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MATHEMATICS

Adalat Ya. AKHUNDOV

DETERMINATION OF COEFFICIENT IN THE
RIGHT HAND SIDE OF A SYSTEM OF
PARABOLIC EQUATIONS

Abstract

In the paper we research matters of correctness of the inverse problem on
determination of component of the right hand side, independent of a spatial vari-
able, for the system of reaction-diffusion type parabolic equations. The theorems

on the existence, uniqueness and stability of solution are proved.

Accept the following denotation: D’ is a bounded area from R"~ !, D = D’ x
(a,b) C R™, a,b are some numbers, & = (&1, ..., 2n_1), T = («',x,,) are arbitrary
points of areas D’ and D, respectively, Q@ = D x (0,7], @ = D’ x (0,T], S =
0D x [0,T], 0 < T = const.

Consider a problem of determination of {fx (¢/,t),ux (z,t) ,k = 1,m} from the

conditions:
upe — Ay = fip (/,8) g (w), (2,1) €Q (1)
Uf (.7),0) = Pk (I’), reD= DUID, uy (.le,t) =y, ($,t>, (:U>t) S (2)
b .
S (2,20, t) don = by (2,), (2/,t) € Q' (3)
n 52
where ug; = %, Uy, = gz:, Auy = l;a;%k is a Laplace operator, g (-), ¢ (+),

¥y (+), hi (+) are the given functions, u = (uq, ..., Up).

Similar problems, as a rule, incorrect in terms of Adamard and were studied in
the papers [1-6 and etc.].

If in equation (1) functions fi (2',t) are given, then, naturally, condition (3) isn’t
given. Solvability problems of (1)-(2) are considered in more general formulation in
the papers [7-9 and etc].

For input data we suppose that:

1° gk (-) € Lipgoey (R™), |gk (-)| = v > 0, v is a number;

20, i (-) € C?F (D) 1y, (2, 1) € C2HoMHel2(S), ) (2) = 4y (21, 0), x € ID;

8.y (o, 1) € CErttal2 (@) iy (af,0) = [ o0 (2.0) i,

a
b

hi (z,t) = [y, (z,t) dzy, (x,t) € S.

a
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b

4% [ty (2,0) — Ay (2)] '{9kz (¢ (2)) dwn =

[ (2,0) = Ay (9,0) = i, (,5,0) + Y, (#'s0,0)] g (@), @ € OD,
2’ € OD' (determination of spaces C!*T*(+)/2() | = 0,1,2, 0 < a < 1 and
corresponding norms, see [7, p.16] ).

Definition 1. Functions {fi (2',t) ,u (x,t), k =1, m} is said to be a solution
of problems (1)-(3), if: 1) fi (¢',t) € C(Q); 2) ug (z,t) € CPH(Q)NC(Q); 3) for
them correlations (1)-(3) are satisfied.

Let K = {(fi,ur) |fx (¢/,t) € C¥2(Q'), uy (x,1) € CFF1T2(Q) },

Theorem 1. Let conditions 1-3 be satisfied. Then, if there exists a solution of
problem (1)-(8) and it belongs to the set K, then this solution is unique and stability

estimation is true:
|u — ﬂ”o + Hf - ?HO <

< My [llg = llo + lle = Blly + 0 = Bl + |15 = Bl )

where ||v]|, = i lvellcrs {fx (@) uk (,1)} is a solution of problem (1)-(3) from
the set K witthlizta Tk» Prs Uy hie, which satisfy conditions 1°9-8°, respectively, M >
0 depends on data of problem and on the set K.

Everywhere below we denote by M; the positive constants, which depend both
on data of problem and on sets K, and which depend only on data of problem we
denote by N;.

