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ON A BOUNDARY VALUE PROBLEM FOR
OSCILLATION EQUATION IN STRATIFIED LIQUID

Abstract

In the paper we prove a unique existence of a classic solution of a non-local
boundary value problem for a partial differential equation of fourth order.

By studying the problem of small oscillations of exponentially stratified liquid

there arises the equation
2

0
9 = Azu + wiAsu = 0,

in many respects similar to S.L.Sobolev known equation [1], tere Ag is Lapacian with
respect to variables x1,x9,x3, Ao is Laplacian with respect to variables 1, s, x3,
and wq is a real number parameter. In the present paper we consider one-dimensional
variant of this equation.

Let’s consider the following boundary-value problem:

Uttee (2,1) + Uy (z,1) = f (2,t), (x,t) € Dy =
={(z,t):0<2<1, 0<t<T} (1)
w(0,t) =, uy(1,¢)=0, 0<t<T, 2)
u(z,0)+ou(x,T)=p(x), w(z,0)+ou(z,T)=19 (), 0<z<1, (3)

where o and ¢ are the given numbers f (z,t), ¢ (z),v (z) are the given functions,
u(x,t) is the desired function. Under the classic solution of problem (1)-(3) we
understand the function u (z,t) continuous in closed domain Dy together with all
its derivatives contained in equation (1) and satisfying all conditions of (1)-(3) in
the ordinary sense.
Theorem 1. If § # £1 , problem (1)-(3) may have at most one classic solution.
Proof. The proof of this theorem is conducted by the following scheme [2].
Assume there exist two classic solutions of the considered problem w; (x,t) and
ug (z,t), and consider the difference v (z,t) = u; (z,t) — ug (z,1).
Obviously, the function v (z,t) satisfies the homogeneous equation

Vites (T,1) + Vg (x,t) =0 0<xz<1, 0<t<T) (4)

and conditions
v(0,6) =0, vy(1,t)=0, 0<t<T, (5)
v(z,0)+ v (z,T)=0, vi(z,0)+0v(x,T)=0 0<2<1 (6)

Prove that the function v (x,t) in identically equals zero.
Multiply the both sides of equation (4) by the function 2v4 (x,t) and integrate
the obtained equality with respect to « from 0 to 1 :

1

1
Z/Vttma:tuta:td:c+2a2/1/ma:tuta;t)d =0. (7)
0 0
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Obviously

1
2/um (@) e (2, 8) dz = 2 (Vg (1,8) 1 (1,£) — vaga (0, 8) 11 (0, £)) —
0
1

—2 /1 Vite (2,1) Vi (2, 8) d /
0

0

1
z/ym 2 ) vy (2,8) dx = 2 (s (1,8) 1 (1,1) — v (0,8) vy (0,1)) —
0

1 1
—2/%(:1:75)1493(1‘15 d/uixt
0 0
S

Then from (7) Vt € [0,T] we have:

4
dt

o _

1
v (:B,t)dx—i—ofi/ui (z,t)dx =0
0
or ) )
y(t):/sz(m,t)dx—koﬂ/Vi(m,t)da::C,
0 0

where C' = const.
Hence, allowing for (6) we get :

1
y (0) / vy, (2,0) — 6°v7, (2, 7)) da+
0

1
+a2/ i (z,0) — 52y 2 xT = 2 (2,0) = dviz (2, T)) X
0

X (Vig (,0) 4 vgy (z,T)) dz + o x,0) — dvg (z,T)) x

1
o= [
0
1

e
0
X (Vg (2,0) + vy (2,T)) dx = 0.

Thus
y(0) — &%y (T) =C (1—-6%) =0.

Since § # +1, then C' = 0. Consequently, V¢ € [0, T]:

1 1
/u?x(:c,t)da:—i-aQ/ V2 (2. 1) da = 0.
0 0
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Hence, we deduce
Vig (z,t) = 0,v4 (z,t) = 0.

v(z,t) = g(t)yields v, (z,t) = 0. And hence, by (5) it holds g (¢) = 0. Consequently
v(z,t) =0.

Thus, if there exist two classic solutions ujz,t and ug (x,t) of problem (1)-(3),
then u; (z,t) = ug (z,t). Hence, if follows that if the klassic solution of problem
(1)-(3) exist, it is unique. The theorem is proved.

