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ON BEHAVIOUR OF SOLUTION OF CAUCHY'’S
PROBLEM FOR ONE CORRECT BY PETROVSKY
EQUATION AT LARGE TIME VALUES

Abstract

At this paper estimation of solution of Cauchy problem for one correct by
Petrovsky equation is obtained at large tame values.

Introduction

By studying disturbance distribution in viscous gas when no viscosity exists there
arises the equation
o (z,t) 9A (z,t) — a’Asu (z, 1) €R3, t>0 (1)
—u(x,t) —w—A7Asu(z,t) —a“Asu(z,t), =z >0,
8t2 at 3 3 Y 3?
where w = %v, v is kinematic coefficient of viscosity, a is a sound velocity in gas [1].
In the paper [2], as result of investigations of Cauchy’s problem solution for operator-
differential equation it is given a sufficient condition of stabilization at large time
values of solution of Cauchy’s problem for equation (1) with periodic initial data.
Consider the following Cauchy problem
82

ok (x,t) — w%Anu (z,t) = a®Apu (x,t) + f (x,1), (2)

w00 = 00 (@), (1) o = 0 (@), Q

where ¢y (x), ¢; (), f(z,t) are given functions, and

0? 0? 0?
Ap=-o+zgt.toms
02 Oxd Ox3

Conditions on the data of problem will be formulated below.

Note, that equation (2) is correct by Petrovsky equation. Existence and unique-
ness of solution in classes of destributions for correct by Petrovsky equations are
studied in [3] (pp.124-183). In this paper estimation of solution of Cauchy problem
(2), (3) for large time values is obtained.

81. Definition, representation of Cauchy problem
(2), (3) and auxiliary lemmas

Denote by D (R,) a space of finite infinitely differentiable functions. Considering
solution of problem (1), (2) w(z,t) for each ¢ > 0 as a distribution over D (R,,),
solution of this problem we’ll understand in distributions.
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Applying Fourier transformation to problem (2), (3) we get dual problem with

parameter s = (81, 82, ..., Sp)
0 2 O 2. 21/2 7
SV (5,0) + sl waV (5,) + a2 s V2 (s5,8) = F (s,1), (4)
ot ot
~ 0? ~
V(S7t)|t:0 = %o (3)7 a V(Sﬂt)’t:(] =¥ (8)7 (5)
where the sign ~ over the function means Fourier transformation of this function
with respect to variable z = (x1,72,...,2,), |s| = \/s5+ 53+ ...+ s2. Solving
problem (4)-(5), we get
Ao (s et)\l(s) — )\ (s €t)\2(s)~ et)\g(s) — etM (s)~
v (s.t) = 220 e () + g )+
A2(s)=A1(s) A2(8)=A1(s)
t | p(t—T)A2(s) et=m)A1(s) | -
+f - f(577—) dT? (6)
0 | Aa(s)—A1(s) A2(s)—A1(s)
where
Ao = sl NS st" _ a2 |s|? (7)
12 = 7 1

are the roots of the characteristic equation A + |s|*wA + a?|s|*> = 0. Solution of
problem (2), (3) is defined as inverse Fourier transformation of function V' (s,t). By

Fourier transformation formula of convolution from (6) we get

u(@,t)= [ Go(z—&t)po(§)dé+ [ Gi(x—E&1)¢ (§)di+

Rn R’ﬂ

szRf Gi(zx—&t—71)f(&7)dE =uo (x,t) +w (z,t) + ug (x,1), ()

where
1

Go(z,t) = — [ Qo(s,t e "@8) g
(#.0)= e | Q1)
1 Az (5) () — X\ (s5) et?2()

-~ (2n)" an Aa(8) =M1 (s)

. t/\Q(S) _ t)q(s) )
]-)n f Ql (3, t) e*l(ﬂ?,s)ds _ 1 f e e e*l(x,S)dS'
Ry

G :E,t n
(@) (2m (2m)" R, Aa(s)=Mi(s)

(10)
Go (x,t), G1(z,t) are Green functions for Cauchy problems for equation (2) with
initial data
Go (2,0) =68 (z), G (x,0)=0,
G1 ({L‘,O) =0, llt (w,O) :5($),
where § (x) is a Dirac function. Integrals in (9) and (10), generally speaking, don’t

converge in the ordinary sense. They should be understood in distributions [3]
(pp.125-130). Since for any sufficiently smooth function ¢ ()

