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ON SOLVABILITY OF A CLASS OF FOURTH
ORDER OPERATOR-DIFFERENTIAL EQUATIONS

Abstract

In a separable Hilbert space H it was researched a regular solvability of a
class of operator-differential equations of fourth order, main part of which con-
tains operator-differential equations with a multiple characteristic. Moreover, a
basic operator is normal with spectrum in some sector. Conditions of solvability
of the given operator-differential equation on the axis were obtained. These con-
ditions are expressed only by the properties of operator coeffcients of the given
operator differential equation.

Let H be a separable Hilbert space, A be a normal inverse operator in H, and
operators Aj (j = 0, ..., 4) be linear, in general, nonbounded operators. We suppose
fulfillment of the following conditions:

a) spectrum of the operator A is contained in sector

Sε = {λ : |arg λ| ≤ ε} , 0 ≤ ε < π/2;

b) operators Bj = AjA
j (j = 0, ..., 4) are bounded in H.

When conditions a) and b) hold, operator A has expansion A = UC, where U
is unitary, and C is a positive definite self-adjoined operator. Obviously, D (A) =
D (A∗) = D (C) and ‖Ax‖ = ‖A∗x‖ ‖Cx‖ at x ∈ D (A).

Denote by L2 (R : H) (R = (−∞,∞)) a Hilbert space of the vector-functions
f (t) with the value in H, measurable and square integrable by Bochner and suppose

‖f‖L2(R;H) =

 ∞∫
−∞

‖f (t)‖2 dt

1/2

.

Further introduce a Hilbert space [1]

W 4
2 (R : H) =

{
u|u(4) ∈ L2 (R : H) , A4 ∈ L2 (R : H)

}
with the norm

‖u‖W 4
2 (R:H) =

(∥∥∥u(4)
∥∥∥2

L2(R;H)
+
∥∥A4u

∥∥2

L2(R:H)

)1/2

.

Now consider in space H the operator-differential equation(
− d2

dt2
+ A2

)2

u (t) +
4∑

j=0

A4−ju
(j) (t) = f (t) , t ∈ R, (1)

where
f (t) ∈ L2 (R : H) , u (t) ∈ W 4

2 (R : H) .
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Definition 1. If vector-function u (t) ∈ W 4
2 (R : H) satisfies equation (1) almost

everywhere in R, so this vector-function is said to be a regular solution of equation
(1).

Definition 2. If at any f (t) ∈ L2 (R : H) there exists a regular solution of
equation (1) u (t), which satisfies inequality

‖u‖W 4
2 (R:H) ≤ const ‖f‖L2(R:H) ,

so, we’ll say, that equation (1) is regularly solvable.
In the given paper we find conditions on operator coefficients of equation (1),

providing a regular solvability of equation (1).
Note, that equation (1) was researched in the paper [2, 3] for self-adjoined posi-

tive operator A. Existence and uniqueness of some holomorphic solutions for second
order operator-differential equations are considered by the author in the papers [4,
5].

Note, that for characteristic equation in the main part of equation (1) has simple
roots, i.e. when the main part has the form P0u = u(4) + A4u, analogies of equation
(1) for operator-differential equations were considered in the papers [6, 7].

Denote by

P0u =
(
− d2

dt2
+ A2

)2

u (t) , u (t) ∈ W 4
2 (R : H) ,

P1u =
4∑

j=0
A4−ju

(j) (t) , u (t) ∈ W 4
2 (R : H)

and
Pu = P0u + P1u, u ∈ W 4

2 (R : H) .

Further denote by H4 = D
(
A4
)

and D (R : H4) a set of the infinitely differ-
entiable vector-functions with the values in H4. As is known, D (R : H4) is dense
everywhere in W 4

2 (R : H).
The following theorem is true:
Theorem 1. Let a normal inverse operator A satisfy condition a). then operator

P0 isomorfically maps space W 4
2 (R : H) onto L2 (R : H).