Proof. Integrating both parts of equation (1) by variable z,, on the interval (a, b)

and taking conditions of theorem 1 into account, for function fi (z/,t), k =1, m we

get:

I (:L",t) = [hkt (:L",t) — Ahy, (x’,t) — Uk, (a:',b,t) + Uk, (:E',a,t)] /

b

[ ok (w)dz,, («/t) €@ (5)

a

Determine a function [8, p.87]

Pk (:C’ t) € 02+a,1+a/2 (@) y Pk ($, O) = Pk (1:) )

v €D, pg(z,t) =9, (z,t), k=1,m, (x,t)eS (6)

Let
zi (x,t) = ug (z,t) — ug (z,t), Mg (a:’,t) = fi (x’,t) — fr (a;’,t) ,

01k (u) = gr (u) — gr (u), ok (z) = @ (z) — Py (),



Transactions of NAS of Azerbaijan 7
[Determination of coefficient of parabolic equations|

53]6 (.’If,t) = 1/% (l’,t) _Ek (x7t) ) d4k (xlat) = hyg (.I'/,t) - Ek (xlvt) )
55k (x7t) = Dk (xvt) — Dk (l’,t), k= lam'

It is easy to verify that functions {\g (2/,t), 0k (z,t) = 2k (x,t) — d5k (z, )} sat-

isfy the following system:
VDt — AV = Mg, (2/,8) g (u) + Fy (1), (z,1) € Q, (7)
Vet (2,0) = 0,2 € D; 9y (z,t) =0, (z,t) €S, (8)
M (2/,8) = [Sape (2/,8) — Dby, (2/,8) = 2ka, (27, 0,8) + 2a, (2,0,8)] /
/fgk )da, + Hy (/1) ,  (2',1) € Q) (9)

where
Fk (iL', t) = f_k (I',, t) [gk (’U,) — Ok (a)} - 55kt (.’L’,t) + A55k (xlv t) )
H;, (w’,t = {[ﬁkt (:L",t) — Ahy, (;U’,t) — Uk, (:L",b,t) + Ukz,, (w',a,t)]

)

By the conditions of the theorem, it follows that coefficients and the right hand
side of the equation (7) satisfy Holder condition. So, there exists classical solution

of problems (7) and (8) and it can be represented in the form [7, p.468]:
Uy (2,t) = fka 2, 6:6,7) [\ (€57) gr (u) + Fy (§,7)] dédr (10)

where &' = (&1,...,¢,1), €= (£,¢,), dé =d&;...d€,, Gy, (+) is a Green function of
problem (7) and (8), for which the following estimations are true [7, ch. IV]:

Gr (@, 66,7 < Ny (t=7) " exp (< Nafo ¢/ (¢ 7))

[| PGy (@ ts6 )| d < No (¢ = 1)V 10,12 k=Tm (1)
D

here D!, are the various derivatives by z; (i = 1,n) of order L.

Taking Uy, (z,t) = 2z (x,t) — 055 (2, t), into account, we get from (10):
t
2 (2,8) = 05 (2, 8) + [ [ Gr(x,6,€,7) [N (€,7) gi (u) + Fi (§,7)] dédr (12)
0D

Suppose x = [lu — ally + || f = f,-
Subject to conditions of the theorem and from the definition of the set K, and

taking estimations (11) into account, from (12) and (9) we get:

o (2,01 < Mo [181llg + 18511, | + Maxt, (,0) €@ (13)
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M (@ 0)] < Ma (1810l + 1840l + 1051, | + Moxt )72, (@/,0) €@ (14)

Inequalities (13) and (14) are satisfied at for any values of (z,t) € Q. Therefore,

they should be satisfied also for maximal values of the left hand sides. Hence
< Mo [ 191+ I3l + D5l | + M+ (19

Let T1 (0 < Th < T') be such that M7T1(1+0‘)/2 < 1. Then, form (15) we get, that
for (x,t) € D x [0,T1] estimation of stability (4) for solution of problem (1)-(3) is
true.

Considering problem (1)-(3) step by step in cylinders D x [Ty, 2T1], D x 214, 3T1]
and etc. for the finite number of steps we’ll get estimation of stability (4) on all
D x [0,T).

