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(This paper is devoted to memory of our teacher prof. V.M.Surenkov)
Abstract

In this paper one fundamental results of the classik renewal theory is proved
for countable dimensional renewal equation for lower semi-matrices.

The necessity in investigating transition processes for renewal equation appeared
as a result of studies about branch processes close to critical, limit problems for ran-
dom walk. The investigation of transition processes started with works of D.Silvestrov
[1], O.Vjuhin [2], V.Shurenkov [3]. P.Kutsija [4] investigated these processes for
equation of multidimensional renewal with matrix of absolute mass measure close
to identity matrix that is, separable as much as possible .

The question about the properties of transition process for equation of countable
dimensional renewal with matrix of absolute mass measure close to identity matrix
that is, as much as possible separable remained open.

Here we investigate asymptotic behavior of countable dimensional renewal func-
tion.

Let G§;(dz), i,j € N, - be the family of complex measures on Ry such that
Gi;(dr) = 0 for j > i, Vj5(dz) — variation of the measure Gf;(dz) and V:(dz) =
(Vi(da))3=_y, Gelda) = (G2 (dw))3

ij=1 ij=1"

Define H.(dz) = > G¥*(dx) the renewal matrix, where G%*([0,z]) = I (z > 0),
k=0
and GV ((0,4]) = GE* + Ge((0,2]) = [ GE*([0,2 — 1)) Ge(dy).
0

Denote m; = [ xGj;(dr) and assume that measures Gf;(dz) satisfy the following

0
conditions: weak limit of Gf;(dz) is equal to Gjj(dz) when € — 0, that is

Gi;(dz)—5Gij(dz); (1)
Gij(dx) =0 (i # j), Gu(dx) >0, Gi([0,00)) = 1; (2)
1
lir% E(I —Ve([0,00))) = D = {dij}i5-1, dij <00, i,j €N; (3)
1
lin% E(I — G([0,00))) = C = {cij}75=1, cij <00, 1,j €N; (4)
E—>
su zVE (dx)=——0. 5
sup [ V() (5)

T
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inf m; > 0, sup m; < co. (6)
ieN 1€EN
oo
inf » d;; > 0. 7
O @)

Note that condition implies that 0 < m; < oo for all ¢ € N. Let G(dz) =
(Gij(dx))7521, Vde) = (Vij(de))7521, M = diag{my,my, ...}.

Define by L; the space of integrable on (—oo;00) complex functions and g(\)

o0
Fourier transformation of function g € L; that is g(\) = [ e?®g(x)dz and let
—00

B.(\) = [ @NG.(d), Uo(\) = [ €MV (da), () = [ G (de).
0 0 0

Lemma 1. Let conditions —(@) hold and let matriz D be positive definite,
then for all sufficiently small € > 0 and for any bounded function g € Ly such that
g(\) =0, for X\ ¢ [a,b] it holds

b
% / e~ MGOT — B.(N)] A, (8)

a

g*x He(x) =

Proof. Let 01,09,... be the eigenvalues of matrix D. Positive definiteness of
matrix D implies that for all £ € N there exists ¢ > 0 such that Reo, > o. This
fact implies that all eigenvalues of matrix e~ lies in a circle with radius e < 1. Let

oo

us show that for all sufficiently small & > 0 matrix series 3 [®.(\)]* is convergent
k=0

absolutely and uniformly on .

Taking into account condition we get |®.(\)F| < T (0)F = (I —eD +
o(€))*, € — 0. Let us choose k = k. = [%] Then (I — eD + o(e))ke =% e P
that is (V0 > 0)(3e(d) > 0)(Ve € (0;¢(9))) (YA € R)[|T.( Nk < (14 6) - e P).
Let us choose 6 > 0 such that r = (1 +0)e 7 < 1 and let € > 0 such that pre-
vious inequality holds. The fact that all eigenvalues of matrix e~ lie in a circle
with radius e~ implies that all eigenvalues of the matrix ®.(\)* have a form ,o?i,

