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WEIGHTED INEQUALITY FOR SOME SUBLINEAR
OPERATORS IN LEBESGUE SPACES,
ASSOCIATED WITH THE LAPLACE-BESSEL
DIFFERENTIAL OPERATORS

Abstract

In this paper, the author establish some general theorem for the boundedness

of sublinear operators, associated with the Laplace-Bessel differential operator

n o 2
Ap, = > 88? +B,, B, = aamz + xia%’ v > 0, on a weighted Lebesgue space.
& 097 T 2, O,

The conditions of these theorem are satisfied by many important operators in
analysis. Sufficient condition on weighted function w is given so that certain

sublinear operator is bounded on the weighted Lebesgue spaces Ly ., ~(R’}).

1. Introduction

The singular integral operators that have been considered by Mihlin [10] and Calderon
and Zygmund [5] are playing an important role in the theory Harmonic Analysis
and in particular, in the theory partial differential equations. Klyuchantsev [8] and
Kipriyanov and Klyuchantsev [9] have firstly introduced and investigated by the

boundedness in L,-spaces of multidimensional singular integrals, generated by the

n
Laplace-Bessel differential operator A, = > % + B,, B, = % + l%, v>0
k=1 ""k " "

Tn

(B,, singular integrals). Aliev and Gadjiev _[3] and Gadjiev and Guliyev [4] have
studied the boundedness of B,, singular integrals in weighted L,-spaces with radial
and general weights consequently. The maximal functions, singular integrals, po-
tentials and related topics associated with the Laplace-Bessel differential operator
Ap, which is known as an important differential operator in analysis and its ap-
plications, have been the research areas many mathematicans such as K. Stempak
[15], I. Kipriyanov and M. Klyuchantsev [8, 9], L. Lyakhov [12, 13], A.D. Gadjiev
and L.A. Aliev [2, 3], V.S. Guliyev [6, 7] and others.

In the paper, we shall prove the boundedness of some sublinear operators, gen-
erated by the B, Bessel differential operators on a weighted L, spaces. Sufficient
conditions on weighted function w is given so that certain sublinear operator is

bounded from the weighted Lebesgue spaces Ly, (R’ ) into L, ., (R"). We point
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out that the condition (1)) (see below). The condition is satisfied by many inter-
esting operators in harmonic analysis, such as the B, singular integrals (for example,
see [8, 9]), B, Hardy-Littlewood maximal operators (see also, [6, 7] and [15]) and

SO on.

2. Notations and Background

Suppose that R™ is the n-dimensional Euclidean space, © = (z1,...,2,), £ =
(&1,...,&,) are vectors in R, (z,€) = 21& + ... + &y, |2| = (2,2)Y/2. Let
R? = {x = (21,...2p) : 2, >0}, v >0, E(x,r) ={y € R} : |z —y| <r},
Yy ={zeR}: |z|=1}.

For measurable set E C R" let |E|, = [} dz, then |E(0,7)|y = w(n,~)r"*7,
where w(n,y) = |E(0,1)],. 3

An almost everywhere positive and locally integrable function w: R’ — R will
be called a weight. We shall denote by L, ., (R"}) the set of all measurable function
f on R’} such that the norm

1/p

1l ey = Dl = / f@)Pu@)agde |, 1<p<oo
n

is finite. For w = 1 the space Ly (R’ ) is denoted by L, (R’ ), and the norm

||f||Lp,w,.Y(R1) by ||f”LM(R1)-
The operator of generalized shift (B,, shift operator) is defined by the following

way (see [8], [11]):

™

TVf(z) = Cy / f (m’ — ', /22 — 22,y cOS Qpy + y%) sin? ! ada,
0

where C,, = 73T (v+ %) r=1(y).
Note that this shift operator is closely connected with B, Bessel’s singular dif-

ferential operators (see [8], [11]).

Definition 1. A function K defined on R”, is said to be B, singular kernel in the
space R} if
i) K € C™(RY) ;
i) K(rx) =r " 7K(z) for each v >0, x € R} ;
i) [ K(z)zjdo(xz) =0, where do is the element of area of the ¥ .
Xy
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Definition 2. The weight function w belongs to the class Ap (R for 1 < p < oo,
if
p—1

_ _ __1_
sup 0|E+(:6,7“)H1 / wy)ypdy | |Es (2,7)]7 / w P (y)ypdy < 00
eR™ r>
PR Ei(z,r) Ei(x,r)

and w belongs to Ay (R"), if there exists a positive constant C such that for any
xr€RY andr >0
1
Byl [ TR < O esint wly)
yEE+(I,T)
Ey(z,r)

The properties of the class A, (R} ) are analogous to those of the B.Muckenhoupt
classes. In particular, if w € A, (R ), then w € A,_. (R"}) for a certain sufficiently
small € > 0 and w € Ap, 4(RY}) for any p; > p.

Note that, |z|* € A4,,(R%}), 1 < p < oo, if and only if —(n +7) < o < (n+
v)(p—1) and |z|* € A1 4(R?}), if and only if —(n+7) < a <0.

First, we establish the boundedness in weighted L, spaces for a large class of

sublinear operators, generated by the B,, Bessel differential operators.

