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FINDING THE BEST APPROXIMATION ORDER
BY THE QUASIPOLYNOMIALS IN A MIXED
NORM SPACE

Abstract

In the paper we establish the best approzimation order of many variable func-
tions by the polynomials of class II in the space Lz (Q), where the Q may differ
from parabellelepiped. Moreover, bilateral inequalities for the best approximation
E (f, H)Lg(Q) were obtained with obvious constants.

Let 0 ¢ m = {1,...,n}, D be a set of subsets n,xs = {x;|i € §}. We similarly

. d
determine 5, s where p;,a; € N; assume I e/ (@1, .o Tjm1, Tjg1, ...Tp).  We
similarly determine Z5. Let’s denote ¢ in the following way § = {5(1), ...,5(‘6”},

where |J]| is the quantity of elements of the set 4.
mws—1  ps()—1  ps(|6))—1

Let > = > .. > andaf’ =]z
as=0 as(1)=0  as(]6])=0 1€0

By P,, (x) we denote a polynomial with respect to a group of variables x5 of
power us — 1 i.e. with respect to the variable z; of power pu;, — 1, i € 6 with
coefficients that depend on other variables:

ps—1
Py (z) = cas (&) 25°.
as=0
The expression
o7 =17 (z) = Y P, (z) (1)
6€D

said to be a generalized quasipolynomial of order up — 1 [1].

Let a red function f = f (z), = (x1, ..., x,) be determined in the bounded set
@ of n-dimensional Euclidean space R,, = Ry, (21, ..., Tp).

Denote z;7; = (i, Tit1, ..., T,) and the set @ be given by inequalities

where «; (:L‘m) , 0, <xm) are fixed real functions.
Let’s consider a norm of many variable functions f (x) with respect to one vari-
able in the space Ly, (s,

8. (arrrs) o
def i
T / F (@) da

i)
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and denote by L3 (Q), p = (p1,...,pn) a space of functions f = f (z) for which the

integral [2]
(- ) -], )
exists and finite.

Let’s consider the best approximation of the function f € Lz (Q) by the set II
all quasipolynomials HE:

E(fl); g = inf [f—1IL7|

nber Lp(@)

115 °

Pn

Let s, sg, s, js be natural numbers

LetstaknCDn {3\35677,365} = {x5,s € 7}

Let :cg = Ip,.Q, 1 <is < p, :cgl) + (is — 1) he,hs >0, s € D.
In sequel, we’ll need the denotation

n = {,7<1>7__7,7<\m>}7

Fi (1) %,(W)
de

~

kn=1 ’f,7<1>:1 ’fnw) =1

|Fey| st;f (i'g-l)) = f (3:1, ...,wj_l,x§1)7$j+1, ...,xn>

SEN
f “(1)) is determined similar to f (555.1)) .

To the set D we associate a family of operators

Vb, X (@)~ X(Q) for

]
Y N CV R ) (o) 5w
0= < Lpys .,xDM&),...,xD(lﬁl),...,xqul) ) € Ri=1 |
determined in the following way
D) ) o ,
Vi, of = ZZZ 1)lmal= |n\+m|f< n)Hk < )
|n|=0nCD ky=1 sen

s
A (o) T1 e 5
Ts=1 s€D/7f
The following theorem show that a family of operators V}Bu , 18 an exact annihilator
of a class of II quasipolynomials HE in the space Ly (Q).
Theorem 1. For the function f € Ly (Q) almost for all
D]

n+ >
f(z) = HE () ,V*Du’gf = 0, almost for all (z,0) € R P=ta (4)
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Proof. Let’s consider the expression V}SH , determined in (3). First of all we
should be convinced that for Vd and 0 < a; < p;,4 € ¢ a family of operators V”bu i

are annihilated on the function a (&s)x§’. Assume 6 = 0;. By VI we denote
addends in (3) that correspond to the values 0 < |n| < D, i.e.
Dl
Vo, f =Y, VIf (5)
In|=0
It is known that divided difference of one variable function of order r is an annihilator
of a polynomial with respect to this variable of power < r — 1. Then Vs € D

-1

Hs Hs
xg0>xgl>...xgus>] P ™S P (xgks)> 11 (xgks) _xgm) _o
he=0 Moy
Hence, V0 < as < pg — 1,
-1
MS (k))“s ﬁ((k) () [T (=6 —at) =0
Ty® Ty — Tt T, —xg® ) = 0.
kszzo ( Aory 0<is<js<p,
Since x(so) def zs we have
g
ks (k) (is) _ pUs)) =
ksz—l( : <x8 ) ogz‘sls_j[sgus <ws - )
is,js#ks
=2 I (ol —al) (6)
1<is<jo<p,

Determine a result of action of each addend V!l on the function

def .\ a
o= (x) = alis)z]

Forn=0©
violg (#5) 23 = (25) 25 (Mx)5,
where (Ilz)3 def 1 I (xgis) - xgjs)).
s€N 1§is<js§lis
For all values |n|,n # @

V|In|¢d;fz Z(_1)|kn|—|ﬁ|+|n|w(%:ngn)) [z @),

nCD k,=1 k
d1€M K 7 n

where (H :c) def I1 I (méis) — xgjs)>.