where p; (j € N), eigenvalues of matrix ®.()\) which lie in a circle with radius
1

r*s < 1. Hence for sufficiently small € > 0 spectral radiuses of matrices ®.(\) are
uniformly on A smaller than one and this fact proves necessary convergent of the

series > [®.(\)]¥. The sum of the series is equal to (I — ®.(\))~".
k=0

o
Using the property of Fourier transformation we get [ Mg x GM(2)dr =
— 0o
g(\) - @¥()\). Under existing conditions on function g we get that g(\) - ®¥()\) is
continuous and G(A) - ®¥(\) = 0 for A ¢ [a;b]. Hence the function g(\) - ®¥(\) is
absolutely integrable. Taking the sum of both sides of the equality g * Gf* (z) =
b
2 [ e7P2G(N) @k (N)dA completes the proof.

a
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Let us denote the Banach space K of matrix functions Q(z) = (Q4;(2))75-; with

o o
norm |||Q||| = [ [|Q(z)||dx < oo, where ||A|| = sup > |a;;| is a norm of matrix A.
—00 €N j=1
~ oo .
For Q € K define Q(\) = [ e?*Q(z)dz.
—0o0
Lemma 2. Let the sequence {Qn}72; C K be convergent in norm |||-||| to Q@ € K

and for X € [a;b] there exists Q(N) ™. Then there exists the sequence{F,}>° | C K
such that for all sufficiently large n and for \ € [a;b]

IIFy — Fllla=s0, Q)™= F(\), Qu(\) ! =F,(N).

The proof of Lemma 2 is analogical to finite dimensional case([4, p. 32-37]).

Denote
o0

M. = [ 2Gu(da). L= MMT - Gul(0:0)),
0

Qe(z) = ek — /Gs(dy)e_(x_y)Lf.
0
Lemma 3.Let Gi;(dz) satisfy the conditions —@. Then Q<(z) € K and it
holds that Qc(z)—;Q(z) = V([z;00)) in the norm of K.

o0
Proof. The conditions (H) and 1) imply that o = inf ) flni > 0, therefore
7 ]:1 ?

letM 7P| < e~ Since hH(l)”e_Z%LEH = |le=*M~'D|| then using previous inequality
E—
we get that [le=*F<|| < e7*%7. Next,
+oo x +oo +o00
J | Jvtaweems ) e = [viay) [etetian -
0 0 0 Y
+o00 +oo

—+o00

- /Vg(dy)eyLE (estle v ) - /Lglvg(dy) V[0, +-00)) LY.
0 0

Previous equality and the fact that |[e=*%<|| < e7** imply that Q.(z) € K.
Denote V(y) = Vz([y; 00)). Then dV.(y) = —V.(dy) and

T

Qe(z) = e + / dVe(y) -e" @0k = 72k LV (y)e~@w)le|z_
0

T

—/VE(;y)e("’“ny)LadyL‘E = —Va(O)efof — /Va(y)e(xy)LEdyLﬁ—
0 0
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/ V.(y)e~ @Vl L_dy = V.(2) + NoLoe—ke — / V.(y)e~ @9k I _qy.

Let us prove that

Ve(r) —=Q(x) = V([z;00)), (9)
/ |N.Loe = — / Ve(y)e™ 9L Lody||dz—30. (10)
For i # j it holds
/ Ve () = / Vi ([2; 00))dr = / 2VE(de) + 2VE ([ 00) | =
0 0 0

o0 o0

:/me;(dx)+/xw(dx) gc.m§([o;c])+/xm§(dx).