P(s)= (1" (1+0°) " (L= Ap) o (x), p=]sl, (11)
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where p is a natural number, which we will choose below, besides, we assume, that
¢ (x) decreases sufficiently good at infinity and decrease order we will also appoint
below. Using theory of Fourier transformation for distributions [4] (pp.152-179) and
(11) integrals (9) and (10) can be regularized in the following way

uj (x,1t) f G (x —€,1) (1 — AP ) (€) de, (12)

where

1 —1+5 .
G (2,t) = anQj(Svt)<1+‘S‘2)u Temi@9)ds,  j=0,1. (13)

(@m)"

Integrand functions in (13) are spherically symmetric functions. Passing in (13)
to spherical coordinates [5] (p.376), we’ll get

X n_ _n% n —p—1+j
G (w,t) = (2m)2 o' 72 [ p3 a1 (pla)) Q; (s.t) (L+ %) " dp, (14)
0
where [ ] [ ]
_ 5|, if |§] is an even number .
2 = { [ 2] +1,if [4] is an odd number (147)

where J, (z) is v order Bessel function.

Functions A1 (p) and A2 (p) have three branching points: p; = 0, py = 22, py =
—Qw—a. In the neighbourhood of a point p = 0 the functions A; (p) and A2 (p) are
regular functions and the point p = —%a is not contained in integration domain.
Write expansion of unit 1 = ¢, (p) + ¢4 (p), where ¢, (p) and @, () are infinitely

differentiable functions and

and

Then Gg-*) (x,t) is represented in the form

G (1) = (2m) 5[] ¥ x

AT A ol @y (50 (1467) 7 0 (o)

+ Of pE Tt (plz) Qj (s.t) (14 %) " by (p) dp

2a_ .
w

_ ) (%)
=G, (z,t) + G (2,1). (15)

Let’s estimate each summand in (16) at large values of t. Mark out the cases
|z| < A, |x| > A, where A > 0 is a sufficiently large number. Let’s previously prove
two lemmas.
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Lemma 1. For A\ (p) and A2 (p) the following estimations hold:
2
2
M) -, at pz =
w w

2
Redi (p) < 2% at pe [o, ﬂ
2 w

Re s (p) < —%pZ, at p € [0,00).
Proof. Represent A; (p) in the form

2 2
a“p
A -
1 (p) w 92 w2 4 2.9
2P T\ TP —atp

Hence, at p > %‘1 we get \1.(p) < —%2. Second and third estimations are obvious.
Lemma 2. Let . N
(1+7)%dr
f n—17 (16)
01+ (t—1)] 2

where n > 1; a is any real number. Then as t — 400

(1)

I(t)=0 (t'tn),

where y; = max {—%,a}.
Proof. Let’s make replacement 7 = ty in (16). Then

I(t):tj" (1+ty)adi (17)
0L+ (t—y) >

Represent integral in (17) in the form:

/
I@:tfﬁ+}} “+W)tlzhw+buy
0 1/2) 1+ ((1—y)) 2

Let a <0, n be a natural number. Then
h@:oﬁk%ﬁ,JAQZOMMy (18)
If & > 0, n is any natural number, then at large ¢
1+a—11 1+a
Il(t):O(t z), I (t) =0 (t'%). (19)
From (18) and (19) it follows, that at large ¢
I(t)=0 (t"tn).

The lemma is proved.
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§2. Estimation of solution for Cauchy
problem (2), (3) at large values of time

Using lemma 1 and expansion of Bessel function at |z| < A we get

2a
o L n—2 _
il 0] < ) [ L (14 ) " o1 () dp (20)
0 w5
2P —a

Applying Watson’s lemma [7] (p.57) to the integral in (20) as t — 400, we get

1

‘Gﬁf{ (x,t)‘ < C(n, AT (21)

where C (n, A) is a constant, dependent on n and A.
At |z| > A using asymptotic of Bessel function [6] (p.219) from expression
11 (w,1) we get

G @ < cmlal ™7 fe 50" (14 %) " o (p) dp (22)

’

Applying Watson’s lemma [7] (p.57) to the integral in (22) as t — +o0o0 we get

)Gg*; (x,t)‘ < C(n,w) ||~ T (23)

)

From estimations (21) and (23) we get, that for any z € R,, and t — +0o0

GEl .t < Cw) a7 e (24)

where v, = min {"T_l, ”TH

(%)

Now consider G7 5 (z,t) from (15). Let’s represent it in the form

2a/w 0o etr2(p) 4 ptA1(p)

GV ()= mE e 7B [+ [ b pETa s (plel) —————x
e 20/w p\/ T p? — a?
x (L4 02) "y (p)dp = C5 (2,1) + GV (,t) . (25)

Investigate G( D (x,t) as t — +oo. For |z| < A, expanding Bessel function in
series [6] (p.168) and restrictied only by the first member of expansion, contribution
of the rest members of expansion as ¢t — +o0 is small in comparison with contribution
of the first member of expansion and estimating by module, we get

*1) o 2\~ it
G @l <cma) [ (14 ) " (o)

2
e \ P —a?