Uniqueness of solution of problem (1)-(3) follows from the estimation of (4) for

9k (u) = Gk (u) » Pk (‘r) = Pk (l‘) Y (wvt) = Ek (:E,t) s B (:[,t) = Ek (x/7t)

Existence of solution of problem (1)-(3), in terms of Definition 1, is proved by
convergence method. To find {f,gs) (', t) ,u,(:) (m,t)} ,k=1,m, s=1,2,... we use
the following algorithm:

u;;"rl) _ Au](:_'_l) — ka) (ml,t) gk (u(s)) ,(.’I,',t) e Q (16)

U;:Jrl) (a;,O) = Pk (-T), T € E, Ués—’_l) (‘Tat) = 1/% (1’,t) <x7t) €S (17)

A (1) = (e (o 0) = A (2, 0) =7V (a00) il (ol aur) |/

b
/ | 9k <u(s+1)> dxy, (z,t) € D (18)

Theorem 2. Let conditions 1°—4° hold and OD € C***. Then problem (1)-(3)
has a unique solution for (z,t) € D x [0,T].

Proof. First, prove existence of solution of problem (1)-(3) from the class
fe@,yec (@), uleec® @), k=Tm.

It is easy to check, that if we choose u,(go) (z,t) € C?teslta/2 (Q), f]go) (a',t) €
Cv/2 (@/), then on conditions of theorem 2 u,(cl) (z,t) € C2talta/2 (@) [7,p.
364]. Then, from (18), on conditions of theorem 2, it follows, that f,gl) (2',t) €
Cva/? <@/) Consequently, we can assert, that functions f,gk) («',t) and u,(j) (z,t)
k = 1,m, obtained from system (16)-(18) for s = 1,2, ... belong to the functional
spaces C*9/2 (@/) and C2toltae/2 (@), respectively. Show the uniform bounded-

ness of sequences {f,gs) (x’,t)} , {Déu,(:) (:U,t)} ,1=0,1,2, k=1,m.
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Using functions py (z,t), defined in (6), and presentation of solution by Green
function [7, ¢.468], we find expression of solution of problem on determination of
u,(:ﬂ) (x,t) from the conditions (16), (17)

u,(:H) (x,t) = )+

O%ﬁ

ka xtf,
D

x| (€7) i () + Apg = pir | dglr (19)

Acting as in proving theorem 1 and taking estimations (11) and conditions of

theorem 2 into account, from (18) and (19) we get:

‘Dl (s+1) (x t)‘ <N4HpH21+NSt(2+a k)/ ’fks ! t) , 1=0,1,2, (z,1) 6@;

‘fkerl) ‘ < Nﬁ ||h||2 ) + N7ta/2 Z ‘Dl (s+1) ($ t)

(z,t) € Q,

or
D) < N U]h”m i HpHmJ + Not®/2()

where ~(¢ Z | DLu®]] + || £,

From the last inequality we have:

vt < Ng [Hh”Q,l + Hsz,lJ 1-¢")/(1—q) + ¢+, q = Not*/?

Let Ty (0 < Ty < T) be such that NoT2"?

{fk },{ fcu,(j)}, [l =0,1,2, k = 1,m, are uniformly (by norm C) bounded at
(x,t) € D x [0,T3].

Analogously, as it was shown in proving theorem 1, we prove uniform bounded-
ness of the sequences {f,gs)} {Déug)} ,1=0,1,2, k=1,matallte[0,T].