c

The conditions (3) and (5) give us ¢ - V;5([0; ¢])-—0 and f 2V (der) ==

Fori=
7|V;(33)—sz($)|d$:/c|vfz(1’)— Vii( |dx+/|V” (z)|dx <
0 0
S/CI Vii(@) = Vil Idx+/ dx+7Vii([x;OO))d:v§
0 c
S/C!Vz-?([ow])—%i([07$])\d$+0|1—Vﬁ([O,OO))l+7O$V2§(d93)+7$%i(d$)'
0 c c

o0 o0
The condition (5) implies that integrals [ 2V (dz) and [ 2Vj;(dx) are convergent

c c
to 0 uniformly on . The conditions and imply that ¢[1 — V;([0,00))|—30
and |V5([0, z]) — Vii([(),:):])lajéO. And we get @)

Let us denote

v§<y>={ov‘€(y)’ e R2<y>={

We have that V.(y) = Ve(y) + R.(y) and hence,

/ N.L.e *F /V @=vle 1 dy| da <
0
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§/ N.L.e *le —/Vz(y)e_(x_y)LgLEdy dx+/ / @=)le [_dy| do <
0 0 0

C T

< / N.L.e @b — / Vily)e™ @9 L_dy| da+
0 0

—i—/ N.L.e ®Le —/V;(y)e_(x_y)LeLsdy d:c+/]Vg(y)\dy/\e_stLE\dx.
c 0

c 0

o0 o0
We can write [ fle= Lolde = [le 8 LLalde < L) [ e da = -

8

o

|2L.||—1|M~'D| and integral f |V(y)|dy can be made anyhow small with the

e—00

choice of ¢. That is why f [Ve(y)|dy f le=*Le L .|dz — 0 when & — 0.
c 0

Next,
/ N.L.e @k — /Vg(y)e_(z_y)LELEdy dx <
c 0
C o0 C o0
<|N. - / V. (y)ev =dy / e L] do < |N. — / V.(y)dy / ek L. | da
0 c 0 c

and analogically

/ N.L.e %k — /Vg(y)e(xy)LaLedy dx <
0

0

c C Cc

Ve(y)evl=dy /‘e_xLELgldxg Ng—/Vg(y)dy /‘e_xLELE dz.

0 0

[en]

|
O\o
<

— [ V(y)dy| we can find ¢ such

O\n

Since fV )dy = N and |N; — fV )dy|—5| N

that (| . holds Lemma 3 is proved
Lemma 4. Let Gj;(dx) satisfy conditions —(@). If matriz (®(\) — I) is
invertible then for all —oo < a < b < 0o and for all sufficiently small € > 0 there

exist functions F € K, F. € K such that for all A € [a,b] it holds

M) = (I = ®.(N)(Le —iAD) ™!

P = (1= 3(V)
F.(z) — F(x)

in the norm of K.
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Proof. Using the proposition of Lemma 2 and Lemma 3 it is sufficient to
show that the Fourier transformation of the matrix Q(z) = G([z;00)) is invertible
and to find the explicit form of matrices Q(A) and Q-(A). The equality Q(\) =
oo 0o 00 00 y 0o e
fe’)‘”G([:L‘,oo))dx = fe”‘xd:vfG(dy) = fG(dy)fe”‘“dx = fG(dy)eAM_1 =
0 0 x 0 0 0
A (®(X\) — I) implies that the matrix Q(\) is invertible. Let us find the explicit
form of matrices Qe (A).

@5(/\) = /ei/\”e_stdx— /e“‘x /Ge(dy)e_(x_y)Ls dx =
0 0 0

(Le =M ™" = @ (A\)(Le — M) ! = (I = Dc(N))(Le —iA) ™
and it completes the proof.
Theorem 1.Let ij(da:) satisfy conditions —(@, matriz D is positive definite
and matriz (®(\) — I) is invertible, where ®(\) = [ €**G(dx). Then for any s > 0
0
it holds that

lim H.([z;z+s]) = se MO

e—0 z—o00
ex—t

Proof Let us assume that condition @ holds. Lemma 4 implies that for A € [a; ]

it holds that (I — ®.(A\))™! = (Le —iAD) 71 Q:(\)"! = (Le —iX)~1- F.(\). Hence,
o0

using Lemma 1, equality (L. — iA)~! = J eMe=rLe 4y and properties of Fourier
0

transformation ([5, p. 433]) we get

x

g* He(x) = / eV FL x g(y)dy.

