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MATHEMATICS

Ziyatkhan S. ALIYEV

THE BASIS PROPERTIES IN THE SPACE L2 OF
THE SYSTEMS OF ROOT FUNCTIONS ON A

FOURTH ORDER SPECTRAL PROBLEM

Abstract

In this paper the fourth order spectral problem with spectral parameter in
the boundary condition is considered. This problem is interpreted as a problem
on eigenvalues of some J-self-adjoined operator in Pontragin’s space Π1. The
necessary and sufficient conditions of Riesz basicity in the space L2 of the root
functions system of considered problem are proved.

Let’s consider the spectral problem

y(4) (x)−
(
q (x) y′ (x)

)′ = λy (x) , 0 < x < l (1)

y′ (0) cos α− y′′ (0) sinα = 0, (2.a)

y (0) cos β + Ty (0) sinβ = 0, (2.b)

y′ (l) cos γ + y′′ (l) sin γ = 0, (2.c)

(aλ + b) y (l)− (cλ + d) Ty (l) = 0, (2.d)

where Ty ≡ y′′′ − qy′, λ ∈ C is a spectral parameter, q is positive and absolutly
continuous function on interval [0, l], α, β, γ, a , b, c, d are real constants, moreover,
α, β, γ ∈ [0, π/2], σ = bc− ad 6= 0.

The present paper is dedicated to investigation of basis properties in space
L2 (0, l) of root functions systems of boundary value problem (1), (2).

As is known (see [1,2] and bibliography that available there), the spectral problem
for the ordinary differential operator with spectral parameter that polynomially
included in boundary conditions, is reduced by standard way to a spectral problem
for the linear operator in suitable space. In particular, the considered problem (1),
(2) is reduced to a problem on eigenvalues for the linear operator L in Hilbert space
H = L2 (0, l)⊕ C with scalar product

(ŷ, û) = ({y, m} , {u, s}) = (y, u)L2
+ |σ|−1 ms̄,

where (·, ·)L2
is scalar product in L2 (0, l),

Lŷ = L {y, m} =
{
(Ty (x))′ , dTy (l)− by (l)

}
,

definitional domain

D (L) =
{
{y, m} ∈ H : y (x) ∈ W 4

2 (0, l) , (Ty (x))′ ∈ L2 (0, l)

y (x) satisfies boundary conditions (2.a,b,c), m = ay (l)− cTy (l)}
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that everywhere dense in H (see [1]). Hence, problem (1), (2) takes the form of

Lŷ = λŷ, (3)

i.e. the eigenvalues of operator L and of problem (1), (2) coincide together with
their multiplicities, and between elements of eigen- and associated vectors chain
of operator L and elements of eigen- and associated functions chain of problem
(1), (2) which respond to the same eigenvalue, it is can be assigned the one-to-one
correspondence (here the first components of chain of eigen- and associated vectors
of operator L form chain of eigen- and associated functions of problem (1), (2)).

Problem (1), (2) is strenuously regular in view of [1], in particular this problem
has discrete spectrum.

In case of σ > 0 the operator L will be self-adjoint discrete semi-bounded from
below operator in H and so possesses by system of eigenvectors {yn (x) ,mn}, n ∈ N
that forms orthogonal basis in H, where yn (x) , n ∈ N, are eigenfunctions of problem
(1), (2) and mn = ayn (l)− cTyn (l).

Let’s note that problem (1), (2) in case of σ > 0 is considered in [3] (see also
[4]), where the basicity in space Lp (0, l), 1 < p < ∞, of system of eigenfunctions
with one arbitrary removed function is determined.

In case of σ < 0, L is nonself-adjoint closed operator in H with compact resol-
vent.

Let’s define operator J : H → H in the following way: J {y, m} = {y,−m}. The
operator J is unitary and symmetric in H, with spectrum consists of two eigenvalues:
−1 with multiplicity 1; +1 with infinite multiplicity. Hence, this operator generates
a Pontragin space Π1 = L2 (0, l)⊕ C with inter product (J-metric)

[ŷ, û] = [{y, m} , {u, s}] = (y, u)L2
+ σ−1ms̄.

Theorem 1. Operator L is J-self-adjoint in Π1.
The proof is carried by scheme of proving of proposition 1 from [5] (see also [6]).
Let λ is eigenvalue of operator L of algebraic multiplicity ν. Let’s suppose ρ (λ)

is equal to ν if Im λ 6= 0, and equal to whole part ν/2 if Im λ = 0.
Theorem 2 [7](see also [2,8]). The eigenvalues of operator L arrange symmet-

rical with regard to real axis.
n∑

k=1

ρ (λk) ≤ 1

for any system {λk}n
k=1 (n ≤ ∞) of eigenvalues with non-negative imaginary parts.

This estimate is accurate.
From theorem 2 it follows that either all the eigenvalues of boundary value prob-

lem (1), (2) is simple, or problem (1), (2) has one multiple eigenvalue with multiplic-
ity no greater than three. In case when all eigenvalues of problem (1), (2) is simple
or all they are real, or this problem has one pair conjugate nonreal eigenvalues.

