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n-TH REGULARIZED TRACE OF DIFFERENTIAL
OPERATOR EQUATION

Abstract

The formula of the n-th reqularized trace of the Sturm-Liouville operator
equation on the final segment, when one of the boundary conditions contains a
parameter, is obtained.

Let H be a separable Hilbert space. In Hilbert space H; = Lo (H, [0, 7]) we con-
sider the following two differential operators Lg and L, generated, by the following
expressions

loly] = —y" + Ay

Iyl =-y"+Q(z)y

respectively, and with the boundary conditions

y(0) =0, ¢ (1) + hy (1) =0

where A is a self-adjoint, lower semi-bounded operator and inverse for completely
continuous operator in H.

Assume that operator function @ (z) is weakly measurable and satisfies the fol-
lowing conditions:

1. The operator function @ (z) has 2n-th weak derivative on the segment [0, 7]
and

QD (0) =V (m)=0, I,n

2. 11Q (&) 4 < const
3. QW (z), 1 =0,2n at each = € [0, ] are kernel self-adjoint operators in the
space H

APQR(=P) () APQRM1-D) (1) € oy, z € [0, 7]

functions HAPQ(Q(”_p)) (1:)”1 , HAPQ(Q(”_l_p)) (x)”l, p = 0,n — 1 are bounded on
the segment [0, 7].

4. f(Q(l‘)f,f)diL‘:OfOI” each f € H.
0

The operator Ly has discrete spectrum. Let 11y < gy < ... be eigen-values,y; (),
1y (), ... be the corresponding orthonormal eigen vector-functions of this operator.
We write out each eigen-value according to its multiplicity.

Since ) is a bounded operator in H; the operator L also will have discrete
spectrum. Let A1 < A9 < ... be eigen — values of the operator L.

We denote by 7; < 75 < ... and ¢y, g, ... the eigen-values and orthonormal
eigen elements of the operator A in H, respectively.
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As is known [4] if i — oco0vy; ~ ai®(0<a < o0, 2<a<o0) , there exists a
subsequence g, < pg, < ... < pp < .. of the sequencepy < py < .oppy, <
such that

2a

P = P, = (P“‘* = km “a) , P =E k1, (1)

where dj is a positive number. Let RE{ and R) be resolvents of the operators Ly and
L. Introduce the following notation

ki
u =3 R [A”*ISP (QRY)’ ] :
s=ki_1+1 ks
ki
Y= 3 A k=0,
s=k;_1+1

where k1 < ko < ... is some sequence of natural numbers, which satisfies the

condition (1), N > n+1+ 242 ((5:22%&— )
In the present paper the formula for the sum of series il </\§?)) — ME?))) is ob-

i=

tained. This sum doesn’t depend on the choice of sequence ki, ko, ... satisfying

inequality (1). We'll call the sum of the series Z ( i) ~ HE ))> n-th regularized

trace of operator L.

Regularized traces for scalar operators were studied in [1], [2], [3] and by many
other authors. For differential operators with on operator coefficient similar prob-
lems were considered, for example in [4], [5], [6]. In the present paper we consider
an operator different from operator in [6] by boundary condition.

The following lemma is true.

Lemma 1. let at i — 00, v; ~ ai® (0 < a < 00, 2 < a < 00) and the condition
2 be fulfilled. Then at large m the following equality holds:

> (5 -uif) =5 [ svlem g

=1 ‘)‘| Ion
where
1
bn = 5 [0 + b,
and py, (m=1,2, ...) is a subsequence, of sequence fiy, iy, ... which satisfies the

inequality (1).

The proof of this lemma is similar to the one of lemma 1 from [6], and we don’t
cite it here.

The right hand sidle of (2) denote by M,},. Thus, we have

> (A - u) = -
=1

Let us calculate lim M}.
m—00
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Since QRY is a kernel operator and the eigen vectors ¢ (z),v, (z), ... form an
orthonormal basis in the space Hi, then from (2)

M= [ (@), dh =
A k=1
oo — km
Vi)p d E:ﬁi_l(Qﬂ%,wkh
k= k=1

|/\| I

Eigen-vectors and eigen-values of the operator Ly are of the form

404nk : 2
vl = \/2ank77 — sin 2ay,, ™ S0 (O, ) 9 1 = Oy Vi

where oy, is the k-th positive root of the equation Acos Aw + hsin Ar = 0.
Theorem 1. Let the condition of lemma 1 hold. If the operator function Q (z)
satisfies conditions 1)-4) then the formula

([, (n . )" 1 e e
Jim 37— #l) = - Jim A = = ) QR (m) — Q=) ()| +

Z 1 m—0o0
nol oo\l . .
2 (—4) SpA'QE) (0). 3)
i=1
18 true.