— 00

Define the family of matrix functions

_(I_y)La <
(& , YsSsT
Ts,x(y):{o y >z .

oo
We can write g x H.(z) = [ T..(y)F: % g(y)dy. The inequality ||e~%L<| < e=527
—0o0

implies that || T . (y)|| < e @ %7 < 1 for y <z, and we get sup || T-.(y)| < 1.
—oo<y<oo

Let ¢ — 0, z — 00, e — t then limsup |1 .(v)| < 1, T .(y) — e ™M7C Since

oo
F.(x) converges to F(z) in the norm of K that is [ [|F.  g(y) — F * g(y)||dy-—30,
—0o0
o0
then for all band-limited functions g € L' it holds that g% H.(z) — e M 'C. | Fx

— 00

g(y)dy = e tMTICp -1 | g9(y)dy when e — 0, z — oo, ez — t.

—0o0
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Let us show that for any s > 0 it holds that limsup || H.([z;  + s])|| < co when
e — 0,z — oo, ex — t. Define by R.(dy) the renewal matrix of V.(dy) that is

Re(dy) = 3 VF*(dy). We get that [|[He([z;2 + s])l| < [Re([z;2 + s])||. Denote
k=0
V(z) vector function with coordinates v§(z) = Y Vi;j([z;00)). Then it holds that
j=1

R+ 0e(z) = 1 — R([0;2])(1T — 7(0)) and 2> V;((055¢)) < 1 for all sufficiently
J:

small € > 0. Hence, the coordinates of the vector v'.(0) are nonnegative. This fact
—
implies that R. * v'.(z) < 1 forall e > 0 and x > 0.

Condition (3) implies that hH{lJ > Vii([0;00)) =1 for all j € N then there exists
g— ]:1

d > 0 such that for all sufficiently small € > 0 it holds that vf(z) > § for 0 < a < 4.
Using previous inequality and the fact that R. * v'.(z) < T we get R ([x;z +
(5])T> < R+ vo(x) < T for all z > 0 and for all sufficiently small ¢ > 0. It
implies that limsup || R.([z;2 + 6])|| < + when e — 0, 2 — oo, ez — t and hence
limsup || Re([2;  + 5]) || < &2 for all 5 > §

The fact that limsup || H([z; z + ])|| < co when € — 0, x — o0, ez — t implies
that limsup ||x * He(x)| < oo for any bounded measurable scalar function x(z)
with compact carrier. Let us fix such function y(z) and denote by L(x) the set of

functions g € L' for which

oo oo
-1 _
gexsHla) = e [y [y (1)
sxitoo — 00 — 00

holds.

The set L' (x) contains all band-limited functions g € L', is closed in the sense
of convergent in norm of L' and is linear set, hence L'(x) is a closed subspace of
L' which contains a dense set which consists of band-limited functions, that is why
L'(x) = L' or in other words previous formula holds for all g € L! and for all
bounded measurable functions x(x).

Let a function x(z) be infinitely differentiable and its carrier lies inside interval

eV, y=>0
0:00), I(y) = . Th
x(z) = /X(w —y)e Ydy + /X’(fc —y)e Vdy =1 x(x) + 1% X/ ().
0 0

The formula implies that

e—0 z—o0
ex—t

X * Ho(z) = 1% x* He(x) + 1% X' * Ho(x) — etMchl/l(y)dyx
0

[e.o]

_ -1 _ _ —1 _
X/x(y)dy+e MO0 1/l(y)cly/></(y)dy—e MO N 1/x(y)dy
0 0 0 0



24 Transactions of NAS of Azerbaijan
[S.A.Aliyev,Ya.J. Yelejko, T.N.Zabolotskyy]

for any infinitely differentiable function x(z) with carrier inside interval (0; o).
The indicator of interval [1;1 4 s] can be approximate anyhow precisely in
the norm of L' by means of infinitely differentiable functions with carrier inside
interval (0;00) that is for any 6 > 0 there exist the pair of infinitely differen-
tiable band-limited functions x_(x), x,(z) with carriers inside (0;00) such that
o