Obviously, the necessary condition for the existence of continuous in D solution
is the fulfillment of concordance conditions:

©(0)=0, ¢'(1)=0, ¢¥(0)=0, ¢'(1)=0.

We'll search for the solution of classic problem (1)-(3) in the form
0o ' T
u(z,t) = ; ug (t) sin \gx, A = 5 (2k—1), (8)

where

1
ug (t) = 2/ u (z,t) sin Agzde.
0

Since the system {sin Ayx}y-; is complete in Ly (0,1), then obviously, each classic
solution wu (z,t) of problem (1)-(3) is really of the form of (8).
Applying Fourier formal method, from (1)-(3) we get:

M (8) + N (t) = —fu (t), 0<t<T, (9)
uy (0) + duy (T') = ¢y, u;c (0) + 6u§c (T) =4y, (k=1,2,...), (10)

where

1
Jr(t) = 2/0 f (z,t) sin \pzdz,

o = 2/01 ¢ (x) sin \gxdx, P, = 2/01 Y (z)sin A\gedz, (k=1,2,...)
Since the roots of the characteristic equation
p?+a? =0,
corresponding to (9) is defined by the formula:
pi= (-1 ai, j=1,2
general solution of (9) according to Largange method is of the form:

uy (t) = Ch (t) cos at + Cyy, (t) sin at, (11)

where Cy, (t) and Cyy, (t) are still unknown functions.
To determine the functions Cyy (¢) and Cy (t) we have the system:

Cl (t)cosat + Ch, (t)sinat = 0,
Cli (t)sinat — Ch (t) cosat = o%\,%fk (t).
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Hence we find: )
Clio () = —5 fi (D) sinat
a,

1
Ol () = =5 i () cosat
k

Integrating from 0 to ¢t we have:

t
Chk (t) = QL)\]%ffk (7’) sin ardr + Cyy;
0
t

Cor (t) = _aL)\,% f fr (1) cos ardr + Co,
0

where C1; and Cy are arbitrary constants.
Substituting (12) into (11) we get:

t

ug (t) = Cr (t) cos at + Coy (t) sin —i—L / fr(T)sina (t —7)dr.
aA

2
"
From (13) we find:

t

1
uy, (t) = —aCiy, (t) cos at 4+ aCoy (t) cos +— / fr(T)cosa (t —7)dr.

A
"

Now, using conditions of (10) we determine Cyj and Coy:

(1+0cosaTl) Cy + CopdsinaT = qi (T),
—Chradsinal + a (1 + 0 cosal’) Co, = qox (1),

where .
qux (T) = ), — ai,\,%ff’f (T)sina (T — 1) dr
0
T
o (T) =y, — ;%ffk (t)cosa (T —7)dr
0
Obviously

1+ dcosal dsinaT
—adsinal a(l+ dcosal)

Swm=|m@n st

gk (T)  a(l+dcosal)
=a(l+dcosaTl)qi (T) — dqo (T) sinaT,

Ao (T)

1+ dcosal ar(T) |
—adsinal g (T) | —

= (14 0cosal) qa (T) + adqiy (T) sin T

’ = (1+25cosaT+(52) a,

(12)

(13)

(14)

(15)

(16)
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Hence we have:

ap(T
Cor = Qp%T) (14 dcosad’) qor (T') 4+ adqiy (T') sin T ,

{ Ok = o7 L (1+ S cos aT) qug (T) — gox (T) sin aT]

where p (T) = 1 + 26 cos ad + 62. Substituting value (17) into (13) we get:

ug (t) = apl(T) {[B(1+dcosaTl) qix (T) — dqox (T) sin aT] cos at+

+[(1+dcosaT) gox (T) + adqx (T) sinaT]sin ot} +
t
+— /fk (r)sina (t —7)dr
0
or

uy (t) =

ap (1) {afcosat + dcosa (T —t)] qux (T) +
¢
+[sinat — dsina (T —t)] gor (T) } + ozl)\,% O/fk (1)sina (t — 7) dr.