Proof. It is obvious, that at u ∈ D (R : H4) the following inequalities hold

‖P0u‖L2(R:H) =
∥∥∥∥(− d2

dt2
+ A2

)
u

∥∥∥∥
L2(R:H)

=

=
∥∥∥∥ d4

dt4
+ A4u− 2A2 d2u

dt2

∥∥∥∥
L2(R:H)

≤

≤

(∥∥∥∥d4u

dt4

∥∥∥∥2

L2(R:H)

+
∥∥A4u

∥∥2

L2(R:H)
+ 4

∥∥∥∥A2 d2u

dt2

∥∥∥∥2

L2(R:H)

)
On the other hand from the theorem on intermediate derivative it follows, that

[1] ∥∥∥∥A2 d2u

dt2

∥∥∥∥
L2(R:H)

=
∥∥∥∥C2 d2u

dt2

∥∥∥∥
L2(R:H)

≤
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≤ const

(∥∥C4u
∥∥2

L2(R:H)
+
∥∥∥u(4)

∥∥∥2

L2(R:H)

)
=

= const

(∥∥A2u
∥∥2

L2(R:H)
+
∥∥∥u(4)

∥∥∥2

L2(R:H)

)
.

Thus
‖P0u‖L2(R:H) ≤ const ‖u‖W 2

2 (R:H) . (2)

It is obvious that inequality (2) is true also for vector-functions from
W 4

2 (R : H).
Prove, that for any f (t) ∈ L2 (R : H) there exists a regular solution of the

equation (1). Indeed, let f̂ (ξ) be a Fourier transformation of vector-function f (t),
then denote by

u (t) =
1√
2π

+∞∫
−∞

P−1
0 (iξ) f̂ (ξ) eiξtdξ ≡

≡ 1√
2π

+∞∫
−∞

(
ξ2 + A2

)−2
f̂ (ξ) eiξtdξ, t ∈ R.

It is obvious, that vector-function u (t) satisfies equation (1) almost everywhere
in R (−∞,∞). Let’s show, that u (t) ∈ W 4

2 (R : H).
Let û (ξ) be a Fourier transformation of vector-function u (t). Then, from Plan-

sherel theorem it follows that

‖u‖2
W 4

2 (R:H) =
∥∥∥u(4)

∥∥∥2

L2(R:H)
+
∥∥A4u

∥∥2

L2(R:H)
=

=
∥∥ξ4û (ξ)

∥∥2

L2(R:H)
+
∥∥A4û (ξ)

∥∥2

L2(R:H)
=

=
∥∥∥ξ4P−1

0 (iξ) f̂ (ξ)
∥∥∥2

L2(R:H)
+
∥∥∥A4P−1

0 (iξ) f̂ (ξ)
∥∥∥2

L2(R:H)
≤

≤ sup
ξ∈R

∥∥ξ4P−1
0 (iξ)

∥∥2
∥∥∥f̂ (ξ)

∥∥∥2

L2(R:H)
+

+sup
ξ∈R

∥∥A4P−1
0 (iξ)

∥∥2
∥∥∥f̂ (ξ)

∥∥∥2

L2(R:H)
=

=

(
sup
ξ∈R

∥∥ξ4P−1
0 (iξ)

∥∥2

L2(R+:H)
+

+sup
ξ∈R

∥∥A4P−1
0 (iξ)

∥∥2

L2(R:H)

)
‖f‖2

L2(R:H) (3)

It is obvious, that at ξ ∈ R the following inequalities hold (µ = reiϕ ∈ σ (A)):∥∥ξ4P−1
0 (iξ)

∥∥ =
∥∥∥ξ4

(
ξ2E + A2

)−2
∥∥∥ = sup

µ∈σ(A)