Theorem 1. Let T' be a sublinear operator such that, for any f € Li,(R’) with
compact support and x ¢ suppf

ITf(z)] < eo / TV~ | £(y)] wldy, (1)
K}

where ¢y is independent of f and x. Let w be a positive function for which there

exists a constant ¢; > 0 such that

sup w(z) < inf w(z), keL. (2)
2k—2<|g|<2k+1 2k—2 g <2k +1

Then the following statement hold:
(a) If T is of strong type L, (R"), p € (1,00), a.e. there exists a constant ca,
independent of f, such that for all f € L,~(R%})

/ T (2)Pade < e / (@) Pa)de

R R

and w € Ap(R), then T is of strong type Ly, ., ,(R"), a.e. there exists a constant
c3, independent of f, such that for all f € Ly, ,(R)

[1rt@re@aiz <o [ If@PoEnd.
R7 ]R:l_
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(b) If T is of weak type L,(R%), p € [1,00), a.e. there exists a constant cy,
independent of f, such that for all f € Ly, (R")

s < 53 [ 15(e)Pada
{z€R™ [T f(z)[>A} RZ

and w € Ay, (R%), then T is of weak type Ly, ~(RY), a.e. there exists a constant
cs, independent of f, such that for all f € Ly, (R")

c3
w(z)z)de < G / |f(z)[Pw(x)x]) dx.
{zeR™: [T'f(x)|>A} RZ
Proof. We proof this theorem along the same line as the proof of Theorem
n [14]. Throughout this paper, for k € Z we define

Ep={z R} : 2" <|z| < 2¥}
and
Ef ={z e R": 2872 <|z| < 2F+1}

If w satisfies (2) and we set
my, = inf{w(x) : x € B},

then

w(z) ~my for every =z € E}.

Here the expression A ~ B means, as usual, that there are constants g, 71
(independent of the main parameters involved) such that 7o < A/B < 71. We will
only prove part (b), since the proof of part (a) is similar.

Given f € Ly ~(R?), we write

T f(@)| =Y ITf(@)lxg, (2) < Y 1T fia (@) xp, (@)+

kez keZ

+ Z T fr2(2)| Xg, (x) = T1 f(2) + Tof(2),

keZ
where x , is the characteristic function of the set Ex, fx1 = fXEZ and fro = f—fr1.
By the weak type Ly, ,(R’l) boundedness of T and , on Tp, we have

w({z €RY :|Tif(x)] > A}) = Y w({z € By : [Taf(x)] > A})
keZ

~ Y mile € B T @) > M < Y 5 [ e miaie

keZ keZ "
k
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/ |f(2)|Pw(x) ) dx.
kEZ E*

On T3, we first note that
1 *
el ) sl -yl <lz[+1]yl, ve€E and y¢ L,
and by , we obtain

L) < oy | [ Tl o)y | s (o) <

kEZ

<X | [ el U iy | (o) <
keZ n\E*
+\

<40 > (] + )T F ()] vidy <
kEZgn
< 47| / F()] ydy+
{yeR: :|y|<|x[}
+4" ¢ / )]yl ™" ydy =
{yeR™:[y|> 2]}

= 4" eo(ALf(z) + Az f(x)).

Let
M, f(a) = swp (B ) [ 1£)duty)
r>0
E(z,r)
Here E(x,r) ={y € R} : |z —y| <r}.
We have
Af@ < [ 1) sy < 2 Mf)

{yeR? |a—y|<2lal}

It is well known that the maximal function M, is weak type (1, 1) and is bounded
on L,y(X,du) for 1 < p < oo (see [1]). Here we are concerned with the maximal
operator defined by du(x) = z,dx. It is clear that this measure satisfies the doubling

condition
p(E(z,2r)) < copu(E(z, 7))

with a constant cg independent of x and r > 0.
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Therefore Ay satisfies the conclusion of the theorem. By a duality argument, Ao
satisfies the same conclusion if p € (1,00). It remains to show that A, is of weak
type L1, (R%), if w € Ay ,(R). Given A > 0, let

R=Ry=sup{r>0: / lfFWy|™" 7 yldy > N co
{yerY :y[>r}
Then
w({o € RY : [Aof(@)] > AP) = w({z € RY s o] < RY) <

G —n— n
<% [ Ul iy wlfe € R ol < B <
ly=R

<2 [ @I et € R s1el < i) sdy <

ly|>R
C . C
<$ [ 1wl it el vy <5 [ 150)] 0@ R
lzI<]yl A
ly[>R 0]

This finishes the proof of Theorem [I]

Let K is a B,, singular kernel and T be the B,, singular integral operator

Tf(x) = po. / TYE (2) f(y)ydy.

R%
Then T satisfies the condition . Thus, we have

Corollary 2. Let p € (1,00), T be the By, singular integral operator. Moreover, let
w(x) be weight function on R} satisfies condition and w € Ap(R}), then T is
of strong type Ly, ~(R7Y).

Corollary 3. Letp € [1,00), T be the By, singular integral operator. Moreover, let
w(x) be weight function on R} satisfies condition and w € Ap(R}), then T is
of weak type Ly, ~(R7).
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