< 1. Then we get that subsequences

Equicontinuity property of the sequences {D:ltu,is)} , 1 =0,1,2 follows from the

inequality
‘Dl s+1)( #) - Dlu (s+1 (@ t_)’ ‘Dl (s+1) (2, 1) —Déul(jﬂ) (i,t)‘—i—
+| DLtV (@) = Dbl (2,8)] < | Dhpk (2,) — Dhpp (2,)| +
+ Db (@.1) = Dl (2,9)] < { [ |DLGr (e t:6,7) = DG (3,:6,7)|
x |F (¢, 7)| dear + Z [ |PLG (@,:6,7) = DLG (2,86, 7)) x
D

X ‘F,ES) (€, T)’ dedr + } [ ‘D;Gk (€, T)’ ‘F,ﬁs) (&, 7)‘ dedr
D
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(here F( (x,t) = fk (', t) gk (u(s)) + Apg — prt) subject to uniform boundedness
{ fk (z, )}, continuity and boundedness of input data, estimations (11) and the
following [7, p.469]

‘Din (@, t;€,7) — DGy (2, t; 5,7)‘ < Nig |z — &|* (t — 7))~ F2re)/2 5

xexp (=Nilz = &P /(t=7));

LGy (2,t:€,7) — DLGy, (x,f;f,f)) < Nig [t — 7 @&FeP/2 (7 _ )= (nt24e)/2

X exp (—N13 ]m—§]2/(t—r)> Ck=T,m, 1=0,1,2
Equicontinuity property of sequence { f,gs) (2, t)} follows from the inequality:
A @) = £ @) < |1 @) 10 @ )|+ [ @) - 1 (@D <

< [|hwe (2, t) — e (&', 8)| + | Ahk (2, 8) — Ahy (Z,8) | +

+ ‘u;’;l 2, b, t) - ul(fﬂ) (l’ b, t ‘ + ’ SH) 1‘ a,t) — ul(;tl) (:E',a,t)H /

fgk ( (s+1) (x',mn,t)) dzx,

+ {}hkt (@', t) — Ahy (2',t) —
— (@ a,t) —uST (2, a,t)

¥

b
X fgk (u(sH) (i",xn,t)> dxy,

{[ ( (s41) (33/733717?5))—

b

J gk (u(SH) (a:’,xn,t)) dx, X

a

— gk <u(3+1) (f’,ajn,t)ﬂ dx,,

+ [l (2, 8) — iy (2, ) | +
A (2, 8) = Al (2,8)] + [t (@,0,8) — S (@ 0.0) |+
(s+1)

+ ’ukw 7. a t) — u,(::l) (ir’,a,f) H

/ fgk (u(SH) (i’,xn,t)) dzr,| +

{‘hkt x’ f) Ahy, (33 f) —uk‘lﬂ)( ‘b f)+u(s+1 f',a,f)‘ X
f[ (w (@2, 1)) = i (O (7, 0.) )| den } /

b b
/S 9x (u(S“) (', xmt)) dzn, % [ gi (u(sﬂ) (i",:cmf)) d,| .

subject to uniform boundedness and equicontinuity property of subsequences
{Déugj)} , 1 =0,1,2, continuity and boundedness of input data.
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Uniform boundedness and equicontinuity property of subsequence {u,(;)} follows
from (16).

By Arzela theorem [8, p.84] from subsequences {u,(;)}, {Déuf)}, 1=0,1,2,
{ f,gs)} , k =1,m we can choose subsequences, which converge to some functions
{ug,}, {Déui} , 1=0,1,2, {f{}, respectively and u} (z,t) € C*! (@) , fo(z,t) €
C (@’) Ck=T,m.

Then, passing to the limit at s — oo in correlations (16)-(18), it is easy to show,
that function { ff (2/,t), u} (z,t), k =1,m} satisfy conditions (1)-(3).

Thus, existence of solution of problems (1)-(3) from the class fj (2/,t) € C (@’) ,
uy, (x,t) € C%1 (@) is proved. We could assert, that such solution belongs to
the set K. Indeed, from conditions 1°, 3 and correlation (5) it follows, that
fr(2')t) € C /2 (@,> , k = 1,m. Then, for conditions of theorem 2, uy (z,t) €
C2toltal2 (@) , k =1,m [7, p.364]. Thus, conditions of theorem 1 are satisfied,
and consequently, solution of problem (1)-(3) is unique. The theorem is proved

completely.
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