∣∣∣ξ4
(
ξ2 + µ2

)2∣∣∣ =
= sup

r>0
|ψ|≤ε

∣∣∣ξ4
(
ξ2 + r2e2iϕ

)−2
∣∣∣ = sup

r>0
|ψ|≤ε

∣∣∣ξ4
(
ξ2 + r4 + 2ξ2r2 cos 2ϕ

)−1
∣∣∣ ≤
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≤ sup
r>0

∣∣∣ξ4
(
ξ4 + r4 + 2ξ2r2 cos 2ε

)−1
∣∣∣ . (4)

At 0 ≤ ε ≤ π/4 it follows from inequality (4), that (cos 2ε ≥ 0)∣∣ξ4P−1
0 (iξ)

∣∣ ≤ sup
r>0

∣∣∣ξ4
(
ξ4 + r4

)−1
∣∣∣ ≤ 1, (5)

and at π/4 ≤ ε < π/2 (cos 2ε ≤ 0), using Cauchy inequality, from (4) we get:∥∥ξ4P−1
0 (iξ)

∥∥ ≤ sup
r>0

∣∣∣ξ4
(
ξ4 + r4 +

(
ξ4 + r4

)
cos 2ε

)−1
∣∣∣ ≤

sup
r>0

(
ξ4
(
ξ4 + r4

)−1
)

(1 + cos 2ε)−1 ≤ 1
2 cos2 ε

. (6)

Consequently, from inequality (5), (6) it follows, that:

sup
ξ∈R

∥∥ξ4P−1
0 (iξ)

∥∥ ≤ C4 (ε) , (7)

where

C4 (ε) =

{
1, at 0 ≤ ε ≤ π/4

1
2 cos2 ε

, at π/4 ≤ ε ≤ π/2
(8)

Now estimate the norm
∥∥A4P−1

0 (iξ)
∥∥. For any ξ ∈ R∥∥A4P−1

0 (iξ)
∥∥ =

∥∥∥A4
(
ξ2E + A2

)−2
∥∥∥ ≤ sup

µ∈σ(A)

∣∣µ4
(
ξ2 + µ2−2

)∣∣ =
= sup

r>0
|ϕ|≤ε

∣∣∣r4
(
ξ4 + r4 + 2ξ2r2 cos 2ϕ

)−1
∣∣∣ ≤ sup

r>0

∣∣r4
(
ξ4 + r4 + 2ξ2r2 cos 2ε

)∣∣ .
Analogously, we get

sup
r>0

∣∣r4
(
ξ4 + r4 + 2ξ2r2 cos 2ε

)∣∣ ≤ C0 (ε) ,

where C0 (ε) = C4 (ε), i.e.

C0 (ε) =

{
1, at 0 ≤ ε ≤ π/4

1
2 cos2 ε

, at π/4 ≤ ε < π/2
(9)

Consequently, for any ξ ∈ R∥∥A4P−1
0 (iξ)

∥∥ ≤ C0 (ε) (10)

From inequalities (8) and (9), taking into account inequalities (3), we get

‖u‖W 4
2 (R:H) ≤

√
2C0 (ε) ‖f‖L2(R:H) ,

i.e. u ∈ W 4
2 (R : H).
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Show, that homogeneous equation P0u = 0 has only zero solution from W 4
2 (R : H).

It is obvious, that a general solution of equation P0u = 0 from space W 4
2 (R : H)

has the form

u0 (t) =
{

e−tAϕ1 + Ate−tAϕ2, t > 0
etAϕ3 + Ate−tAϕ4, t < 0

,

where ϕ1, ϕ2, ϕ3 and ϕ4 ∈ D
(
C7/2

)
. Since at t = 0, at j = 0, 1, 2, 3, u

(j)
0 (+0) =

u
(j)
0 (−0) = 0, then we get, that ϕ1 = ϕ2 = ϕ3 = ϕ4 = 0, consequently, u0 (t) = 0.