Hence, allowing for (16), we find:

ug (t) = op (T) {a(cosat+dcosa (T — 1))y, + (sinat — dsina (T' —t)) ¢, —

T
/fk (1) (sina(T'+t—7)+dsina(t —7))dr}+

t

+— /fk (T)sina (t —7)dr
0

Thus, solving problem (9)(10) we find

ug (t) = apl(T) {a(cosat+dcosa (T —1t)) ¢, + (sinat — osina (T —t)) 1y, —

T

/fk(T)(sina(T—}—t—ﬂ+6sina(t—7))d7}+

0

—1—2/fk (r)sina (t — 7)dr, (k=1,2,...), (18)
0

where
p(T) =1+ 2cosal + °.
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Obviously,

up (1) = m{a (cosat +dcosa (T —1t)) ¢y, + (cosat +dcosa (T —t)) 1y —
T

)\%/fk (1) (cosa(T+t—7)+dcosa(t—7))dr}+

t

+/\2/fk (T)cosa (t —T)dr, (k=1,2,..), (19)

0
up () = )\%fk (t) — ﬁ {a(cosat + dcosa (T —t)) pr+

+ (sinat — dsina (T —t)) ¥, —

_ii/fk (1) (sina(T+t—7)+0sina(t —7))dr} —

_)\]%O/fk (1)sina (t — 7) dr, (k=1,2,..) (20)

Theorem 2. Let
1. ¢ (z) € C%[0,1],9® (z) € Ly (0,1) and ¢ (0)
Q.zp(x)eC?[o,u,w()( ) € Ly (0,1) and 1 (0)

5. f(2.0) € C(Dr) and f; (2,) € Ly (D) and f(0,6) =0
Then the function

o0

1
u(x,t) = ; {ap @) [a (cosat + dcosa (T —1t)) prp+

T
+ (sinat — dsina (T —t)) ¢y, — (;/fk(T)(SinOé(T—i-tT)X
k
0

1
X —0sina(t—71))dr] — — / fe(m)sina (t —7) dT} sin \gx (21)
oA J
is a classic solution of problem (1)-(3).
Proof. From (18), (19) and (20) we find respectively:
1

1
Jug (1) < Pa) (L +10) ol + —=— (Ta (14 10]) |oo] +

1
2

T
(14 s 011-416D) VEN? ( [ 15 (T)sz) ,
0
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luf, (1)) < % (1+18]) x| + ST) (1 +16]) || +

1
2

# (145 )<1+5>)fﬂ(/fk df),

2
[u ()] < AR 1k (8)] m (L +10]) [r + m (L+10]) [x] +

+a(1 )(1+5)>fA2(/fk df)z.

Hence, we have respectively:

(S 0ton) < i e (3 ot

k=1

B (14 18) <Z(Ai|¢k|)2> #X2 (1Lalaa))

k=1

T o0
xVT (O/Z(Akfk7)2d7> = p\f;)(1 1) H“O(g) (x)HLzm,l)Jr

HL2(0,1)

ol |6r>) VI e (Dl s (22)

(S 0ahion?) < 25w m (S 02ie’) +
k=1

[e.9]

+£(1+ |0]) <Z (A} |¢k|)2> +\/§<1+ p|(5T’) (1+ |<5\)> X
k=1

2

T o0
VT (O/Z(Ak 17 (T))%h) < i L+ 19D [ (w)HM(OJ) +

L»(0,1)

s (L 1al) [

+V3 (1 + p(lT) (1+ |5|)> VT | fz (@, y(pyy » (22)

1
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202 - :
e A D (Z klexl) ) +

k=1
) ( M el ) w20 (140 (1418
T oo
VT 0/ > Ol | <21 o] g,
20 20
+ (T) (1+1o]) ng(g) (x)‘ L2(0,1) * pi (1+19]) qu ) L2(0,1)
+2a <1 + —— (1 +19]) > T\ fo (@, ) 1yDypy - (24)
Obviously
0, )] < (ZA 6) (Z 2 (¢ )2> 7 (25)
k=1 k=1
Jut (2, 1)] < (Z/\k6> Z (AR [uk (t)})2> ) (26)
k=1 =1
g (,1)] < (ZA 6) ( SO <t>!)2> 7 (27)
k=1 =1
|tz (2,1)] < (Z >\k2> <Z (AR (t)|)2> ; (28)
k=1 k=1
el = (Yo%) (02t o?) 29)
k=1
Allowing for (22)-(24) if follows from (25)-(29) that the functions u (x, t), u (x, t),

g (2, 1), Ugy (2,1), Upze (2,t) are continuous in Dp. By immediate verification we

can easily see that the function u (x,t) satisfies equation (1) and conditions (2), (3)
in the ordinary sense. The theorem is proved.
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