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Leyla I. AMIROVA

ON SOLVABILITY OF A CLASS OF FOURTH
ORDER OPERATOR-DIFFERENTIAL EQUATIONS

Abstract

In a separable Hilbert space H it was researched a regular solvability of a
class of operator-differential equations of fourth order, main part of which con-
tains operator-differential equations with a multiple characteristic. Moreover, a
basic operator is normal with spectrum in some sector. Conditions of solvability
of the given operator-differential equation on the axis were obtained. These con-
ditions are expressed only by the properties of operator coeffcients of the given
operator differential equation.

Let H be a separable Hilbert space, A be a normal inverse operator in H, and
operators A; (j =0,...,4) be linear, in general, nonbounded operators. We suppose
fulfillment of the following conditions:

a) spectrum of the operator A is contained in sector

Se={A:|arg\| <e}, 0<e<7/2

b) operators B; = AjA7 (j =0,...,4) are bounded in H.

When conditions a) and b) hold, operator A has expansion A = UC, where U
is unitary, and C' is a positive definite self-adjoined operator. Obviously, D (A) =
D (A*) =D (C) and ||Az|| = ||A*z|| ||Cz|| at © € D (A).

Denote by Ly (R: H) (R = (—o00,00)) a Hilbert space of the vector-functions
f (t) with the value in H, measurable and square integrable by Bochner and suppose

1/2
19 ey = / 17 ()]
Further introduce a Hilbert space [1]
Wi(R: H) = {u|u € Ly(R: H), A46L2(R:H)}

with the norm

HUHW4RH (H H S(R:H) HA%H?:Q(R:H)>1/2

Now consider in space H the operator-differential equation

42 2 4 '
<_dt2 - Az) u®)+D_ Asju? () =F(1), teR 1)
=0

where
f)eLy(R:-H), u(t)e W (R: H).
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Definition 1. If vector-function u (t) € Wi (R : H) satisfies equation (1) almost
everywhere in R, so this vector-function is said to be a regqular solution of equation
(1).

Definition 2. If at any f(t) € La(R: H) there exists a regular solution of
equation (1) u(t), which satisfies inequality

||u||W24(R:H) < const HfHLz(R:H) )

so, we’ll say, that equation (1) is reqularly solvable.

In the given paper we find conditions on operator coefficients of equation (1),
providing a regular solvability of equation (1).

Note, that equation (1) was researched in the paper [2, 3] for self-adjoined posi-
tive operator A. Existence and uniqueness of some holomorphic solutions for second
order operator-differential equations are considered by the author in the papers [4,
5].

Note, that for characteristic equation in the main part of equation (1) has simple
roots, i.e. when the main part has the form Pyu = u® + A%, analogies of equation
(1) for operator-differential equations were considered in the papers [6, 7].

Denote by

> ?
Pyu = <—dt2—|—A2> u(t), wu(t)eWs(R:H),

4 )
Piu=Y Ay ju)(t), u(t)e Wi(R:H)
j=0

and
Pu= Pyu+ Piu, ucWy(R:H).

Further denote by Hy = D (A*) and D (R: Hy) a set of the infinitely differ-
entiable vector-functions with the values in Hy. As is known, D (R : Hy4) is dense
everywhere in W (R : H).

The following theorem is true:

Theorem 1. Let a normal inverse operator A satisfy condition a). then operator
Py isomorfically maps space Wyt (R : H) onto Ly (R: H).

Proof. It is obvious, that at w € D (R : Hy) the following inequalities hold

d2
Pl = | (2 + 4°) o

Lo(R:H)
d* 4 o d?u
Lo (R:H)
d*u 2 2 d?u 2
< | |57 + [[A%u oy 4 HA2
(\ e L et Y

On the other hand from the theorem on intermediate derivative it follows, that

1]
— H02d2u
Lo(R:H) dt?

Lo(R:H)

dt?
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2
Lg(R:H)) N

= const (HAQUHL(R;H) + Hu(4)‘ :

< const (HCAUHZ(R:H) + HU(4)‘

LQ(R:H)) ’
Thus
[ Poul| 1y ey < const [[ullyyzg.pry - (2)
It is obvious that inequality (2) is true also for vector-functions from
Wi (R: H).
Prove, that for any f(t) € Lo (R: H) there exists a regular solution of the

equation (1). Indeed, let f (£) be a Fourier transformation of vector-function f (¢),
then denote by

1 A )

u(t) = %ELLR) (i) f () e'dg =
L 70 (&2 +4%)" 2 (€)etde, te R

\/ 2m ’ ’

It is obvious, that vector-function u (t) satisfies equation (1) almost everywhere
in R(—o00,00). Let’s show, that u (t) € Wi (R : H).