Then, using Banach theorem on inverse operator, we get, that P0 isomorphically
maps space W 4

2 (R : H) onto L2 (R : H). The theorem is proved.
Lemma 1. Let conditions a) and b) hold. So, operator P : W 4

2 (R : H) →
L2 (R : H) is bounded.

Proof. From theorem 1 follows, that it suffices to prove boundedness of operator
P1 : W 4

2 (R : H) → L2 (R : H).
Since

‖P1u‖L2(R:H) ≤
4∑

j=0

∥∥∥A4−ju
(j)
∥∥∥

L2(R:H)
≤

4∑
j=0

‖B4−j‖
∥∥A4−ju

∥∥
L2(R:H)

=

=
4∑

j=0
‖B4−j‖

∥∥∥C4−ju(j)
∥∥∥

L2(R:H)
,

using theorem on intermediate derivatives in the last inequality, we get

‖P1u‖L2(R:H) ≤
4∑

j=0
‖B4−j‖Cj ‖u‖W 4

2 (R:H) = const.

The lemma is proved.
The following theorem on estimations of the intermediate derivatives hold.
Theorem 2. Let a normal inverse operator A satisfy condition a). Then, the

following estimations hold∥∥A4u
∥∥

L2(R:H)
≤ C0 (ε) ‖P0u‖L2(R:H) (11)∥∥∥∥A3 du

dt

∥∥∥∥
L2(R:H)

≤ C1 (ε) ‖P0u‖L2(R:H) (12)

∥∥∥∥A2 d2u

dt2

∥∥∥∥
L2(R:H)

≤ C2 (ε) ‖P0u‖L2(R:H) (13)

∥∥∥∥A3 d3u

dt3

∥∥∥∥
L2(R:H)

≤ C3 (ε) ‖P0u‖L2(R:H) (14)

∥∥∥∥d4u

dt4

∥∥∥∥
L2(R:H)

≤ C4 (ε) ‖P0u‖L2(R:H) (15)

where

C0 (ε) = C4 (ε) =

{
1, at 0 ≤ ε ≤ π/4
1

2 cos2 ε
, at π/4 ≤ π/2
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C1 (ε) = C3 (ε) =


33/4

4
, at 0 ≤ ε ≤ π/4

33/4

8 cos2 ε
, at 0 ≤ ε < π/2

C2 (ε) =
1

4 cos2 ε
, 0 ≤ ε < π/2.

Proof. Inequalities (11) and (15) follow from inequalities (!0) and (7), respec-
tively.

Further, using theorem 1 and Plansharel theorem, we have∥∥∥∥A3 du

dt

∥∥∥∥
L2(R:H)

=
∥∥A3ξû (ξ)

∥∥
L2(R:H)

=

=
∥∥∥A3ξP−1

0 (iξ) f̂ (ξ)
∥∥∥

L2(R:H)
≤ sup

ξ

∥∥A3ξP−1
0 (iξ)

∥∥∥∥∥f̂∥∥∥
L2(R:H)

(16)

Since at any ξ ∈ R the following inequalities hold∥∥A3ξP−1
0 (iξ)

∥∥ = sup
µ∈σ(A)

∣∣∣µ3ξ
(
ξ3 + µ2

)−2
∣∣∣ =

= sup
r>0
|ψ|≤ε

∣∣∣r3ξ
(
ξ4 + r4 + 2ξ2r2 cos 2ϕ

)−1
∣∣∣ ≤

≤ sup
r>0

∣∣∣r4
(
ξ4 + r4 + 2ξ2r2 cos 2ε

)−1
∣∣∣ (17)