2a a
Since singularity at the point p = — in (26) is summable, supposing ¢ = — from
w w

dp. (26)

(26) as t — 400 we get

2

‘G*” t)‘ < C(n,a,w) e 53t (27)
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(%,1

Now consider G 5 ) (x,t) for |z| > A and t — 4o00. Considering lemma 1 and

asymptotic of Bessel function at large values of argument for G(* 2 (z,t), we get

_ W2
20/ w e~ 5tp dp

645" @] < Clal 7 J ST 00 (28)

2a
At the point p = — integrand function in (28) has summable singularity. Since
w
function 1, (p) at this point is equal to zero together with any order derivatives,

2a
then as t — +oo contribution of point p = — in integral (28) is equal to zero.
w

Supposing € = 2 and estimating the integral in (28) by module, we get
w
* 1) a?
G0 (@,0)| < C (@) fof et (29)

From estimations (28) and (29) it follows, that at all x € R,, for G(* 2 (z,t)
estimation (29) holds

Now consider Ggféz) (x,t) at large values of t and |z| > ¢ > 0, where § is suffi-

ciently small number. Estimating by module and taking into account asymptotic of
Bessel function at large values of argument, we get

(*2 1-n _thoo n_9_ 9o
G @] < O fof 3 [ pim T

By virtue of (14*) the integral in (30) converges. From (29) and (30) it follows,
that for all z € R"

a2t

@< cw@lalFe® (31)
From (24) and (31) it follows, that at large ¢ and for any x € R" estimation
61 @0 < Cnw) lal T2, (32)

holds.
Now consider Gy («, t)
(S) et)\l(s) -\ (S) et)\Q(S)

1 A2 —i(z,s)
t) = $lds =
L e W P R v s R

e | Qols.)e s ()

Regularizing integral in (35) as in (10) and passing to spherical coordinates, we
get

GS (a,t) = (2m) 3 a3 [ pEJu (plz]) Qo (s,t) (1 +p2) " dp. (34)
0

Function G(()*) (z,t) is estimated in the same way as the function G(l*) (z,t), with

the difference, that integrand function in expression Gg*) (x,t) at zero has one zero



Transactions of NAS of Azerbaijan 91
[On behaviour of solution of Cauchy’s problem]

more, than integrand function in expression Gg*) (x,t). Therefore at large |z| and ¢
we have

IGS (2,1)| < C (n,w) =575, (35)
. n n+3
where 3 = min 34 =79+ 1.

Prove the following lemma, that is necessary to estimate solution of Cauchy
problem (2), (3).

(m)

. D}eflc;;ce by H(|J:|°‘1,Rn) Sobolev weight space, i.e. space of functions from Ly (R,,),
or whic
m b | 07 2 )2
m = tl— d <
||<IO (:L‘)HHE‘I‘)O‘LRTL) ‘UIZZD R[:n |£U‘ axvga (SC) Xz +0oo

Lemma 3. Let ¢ (z) € Lo (|z|*', R,) and

I()= [ |z—¢€'"2p(€)de.
R,

Then at |z| > 1 for I (z) there satisfies estimation

n
T4
3)

Proof. In expression I (x) pass to spherical coordinates. So, we get

o
(1 +121%) 2 lle @) £y (afer 7,) - (36)

!
N[
—~

I@)= [ lo—€3{ [ o®,le)doy diel, (37)

|| ol

where ng) is a surface of a unit sphere with centre at the point x. Applying Cauchy
Bunyakovskii inequality to (37), we get
1

1 (@)] = {mes0f }* {7 e =g (141 dm} x

|z

1
2
0o

xQ [ A+ER)™ | [ ¢ (0,1¢)do| di¢] o - (38)

)
2 alr

Consider at || > 1 integral in (38)

I (z) = |0f| (1+160)™ | o (0. leDdnale] < |°f°| (1+ €)™ et
x Qlﬂ” x
< | [ (0,1 do| dig] = [ (L+[¢7)™ 0 (€) de. (39)
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By virtue of conditions of lemma, the last integral converges. Now consider

I (z) = {i)fo lz — 7" (1+ ‘7’2)—041 d]T\} )

||

By Petre inequality [8] (p.16)

1 _ 1z
1+ x—y2 <2 .
(tle =) =23 p

Substituting  — y = 7 and then applying Petre inequality in I3 (z), we get

1

g ST _lylMdlyl 1*®
L(z) <27 (14 |z { LA (40)

SR F e
Choosing a3 = g + 1 we get, that integral in (40) converges. Since
on/2
mesQ%m) = Fw(n)from (38) and (40) we get
2

T'L/4 aq

238 m -

@) <23 T 1) 7 1o @)oo -
2

Lemma 3 is proved.