Let 4 (£) be a Fourier transformation of vector-function u (¢). Then, from Plan-
sherel theorem it follows that

g = |, gy + 148y =
= €' 8 Oy + 14" 8 Ol gty =
= [le75 f(g)‘LQ(RH + ARy zS)f(&)\LQ(RH) <
<sup €5 GO [
ropllar GO £ O =
= (22}2 [ (ig)HQLQ(R+:H) +
+§1€1£}|A4P0—1 (i{)HiQ(R:H)) 17 ety (3)

It is obvious, that at ¢ € R the following inequalities hold (u = re’? € o (A)):

e p5 o)l = ¢ (22 + 427 = swp et €2+ 12)?) =
nea(A)

o\ —2
= sup |¢* ({2 +7‘2e2“") = sup
>0 >0
[w]<e [w]<e

¢t ({2 + 7% 4+ 26212 cos 2g0)_1‘ <
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< sup ‘54 (& +r* +2¢%r% cos 25)_1‘ ) (4)
r>0
At 0 < e <m/4 it follows from inequality (4), that (cos2e > 0)
P )] < swp ¢t (6 + 74 7| < 1, (5)
r>0
and at 7/4 < e < 7/2 (cos2e < 0), using Cauchy inequality, from (4) we get:

H§4Po_1 (zf)H < Sul(:)) ’54 (54 4 (54 +7’4) cos 25)—1’ <
r>

1

Het )T (L eos2e) Tt < 6
i1>118<§ (§ +T) (14 cos 2e) ~ 2cos?e’ (6)
Consequently, from inequality (5), (6) it follows, that:
sup [[€1 Py (i) || < Ca(e), (7)
EER
where
1, at 0<e<m/4
Cy(e) = 1 (8)
ool at w/4<e<m/2

Now estimate the norm HA4P0_1 (zf)H For any £ € R

HA4PO_1 (Zf)H = HA4 (£2E+A2)_2‘ < sup |M4 (52 +M2—2)} _
pneo(A)

Pl (54 +ri4 2£2r2 cos 24,0)71‘ < sup ‘7’4 (54 + 7t 4 2527“2 cos 25)‘ .
r>0

= sup
>0
lpl<e

Analogously, we get

sup [r* (€1 4 r* + 2¢%r% cos 2¢) | < Co (e)
r>0

where Cj (g) = Cy (¢), i.e.

1, at 0<e<m/4
Cole) = ! at w/i<e<m/2 ©)

2cos?¢’

Consequently, for any £ € R
[A* P ()] < Co (e) (10)
From inequalities (8) and (9), taking into account inequalities (3), we get
||UHW24(R:H) <V2C, (€) ”fHLg(R:H) )

ie. ue Wy (R: H).
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Show, that homogeneous equation Pyu = 0 has only zero solution from Wiy (R : H).
It is obvious, that a general solution of equation Pyu = 0 from space W (R : H)

has the form
ey + Atemp,, >0

uo (t) - { GtAQD?, + Ate_tAg04, t<0

where ¢, @9, p3 and ¢, € D (07/2). Since at t = 0, at j = 0,1,2, 3, uld (+0) =
uéj) (—0) = 0, then we get, that ¢, = ¢y = p3 = ¢, = 0, consequently, ug (t) = 0.
Then, using Banach theorem on inverse operator, we get, that Fy isomorphically
maps space Wi (R : H) onto Lo (R : H). The theorem is proved.

Lemma 1. Let conditions a) and b) hold. So, operator P : Wi (R: H) —
Ly (R: H) is bounded.

Proof. From theorem 1 follows, that it suffices to prove boundedness of operator
P :W3H(R:H)— Ly (R: H).

Since

4 .
oy = 2 1Bail 1Ay ey =

| Prall oy < Jéo\\A4_ju<j>"L2( <

=5 Buy ot
7=0

Lo(R:H)’

using theorem on intermediate derivatives in the last inequality, we get
4
1Prull pypemry < ‘Zo [1Ba—;l Cj HUHWQ‘l(R:H) = const.
j:

The lemma, is proved.

The following theorem on estimations of the intermediate derivatives hold.