At 0 ≤ ε ≤ π/4 we get

sup
r>0

∣∣∣r3ξ
(
ξ4 + r4 + 2ξ2r2 cos 2ε

)−1
∣∣∣ ≤ ∣∣∣r3ξ

(
ξ4 + r4

)−1
∣∣∣ ≤ 33/4

4
(18)

and at π/4 ≤ ε < π/2 we have

sup
r>0

∣∣∣r3ξ
(
ξ4 + r4 + 2ξ2r2 cos 2ε

)−1
∣∣∣ ≤ sup

τ>0

∣∣∣τ (τ4 + 1 + 2τ2 cos 2ε
)−1
∣∣∣ ≤

≤ sup
τ>0

∣∣τ (τ4 + 1
)∣∣ (1 + cos 2ε)−1 =

33/4

8 cos2 ε
= C1 (ε) . (19)

From inequality (17), taking inequalities (18) and (19) into account, we get, that
at any ξ ∈ R the following inequality is true∥∥A3ξP−1

0 (iξ)
∥∥ ≤ C1 (ε) ,

i.e. ∥∥∥∥A3 du

dt

∥∥∥∥
L2(R:H)

≤ C1 (ε) ‖f‖L2(R:H) = C1 (ε) ‖P0u‖L2(R;H) ,

Analogously, we prove that∥∥∥∥Ad3u

dt3

∥∥∥∥
L2(R:H)

≤ C3 (ε) ‖P0u‖L2(R;H) .
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Now, we prove inequality (13)
Since ∥∥∥∥A2 d2u

dt2

∥∥∥∥
L2(R:H)

=
∥∥A2ξ2û (ξ)

∥∥
L2(R:H)

=

∥∥∥A2ξ2
(
ξ2E + A2

)−2
f̂ (ξ)

∥∥∥
L2(R:H)≤

(20)

Analogously, we get, that at any ξ ∈ R∥∥∥A2ξ2
(
ξ2E + A2

)−2
∥∥∥ = sup

µ∈σ(A)

∣∣∣µ2ξ2
(
ξ2 + µ2

)−2
∣∣∣ ≤

≤ sup
r>0

∣∣∣r2ξ2
(
ξ4 + r4 + 2ξ2r2 cos 2ε

)−1
∣∣∣ ≤

≤ sup
τ>0

∣∣∣τ2
(
τ4 + 1 + 2τ2 cos 2ε

)−1
∣∣∣ ≤ 1

4 cos2 ε
= C2 (ε) (21)

Taking into account inequalities (21) and (20), we get that∥∥∥∥A2 d2u

dt2

∥∥∥∥
L2(R+:H)

≤ C2 (ε) ‖P0u‖L2
.

The theorem is proved.
Theorem 3. Let operators A and Aj (j = 0, ..., 4) satisfy conditions a) and b),

moreover

α (ε) =
4∑

j=0
C4−j (ε) ‖Bj‖ < 1. (22)

Then, equation (1) is regularly solvable.
Proof. Write equation (1) in the form of the operator equation:

Pu = P0u + P1u = f, (23)

where f ∈ L2 (R : H), u ∈ W 4
2 (R : H). By theorem 1 operator P−1

0 exists and
bounded. Then, at any ω ∈ L2 (R : H) there exists u ∈ W 4

2 (R : H) such that
P−1

0 ω = u.
Then, the norm of the operator P1P

−1
0 : L2 (R+ : H) → L2 (R : H) is less than

α (ε) < 1.
Indeed, taking theorem 3 into account, we get

∥∥P1P
−1
0 ω

∥∥ = ‖P1u‖ ≤
4∑

j=0
‖B4−j‖

∥∥∥A4−ju(j)
∥∥∥

L2

≤

≤

(
4∑

j=0
Cj (ε) ‖B4−j‖

)
‖P0u‖L2(R:H) = α (ε) ‖ω‖L2(R:H) . (24)

We can write equation (23) in the form

ωP1P
−1
0 ω = f.
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Then, from (24) it follows, that

ω =
(
E + P1P

−1
0

)−1
f,

and
u = P−1

0

(
E + P1P

−1
0

)−1
f.

Hence, we easily get, that

‖u‖W 4
2 (R:H) ≤ const ‖f‖L2(R:H) .

The theorem is proved.
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