Let {λn}∞n=1 (|λ1| ≤ |λ2| ≤ ... < |λn| < ...) be sequence of eigenvalues of operator
L, {ŷn}∞n=1 is system of root vectors of operator L corresponding to system {λn}∞n=1,
i.e. Lŷn = λnŷn + θnŷn−1, where number θn either equals to 0 (in that case ŷn is
eigenvector), or equals to 1 (in that case λn = λn−1 and ŷn is associated vector)
[9].
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Let’s denote by L∗ operator conjugate with operator L in H. By [8; §3] L∗ =
JLJ .

Let {v̂n}∞n=1 (v̂n = {vn (x) , sn}) be system of root vectors of operator L∗, i.e.
L∗v̂n = λ̄nv̂n + θn+1v̂n+1. Without loosing generality, we can consider that system
{v̂n}∞n=1 is biorthogonally conjugate to the system {ŷn} (for example, in case when all

eigenvalues of operator L are simple, v̂n = δ−1
n Jŷn, where δn =

l∫
0

y2
n (x) dx+σ−1m2

n,

ŷn = {ȳ (x) , m̄n}), i.e. (ŷn, v̂k) = δnk, δnk is Kroneker’s symbol.
Theorem 3. The system of eigen- and associated vectors {ŷn}∞n=1 of operator

L forms Riesz basis in H.
Proof. Let µ be regular value of operator L . Then problem (3) is adequate to

the following problem on eigenvalues

(L− µI)−1 ŷ = (λ− µ)−1 ŷ, ŷ ∈ D (L) .

Since L is J-self-adjoint operator in Π1, (L− µI)−1 is completely continuous
J-self-adjoint operator in Π1. Then in view of [10] system of root vectors of operator
(L− µI)−1 (hence of operator L) forms Riesz basis in H. Theorem 3 is proved.

Since system {ŷn}∞n=1 is Riesz basis in H, system {v̂n}∞n=1 is also Riesz basis in
H [11]. Then for any vector f̂ = {f, τ} ∈ H it holds the expansion

f̂ = {f, τ} =
∞∑

n=1

(
f̂ , ŷn

)
v̂n =

∞∑
n=1

({f, τ} , {yn,mn}) {vn, sn} =

=
∞∑

n=1

(
(f, yn)L2

+ |σ|−1 τmn

)
{vn, sn} ,

whence the equalities

f =
∞∑

n=1

(
(f, yn)L2

+ |σ|−1 τmn

)
vn, (4)

τ =
∞∑

n=1

(
(f, yn)L2

+ |σ|−1 τmn

)
sn, (5)

follow.
Let τ = 0. Then from (4) and (5) we get, respectively,

f =
∞∑

n=1

(f, yn)L2
vn, (6)

0 =
∞∑

n=1

(f, yn)L2
sn. (7)

If sr 6= 0, where r is certain natural number, then in view of (4) we have

(f, yr)L2
sr = −

∞∑
n=1
n6=r

(f, yn)L2
sn. (8)
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Taking into account (8), from (6) we get

f =
∞∑

n=1

(f, yn)L2
vn =

∞∑
n=1
n6=r

(f, yn)L2
vn + (f, yr)L2

vr =

=
∞∑

n=1
n6=r

(f, yn)L2
vn −

∞∑
n=1
n6=r

(f, yn)L2

sn

sr
vr =

=
∞∑

n=1
n6=r

(f, yn)L2

(
vn −

sn

sr
vr

)
.

Thus for any f ∈ L2 (0, l) it holds the expansion

f =
∞∑

n=1
n6=r

(f, yn)L2

(
vn −

sn

sr
vr

)
. (9)

We have (
yn, vk − s−1

r skvr

)
L2

= (yn, vk)L2
− s̄−1

r s̄k (yn, vr) =

(ŷn, v̂k)− |σ|−1 mns̄k − s̄−1
r s̄k (ŷn, v̂r) + s̄−1

r s̄k |σ|−1 mns̄r = δnk, n, k 6= r,

i.e. the system
{
vn (x)− s−1

r snvr (x)
}∞

n=1,n6=r
is biorthogonally conjugate to the sys-

tem {yn (x)}∞n=1,n6=r. Hence, the system
{
vn (x)− s−1

r snvr (x)
}∞

n=1,n6=r
is Riesz basis

in L2 (0, l) (see [12]). Then system {yn (x)}∞n=1,n6=r is also Riesz basis in L2 (0, l).
Let now sr = 0. Since (ŷn, v̂r) = 0, n ∈ N, we have (yn, vr)L2

= (ŷn, v̂r) −
|σ|−1 mns̄r = 0. So, the function vr (x) is orthogonal with respect to all functions of
system {yn (x)}∞n=1,n6=r, i.e. system {yn (x)}∞n=1,n6=r is not complete in L2 (0, l).