Theorem 2. Let a normal inverse operator A satisfy condition a). Then, the
following estimations hold

A% ey < o &) Vol .
du
‘A3dt < 4 (g) HP0U||L2(R:H) (12)
LQ(RH)
d?u
‘ i < O (e) |1Poull 1y (memry (13)
LQ(RH)
d3u
‘ 3@ < Cs(e) | Poull 1y (rory (14)
LQ(R:H)
d*u
‘ i < Cu (&) 1Poull 1y (memy (15)
LQ(RH)

where

1, at 0<e<m7/4
Cole)=Cale) =3 1 at  7w/4<7/2
2cos?e’ -
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33/4
T, at OS&S’]T/ZL
Ci(e) =Cs(e) = 33/4
ry— at 0<e<m/2
1
CZ(E):m, 0§€<7T/2

Proof. Inequalities (11) and (15) follow from inequalities (!0) and (7), respec-
tively.
Further, using theorem 1 and Plansharel theorem, we have

du
3wy _ 3¢ _
5],y -
= |a%¢rs o) £ ) < sup [[4%P5 " i€) | || ] 16
|eert@e f@],, ., <swlaerst @l |7, .., (16)
Since at any ¢ € R the following inequalities hold
1. -2
| 4%pt (o)) = sup |ue (€8 +u2) 77| =
pnea(A)
= sup |r*¢ (&' + 7" + 2¢%r% cos 2@)71‘ <
hi<e
< sup [r* (&* + 7" + 2637 cos 25)_1‘ (17)
r>0
At 0 <e < 7/4 we get
. ) 3/4
sup |r3¢ ({4 + 74 + 26212 cos 25) ‘ < ’7“35 ({4 + r4) ‘ < T (18)
r>0
and at /4 < e < /2 we have
sup |r3¢ (54 + 7t 4+ 26212 cos 25)71‘ <sup|T (7'4 + 14 272 cos 25)71‘ <
r>0 >0
4 L B
< 1) (1 2e) T = ——— = . 1
_iliIS‘T(T +1)| (1 + cos 2¢) Fy— C1 (e) (19)

From inequality (17), taking inequalities (18) and (19) into account, we get, that
at any £ € R the following inequality is true

| A3¢R; (i€)]| < O (e),

i.e.
adu

A
|5

< Cv (&) 1l ooy = Cr () [[Poull 1y (mory »
Lo(R:H)

Analogously, we prove that
d3u

A

[

< Cs3 () 1Poull 1y (mmr) -
LQ(RH)
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Now, we prove inequality (13)

Since )
d“u
2 Il A2¢25 _
HA de? Lo(R:H) =[|A% u<§)HL2(R:H) -
A2 (EPE+ A% 2
|#e @)@, L (20)
Analogously, we get, that at any £ € R
HA2§2 (£2E + A2)_2H = sup ’u2£2 (52 + ,LLQ)_2’ <
peo(A)
< sup [r2€% (& + r* + 2¢%r% cos 26)_1‘ <
>0
- 1
< 2 (4 2 1‘ < _
< EL;[O) T (t* 4+ 14277 cos2e) | < ToosZz Cs (g) (21)

Taking into account inequalities (21) and (20), we get that

< Ca(e) | Poully, -

Lo(R:H)

d?u
27
%

The theorem is proved.
Theorem 3. Let operators A and Aj (j =0, ...,4) satisfy conditions a) and b),
moreover

ale) = 20 Cis () 1B < 1. (22)

Then, equation (1) is regularly solvable.
Proof. Write equation (1) in the form of the operator equation:

Pu = Pyu+ Piu= f, (23)

where f € Ly (R: H), u € Wi (R: H). By theorem 1 operator Py ' exists and
bounded. Then, at any w € Lo (R: H) there exists u € Wi (R: H) such that
Po_lw = u.

Then, the norm of the operator Py Py ' : Ly (R4 : H) — Lo (R : H) is less than
a(e) < 1.

Indeed, taking theorem 3 into account, we get

4 . .
PPyl = 1Pll < 3 [1Basy| | 4*7ul|| <
Jj=0 Lo
4
< (Zocj () HB4—j!) 1Pyl oty = @ () Il gy o - (24)
J:

We can write equation (23) in the form

wP Pylw=f.
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Then, from (24) it follows, that
w=(E+PP ),

and
w=Py (E+ PP ) f.

Hence, we easily get, that

ullysg.my < const | fll L, (rm) -

The theorem is proved.
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