#k SET 0<is<ja <ty
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Using (5) we get:

vln\ defz Z

nCD | kg
51€M 1

kn\51=1
def

nCcD
51€M

Further we introduce the denotation

v s (5171 u.

d
v,

Vs & o1\ (6, U
For all values |n|,n # @,

vile

Ikn\ |71+ (

e
— Z Z \’Wl| ap
glcelzz Koy

/'I’VQ o
x E:FDwm4wwwa<%x<m

ks,

xxv  (Hz)y, - (Iz D\(nu61

For each © #n C D

IEDIE

ncD nCD

§1€n

By (6) we have
vy

Assuming [|n]| =1, ...,

viel, — _yli+i,

k
1
plhsy [l 11 <m o )

Ka\sy B
1Y (_1)Ikn\sll|n\61+n\61|a<x x_\(ﬁal)

Z xlsll

|D| — 1 we can get

D|-1
VIHI v=
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) |-

01

) |~

7\d1

D\(n\él)

Uy, ),
(5771 u...u&nw) \d1;

L Uby,)-

k")> H T (1_[33)5\7,7 =

n

k
eI |-

= > ap e (1)

neD
51¢n

>

nCcD
51¢n

=Vl + Ve
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By (5)these relations lead us to the following statement
VD, ,a(&s) x5 = 0.

Finally, using linearity of the operator Vp, ,f and relation (6) almost for all
2]

n+3
(x,0) € R S e get

Dl D ps 1
D
VD 9H ZVD/LG Hsg Z+ Z VDHG x(g .’L'(S =0.
as,=0
Necessity is proved.
7|

> i
Relation almost for all 6 € Riilu Vo, f =0= f= HE (z) is proved by the
determination Vp,  f and quasipolynomial. Now, let V, f = 0. By (5)

7]
vielr 4 Z vy =0
In|=1
or
D oo
s€D |n|=1nCD kn_l SER
AL (o) T e -
s€D/7
Dl
w) [ wthls™ =18 @)+ Y vy, (8)
s€D/7 =2

where the first addend is a quasipolynomial determined in (1).

It is clear from determination of V! f that for |n| > 2 each addend in the second
sum of (8) is a partial case of any P, (z), ¢ € D. Therefore, relation (8) allows
that f (x) is a generalized quasipolynomial of order pp — 1. Theorem 1 is proved.

Theorem 2. The best approximation of the function f € Lz (Q) 0 < p < oo by

means of the set of quasipolynomials HE (z) may be lower estimated in the following
way

c* (pp; p)

by S B ©

where {V%M 9} is an exact annihilator of a class of quasipolynomials, and

-

“(upsp) = | I ks <ﬂ5> S IIes] 5 = maX<1 ;)

s€D nCD s€En
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Proof of theorem 2. By theorem 1 the family {V}‘)# i } is of exact annihilator
\;l
Hq
of class IT7 (). Then for any II7 (z) € II almost for all § € Ri=t VD, f 7 (z) =
0 by the fact that the operators V are linear, we have

[P 1], =[50 £ =550, =[5, 1 120,

Further
|Vb,, £ | <€ upop) £ =112 @)

The right hand side of the inequality is independent of 6, that gives
¢" (i, p) sup HV%M,GfHﬁ <|[|f -1 ()],

And the left hand side of the inequality is independent of HE (x) therefore. F
From the last relation we get

c* (Mp,p)sngV%MfHﬁS inf)Hf — 117 ()],

2 (z

whence

¢" (1ip, p) sup HV%M,Qf )p <E(f.1) )

¢" (up, ) sup HV%Mpr < B[ fI(2)]

Theorem 2 is proved.

Theorem 3. The best approzimation of the function f € Ly (Q),0 < p < 0o
by means of the of quasipolynomials HE (x) may be upper estimated in the following
way

(10)

Eys5m < B* (MD)Sl}JLP HV%Mﬁf‘ 15(Q)

where

B* (up) = [] ()" (s — 1)1
s€D
Proof. We write relation (5) in the form
Dl
VDH,Q f= vl@\f + Z vlnlf

In|=1

and allowing for the structure of the operator Vp, , we can easily see that almost

for each fixed variable xgi) it holds the representation

Voo f=F @) ] pa!hes™ + 102 (),
s€D



Transactions of NAS of Azerbaijan 39
[Finding the best approximation order]

where HZD (x) is finite quasipolynomial of order up — 1. Taking this into account
we have

>
Lp(Q)

V..

= |If (x) - Sl TP (
Lo Hf() I~ P (@)

> inf
nPeLs(Q)

F @) T motnte™ — 1P ()

seD

Ly(Q)

=E|f(z) [] wotpbe" 10

seD

Lp(Q)
Since for an arbitrary constent

Elcf (z) 7H]L,;(Q) =cE[f (z) ,H]Lﬁ(Q) ’

we above-mentioned relation allows to write

Hv%wamQ) 2| [L nsthiee™ | E[f (@), 10,
seD

whence if follows that or

—1 *
Sup [T w7 Ef (2) g ) < Sup HvDu,ef‘
s€D

=
Ls(Q)

or

1,0

Lp(Q)

The theorem is proved.

The order of the best approximation of the function f € L;(Q) by the set of
quasipolynomials HE (z) namely

. 12
Lp(Q) (12)

B[£07),, 0= 5w |V,

Follows from theorem 2 and 3.
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