Let λp, p 6= r be simple eigenvalue of operator L. By condition σ 6= 0 we have
mp 6= 0. Whence, sp = −δ−1

p m̄p 6= 0. Then on the base of (9) we have

yp =
∞∑

n=1
n6=p

(
yp, vn −

sn

sp
vp

)
L2

yn =
∞∑

n=1
n6=p,r

(
yp, vn −

sn

sp
vp

)
L2

yn+

+
(

yp, vr −
sr

sp
vp

)
L2

yr =
∞∑

n=1
n6=p,r

(
(yp, vn)L2

− s̄n

s̄p
(yp, vp)L2

)
yn =

=
∞∑

n=1
n6=p,r

(
− |σ|−1 mps̄n −

s̄n

s̄p

(
1− |σ|−1 mps̄p

))
yn = −

∞∑
n=1

n6=p,r

s̄n

s̄p
yn,

i.e. system {yn (x)}∞n=1,n6=r is nonminimal in L2 (0, l).
Thus, we proved the following
Theorem 4. If sr 6= 0, the system of root functions {yn (x)}∞n=1,n6=r of problem

(1), (2) forms a Riesz basis in L2 (0, l). If sr = 0, the system {yn (x)}∞n=1,n6=r is
noncomlete and nonminimal in L2 (0, l).
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Let’s note papers [12-15] connected with present paper.
Author express gratitude to N.B. Kerimov and I.G.Guseynov for useful discus-

sions.

References

[1]. Shkalikov A.A. The boundary value problems for ordinary differential equa-
tions with parameter in boundary conditions. Tr. sem. im. I.G.Petrovskogo, 1983,
v.9, pp.190-229. (Russian)

[2]. Russakovkii E.M. Operational interpretation of boundary problem with spec-
tral parameter polynomially incoming in boundary conditions. Funks. anal. i ego
pril. 1975, v. 9, No 4, pp.91-92. (Russian)

[3]. Kerimov N.B., Aliyev Z.S. On basis properties of eigenfunctions of one
spectral problem with spectral parameter in the boundary condition. Dokl. RAN,
2007, v.412, No1, pp.1-4. (Russian)

[4]. Kerimov N.B., Aliyev Z.S. Basis properties of one spectral problem with
spectral parameter in the boundary condition. Mat. sbornik, 2006, v.197, No 10,
pp.65-86. (Russian)

[5].Amara J. Ben, Shkalikov A.A. The Sturm-Liouville problem with physica and
spectral parameter in boundary condition. Mat. zametki, 1999, v.66, No 2, pp.163-
172. (Russian)

[6]. Amara J. Ben. Fourth order spectral problem with eigenvalue in the boundary
conditions. North-Holland Mathematics studies, 2004, v.197, pp.49-58.

[7]. Pontragin L.S. Hermite operators in spaces with indefinitical metric. Izv.
AN SSSR. Seriya matematicheskaya, 1944, v.8, No 6, pp.243-280. (Russian)

[8]. Azizov T.Ya. Iokhvidov I.S. Linear operators in Hilbert spaces with G-
metric. Uspechi matem. nauk, 1971, v.XXVI, No 4, pp.43-92. (Russian)

[9]. Ilin V.A. On unconditional basicity on closed interval of system of eigen-
and associated functions of second order differential operator. Dokl. SSSR, 1983, v.
273, No 5, pp. 1048-1053. (Russian)

[10]. Azizov T.Ya. Iokhvidov I.S. Completeness and basicity criterion of root
vectors of completely continuous J-self-adjoint operator in Pontryagin space Πæ.
Matem issled. 1971, Kishinev, v.6, No 1, pp.158-161. (Russian)

[11]. Kashin B.S., Sayakyan A.A. The orthogonal series. Nauka, M. 1984.
(Russian)

[12]. Gasymov T.B. On necessary and sufficient conditions of basicity of some
defective systems in Banach spaces. Transaction of NAS of Azerb. ser. of phys.-
techn. and math. scien. Vol. XXVI, No 1, pp. 65-70.

[13]. Kapustin N.Yu., Moiseev E.I. On basicity in space Lp of systems of eigen-
functions adequate to two problems with spectral parameter in the boundary condi-
tion. Differen.uravn., 2000, v.36, No10, pp.1357-1360. (Russian)

[14]. Moiseev E.I., Kapustin N.Yu. On singularities of root space of one spectral
problem with spectral parameter in the boundary condition. Dokl. RAN, 2002, v.385,
No1, pp.20-24. (Russian)



8
[Z.S.Aliyev]

Transactions of NAS of Azerbaijan

[15]. Kerimov N.B., Poladov R.G. On basicity in Lp (0, 1) (1 < p < ∞) of the
system of eigenfunctions of one boundary value problem. Proc. of IMM of NAS of
Azerb., 2005, v. XXIII(XXXI), pp.65-76.

Ziyatkhan S. Aliyev
Baku State University.
23, Z.Khalilov str., Baku, Azerbaijan.
Tel.: (99412) 439 05 49 (off.)
E-mail: z aliyev@mail.ru.

Received July 04, 2006; Revised October 10, 2006.


