

1
π3

+
1
ε3

)
ρ (T ) (1 + |δ|)

∥∥ϕ′′3 (x)
∥∥

L2(0,1)
+

+8
(

1
π3

+
1
ε3

)
(1 + |δ| ρ (T ) (1 + |δ|))

√
T ‖fxx (x)‖L2(DT ) +

+
√

2
ε2

∥∥∥‖fx (x)‖L2(0,1)

∥∥∥
L2(DT )

. (31)

It is obvious, that, (32)

|u (x, t)| ≤

( ∞∑
k=1

λ−6
k

)1/2( ∞∑
k=1

(
λ3

k ‖uk (t)‖C[0,T ]

)2
)1/2

, (32)

|ut (x, t)| ≤

( ∞∑
k=1

λ−6
k

)1/2( ∞∑
k=1

(
λ3

k

∥∥u′k (t)
∥∥

C[0,T ]

)2
)1/2

, (33)

|utt (x, t)| ≤

( ∞∑
k=1

λ−6
k

)1/2( ∞∑
k=1

(
λ3

k

∥∥u′′k (t)
∥∥

C[0,T ]

)2
)1/2

, (34)

|uttxx (x, t)| ≤

( ∞∑
k=1

λ−6
k

)1/2( ∞∑
k=1

(
λ3

k

∥∥u′′k (t)
∥∥

C[0,T ]

)2
)1/2

, (35)

|uttt (x, t)| ≤

( ∞∑
k=1

λ−6
k

)1/2( ∞∑
k=1

(
λ3

k

∥∥u′′′k (t)
∥∥

C[0,T ]

)2
)1/2

, (36)

|utttt (x, t)| ≤

( ∞∑
k=1

λ−6
k

)1/2( ∞∑
k=1

(
λ3

k

∥∥∥u(4)
k (t)

∥∥∥
C[0,T ]

)2
)1/2

. (37)

From (32) - (37), taking into account (27) - (31), it follows, that the functions
u (x, t), ut (x, t), utt (x, t), uttxx (x, t), uttt (x, t), utttt (x, t) are continuous in DT . By
immediate verification, it is easy to see, that the function u (x, t) satisfies equation
(1) and conditions (2), (3) in the ordinary sense. The theorem is proved.
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