Remark. Since [ (z) is a continuous function of z, so estimation (36) holds for
all x € R,.

Study now behaviour of solution of Cauchy problem (2), (3) as ¢t — oco. From
formula (8) it follows, that u; (z,t) (j = 0,1) means solution of Cauchy problem
(2), (3) for homogeneous equation, whose only initial data ¢; (z) differs from zero,
and uy (x,t) is solution of Cauchy problem (2), (3) for which ¢, () = ¢, () =0,
f(,) £ 0.

Theorem 1. Let ¢y (z) € H(($|%)1,Rn)' Then for solution ug (z,t) of Cauchy
problem (2), (3) at x € R and large t the following estimation

1
| D Do (2,0)] < C (14 [2?) * £705590) [l (@) oma o 1, (41)

M07Vj:O>172; m0:2(N+MO+2)7

holds, where 3 was defined above.
Proof. Using estimation (35) from expression ug (z,t) and from (12), (13), we
get

o () < J |67 (& = &.8)] | (1= ) 0 (6)de <

<C(nw)t™ [|o—gl 2
R,

(1= 28)" i (€)| de. (42)

Applying lemma 3 to the right hand side of inequality (42), we get

a1
fug (,8)] < C (n,w) (14 |) * £

(1= AY gy (&)

<
La(|z[*1,Rn)
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o1
< C(m,w) (14 [2?) * 179 g (@) ygacesn)

(|z‘a1 an)
Now consider DfOD;jfuo (x,t), where pg, v; = 0,1,2, for which, by virtue of
conditions on the functions ¢, (§) the following representation
DfOD:,;;uO (l’,t) = f DfODZjGU (ZL‘—g,t) %Yo (g) d&a ]: 1,2,...,7’L (43)
Ry
holds.

Taking into account a condition on the function ¢, () and properties of differ-
entiation of convolution, we get

DfODZqu (‘T?t) = f DfOGO (.’L’ _éat) DgijDO (5) dg? vj = 07172'
Ry,

From expression Gy (x,t) of (9) it follows, that

1 Ag (8) MJ° (s) eM(s) — )\ (s) Ao (s) etra(s)

e~ (®9) g =
@ i OESwE .

DfOGO (x,t) =

1 .
= 207 Rf Dy Qo (x,t) e ""ds. (44)
Integral in (44) converges in distributions [3]. As above, representing (42) in the
form

DI DYug (x,t) = (~1)"#0 [ DGy (i — £,6) (1 — A) 004D DY oy (€) de,

Ry
(45)
for D°G} (z,t) we get representation
1 —pu—po—1
DY G (w,0) = g5 [ Di*Qo (1) (14151 P i gs, (46)
™" i

Passing in (46) to spherical coordinates, we get
DGy ;1) = (2m) 57 [a] 73 x

X n —p—po—1
x [ p%Jx 1 (|2l p) D°Qo (x,1) (1 + \3\2)
0

dp.

We make estimation of DY°G} (z,t) as t — +o0 just as for G} (x,t). Asymptotic
of D{°G} (z,t) as t — —+o00, by Watson lemma [7] (p.57), is defined by the order
of zero of integrand function, at p = 0 and order of zero of DfOGZ‘] (x,t) is 2ug
(g = 0,1,2) unit more than of Qg (s,t).