For proving this theorem we need the following lemma.
Lemma 2. If the operator function Q (x) satisfies the conditions of theorem 1,
then

s

Y (g +7,)" / 20 cos (2a1,2) (Q () @5, ;) | d < 0.

2 —sin 2
P ) apm — sin 20T

Proof. Assume
fj (JT) = (Q ($) Pi» @j) .
Then

dz <

—1 T
(a7 +7;)" J s shzags 008 (202) (Q (2) 95, ¢5)
(4)

ci 10‘i(n 1- z),yz;mi,kfcos (2ap) fj (x)| dw
0

J 2am—sin 2a, T

Integrating by parts 2 (n — i) times and taking into account, that

A @ =0y =0, 1=Tn

fj@l)(’]r):ov l:()?n_Qa
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we get

O/COS (2aqx) fj (z) de = (2::))2;_:) 0/Cos (204,2) fj@(n—i)) (z) dz.

Considering o, = 3 + k + O (%) and condition ”AiQ(z(”_i)) (1:)”1 < const, at
i =0,n — 1 (condition 3), from (4) and the last equality we get

k=1 j=1
1 n—1 oo oo '
SMZZZmeM+OQDX
1=0 k=1 j=1
n-1 co T
/ 20 ( l))( dx <constZZ/ (Qn 2 )‘dm<
0 =0 k::l
n—1 T
< constZ/HA’ (n— ’) H dx < const
=0

The lemma is proved.
Let us turn to the proof of theorem 1.
From the preceding lemma we get

1
20, (a2 +v,)""

: 1 _ k J )

lim My, = 2 E: / San — sin2ann cos (2ax) f; () d.

m—00

Let’s compute the value of the repeated series on the right hand side of the equality

1

200 (af + ;)"
} :2 : k J ) —
/ 2am — sin 2ay, cos (2axz) f; () dw =

kl]l

T

(n—1—1) 4 20416
Z -1 Z Z ay ~ / ST - cos 2apx fj (x) dx (5)

k=1 j5=1 0

Applying integration by parts 2 (n — 1 — i) times to the right-hand side of (5), and
taking into account condition 1), we get

n—1—1
AgW—QFmZZ%C> x

k=1 j=1

™

x/ 20 cos (2a.x) f]@(n_l_i)) (x) dx (6)

20, — sin 20,

0
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Let’s compute the value of the series

EOO / 200 (2(n—1—4))

2 A d
k—1/ 200, — sin 2aym cos (205x) f; (z)dz
=lo

We'll investigate the asymptotic behavior of the function

2
Ly (z) = Z Ak cos 2a,x.

P 20, — sin 20,

Consider the following complex function

ZCcos2zx

sin 27 (z cos zm + hsin z7)’

which has the poles at the points oy, k. Residues at these points are equal, respec-

tively, to

—2qy cos 2kx
- cos 2ai T, .
20, — sin 20,7 T

As a contour of integration we take rectangle with the tops at +iB, Ay + B where
B tends to infinity later on, and Ay = N + i. In case of N enough large

any < Ay < anq1, N <Ay <N +1.

Thus, we obtain the formula

An+iB
1 2 COS 2zx
— i =K —L 7
274 ﬁgrolo sin z7 (z cos zm + hsin zm) N (2) N (2) (7)
An—iB
where
N cos 2kx
K —
V)= 3
k=1
As N — oo
An+iB
1 .. zcos2zx 1 cos2zAN
— lim . . ~ — —. (8)
271 B—oo sinzm (zcoszm + hsinzm)  2m  cos§
An—iB

On the other hand

. [ cos 2T AN ,(2(n—1-1)) _
N e st (w)de =
0

It has been shown earlier, that ([6])
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(_1)n7i 727 ) n—1—1 % n—1—1

Considering (7), (8), (9), (10) in (6) we get

n—1
lim M} = ni

m—oo 4n

n—1 n—i
=D SpAQEMTIT(0) Gy (—1)
=0

whence it follows that (3) is valid.
The theorem is proved.

{Q@(nfl)) (0) — Q1) (Tr)] _
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