X— (%) < 1jp144(2) < x4(2) and f Ixi(x) — x_(x)|dr < §. It implies that x4 *

H.(x) e M0 -1 in )dy and |in )dy — s| < §. Hence,

e—0x—00 ex—t
He([x —1-s2— 1]) = 1[1;1—&-8} * He(z) = (1[1;1—&-8} —X_) * He(x)+
+x_*xH(x) — se MO

e—0 x—00
ex—t
In order to avoid the condition (7)) we do analogically to [4, p. 58]. Let us fix
k > 0 which we will choose later and define U.(x) = e **H_[x — s,2], G.(dy) =

e *vG (dy), Vo(dy) = e *¥V.(dy) matrix of Variations of G-(dy) and H.(dy) re-
newal matrix of G(dy). We get that U.( fe ke(z— y)l[o s (T — y)H.(dy).
Let us show that matrices G.(dy) and Vs(dy) satisfy the conditions -@.

Clearly that conditions and hold.
Let us consider

72([0, 00)) = / e FVVE (dy) = / (1 — e~Fv) Vg (dy) =
0 0
1 —d;je+o(e) — /kzsy +/ key — 1+ e*kgy)Vi;(dy).
0 0

o0
The condition (|5) implies that f yV; dy) et m;0;5, then

7.(10,00)) = 1 — dyje + o(e) + / (key — 1+ e *)VE (dy),
0

where cij = dj; + km;d;;. We get
00 T 00
[ty = v ey = [y - 1 Vi) + [(hey - 14 e VCay).
0 0 T
Since the function key — 1 + e *¢¥ is nonnegative and increasing we get
T

/ (key — 1+ e *)VE(dy) < (keT — 1+ e *TYVE([0,00)),

0
00

o0
< / (key — 1+ e MU)VE(dy) < ke / YV (dy).
T T
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Hence,
17 k 1—e kel I
: /(k:ey ety dy) < <kT _ 6) VE([0,00)) + k:/yV;;(dy).

T

kET)V-S-([O, 00)) = 0, the condition (|5)) implies

If T > 0 is fixed we get lim(k‘T — =
that choosing T" > 0 the expression f yV: dy) can be made anyhow small, that is

.1 = 7
gli%g((sij - VS([0,00))) = dij,

and it implies that condition (3] holds. Clearly that positive definiteness of matrix
D implies that matrix D = {dw} is positive deﬁnlte too.
Analogically it can be shown that the condition
1 ~ ~
lim = (3 — G5([0,00))) = &ij = cij + kmidi.
holds.
Since G?(da:) — Gij(dx) then the conditions (5| and @) hold.

Using the fact that inf {m; > 0 we get that there exists k£ > 0 such that inf Z dU =
€N 1eN;=1

inf Z (dij + km;) > 0, hence condition (7)) holds.
€N =1

The facts proved earlier imply that
H.(z,z+s]) — se~tM1C -1

e—0 rx—o0
ex—t

where C = C + kM and lim sup ||R ([z, 2+ s])|| < oo, when € — 0, x — o0, ex — ¢,
where R.(dy) renewal matrix of V.(dy). Hence,

Holw,z+s]) — seFe MOt

£—0 z—o00
ex—t

The facts that U.(z) = H.([z — s, 2]) — [ (1- e~ k@9 H_(dy) and

r—s
x

/ (1— e R M (dy)| < (1 - e )| Ballz —s,a])|  — 0

e—0 z—o0

s ex—t

imply that

Uz) —  se M tM7ICpr-1,

e—0 x—00
ex—t

Using the equality U.(z) = e " H. [z — 5, x] we get

H.([x —s,z]) — ek se e tMT IO =1 — go=tM71Cp =1

e—0x—00
ex—t

and it completes the proof.
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