Therefore decreasing degree as t — +oo of DG} (z,t) and thereby D}ug (x,1)
is g unit more than of ug (z,t). Using (44), we get

o
| DF° DY g (2, )| < C (w) t~Ost0) (1+ W) ®

x H(1 _ Akt Dy o (§)HL2(|I|Q1 s Mo Vi =012
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a1
or |Df* Diug (2,6)] < C () (1+1al”) * #7054 |l (&) | aguer , where mo =
(211, Bn)
2 (M + po + 2)
The theorem is proved.
Theorem 2. Let ¢, (z) € H((‘Q(fifl]%)) Then for solution uy (z,t) of Cauchy
problem (2), (3) at x € R,, and large t the estimation

o1

D Do (2,5)] < C (n,0) (14 [2?) * 170740 |l (©)]] ey

(I=1%1,Rn)

holds, where my =2 (u+ py + 2), and 5 was defined above.
Proof. Using representation u; (x,t) from (12) and estimation of Green function
G (z,t) from (32), we get

ur (2,t)] < C'(n,w) t772 £ v — €17 (1= A)" gy (6)] de (47)

Further, applying lemma 3 to integral on the right hand side of (47) for u; (z,t)
we get the following estimation

i
fur (,8)] < C (n,0) 772 (14 [22) 111 = AV 01 (Ol y(iaper )

or

oy
ur ()] £ € ()¢ (L Jal?) ™ llon (@l

(I=1%1,Rn )
Analogously as t — +o0o we get

231

DY D ()] < € (m,w) (14 12f2) 7 47020 oy (€)]] yomy

(1211, Rn)

m1 =2(u+po+1).

The theorem is proved.
Theorem 3. Let f(x,t) be continuous by t, f (z,t) € H(|E;\Lj13)R ) and

1 (@, ) ogessy < 1. (48)

RN

Then for solution uy (x,t) of Cauchy problem (2), (3) at x € R, and large t the
estimation

a1
D Dy (2,8)] < € (moio) (1 [af?) * 14470500,

holds, where 74y, = max{— (v +uo),B}, po = 0,1,2; B is an arbitrary real
number.
Proof. Using form uy (x,t) from (8), represent it in the next form of

ugp (x,t) = de J G (@ =&t —7) (1 - A f(€,7) dt. (49)

Rn
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Estimating by module and using at that estimation (32) we get

ug (z,)] < C(?”L,w)zlt—Tl_”2 {Rf o — €7 I(l—A)“f(&T)dE}dT

Using lemma 3 from the last inequality and from the conditions of theorem 3 we
get

a1t
fur (@01 < C ) (14 Jaf) * [l =720 = 877 € Dllagger ) 07 <

ot
< C(n,w) (1 + |x|2) Y[t =772 P
0

Applying lemma 2, we get
o1
Jug (2,0)] < € (n,w) (14 [2f?) * 1471,

where v, = max {—~,, 8}.
Now estimate derivatives uy (z,t). Since Gy (z,0) =0, so

DDy (x,t) de [ DiGy(z— €t —1) gjf(f,T)df. (50)
Rn

We will make estimation of internal integral in (50) in the same way as estimation
of ug (z,t). Therefore we get

o1 ¢
DDy (@8] <€ (n0) (1+1al") ™ [ @1t = )T W (€Dl .
0 (\ﬂal Rn
Taking into account the condition on the function f(z,¢) and lemma 3 from
(50), at z € R,, and t — 400, we get

o1
|DiDug (,t)| < C (n,w) (1 + |x|2> 2 s

where 55 = max {7, i} = max{- (12 +1), 5}
Now consider D7Dy} »ius (z,t). From initial conditions for the function Gy (z,1)
and from (49) we get

DDy (w,t) = fmt-hﬂhIIDle—&t—ﬂf@Jﬂh
Rn

Estimating the last equality we get

oy
DD ug (2, 6)] < Uf (@) +C (mw) (14 [22) 7

(‘I‘al aRn)

t
J (e = 7~ (= )2 D (a7
0 J

L2(‘x|a17Rn)
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or
a1
‘D?D;?Uf ($,t)‘ < Hf(wat)HH2(M+2) +C(7’L,UJ) (1 + |$‘2) ’ x

(2%, Ry)

t
x [ (4 [t =)V £ (@, 7)] pecrs
0

(1211, Rn)

Using condition (48) on the function f (x,t) and applying lemma 3, we get
a1
|D?Dyuy (z,1)] < C(n,w) (1 T \x]2> 2 14y

where 75 = max {— (73 + 1), 8} = max {~ (v, +2) , 3}.

The theorem is proved.

Thus, it follows from theorem 1-3, that solution of Cauchy problem (2), (3) for
homogeneous equation decreases powerlike and it is obtained the decrease speed
of Cauchy problem solution, which depends on dimension of space variable, and
behaviour of solution of Cauchy problem as t — 400 for nonhomogeneous equation
depends also on behaviour of right hand side of equation at large values of time.

In conclusion, the author expresses her deep gratitude to her supervisor corre-
sponding member of NASA prof. B.A.Iskenderov for the problem statement and for
his help at its solution.
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