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THE ASYMPTOTIC BEHAVIOR OF WEAK
SOLUTION OF CAUCHY PROBLEM FOR A CLASS
SOBOLEV TYPE SEMILINEAR EQUATION

Abstract

Cauchy problem for a class Sobolev type semi linear equation is considered.
The ezistence and uniqueness of weak solution are proved and the behavior of
weak solutions as t — +o0o are investigated. The considered class of equations
in particular includes the semi linear wave equations with dissipation.

In this paper we consider the following Cauchy problem in [0, 00) x R™.
wg (t,x) + (—1)% APy (8, 2) + (=) Alu (8, 2) + (=1)F AFuy 4+ ue = £ (u (¢, 2)),

te[0,00), x € R", (1)
u(0,2) =uo (z), w (0,2) =uy (x), v € R", (2)

where A is a Laplace operator , u; = %—;‘, Uy = %, but f is differentable function
which will be defined below.

In case when k =0 and f (u) = — |[u’ "' u+ f1 (u), where

Ifi(u)| <c (1 + |u\p71> , w € R the corresponding problem was investigated
in different papers. The expound of these results and list of references are given in
[1]. The corresponding problem was investigated at paper [2] in case when k& = 0
andl=1,n=1,2,3 f(u) = \u|p71u where at n = 1,2, 1+% < p < 400 and at
n=3,2<p< .5

In paper [2] proved that for any small data the corresponding Cauchy problem
has global weak solutions and also obtained the order of decreasing to zero as t — oo

of weak solutions.

In this work me investigate the similar problem for equation (1) in the following
considerations.

19 k<1

20, The function f (-) defined at some interval (—a,a) C R and continuous dif-
ferentable;

30. For any u € (—a,a)

|f (@) < clul”, [f ()] < eluf™,

Whereatn§2(l—k),a>0andw+1§p<oo, andatn >2(l—k), a=o00
and2<p§m.
Let Us C H = [Wé"“ (R")N L, (R”)] x [Ly (R™) N Ly (R™)] be the sehere of

radius 6 > 0 i.e.

Us = {(w,0) : (,0) € H |[ullypios (guy + 0l oy +
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+ HU||L2(Rn) + ||U||L1(Rn) < 5} .

Theorem. Let conditions 1°—3° be satisfied. Then there exists 69 > 0 such that
for any (ug, u1) € Us, the problem has a unique solution u € C ([O, 00), WQZ_k (R"))ﬁ
C' ([0,00), Lo (R™)) and the following estimations are fulfiled:

S D% ey < oo 1 +1)-(F+)
la|=l—k
[ (8 )|y (rmy < coRo (1 42) 717,
[ (85 My (rmy < coRo (14877,

where co >0, v =min {1+ &, G}, Ro = lluollyi—r gy +lluoll, mmy+llall gy crmy+

lullp, (my-
Let’s introduce the functional space H = W} ™% (R™)x Ly (R™) with inner product

(w', w?) = /VlkulvlkUQda:—i-/vlvzdx,
Rn Rn

where V° = Al3/2 if 5 is even, V* = VA2 if 5 is odd.
The problem (1)-(2) reduced to the Cauchy problem in Hilbert space H

w' = Aw+ F (w), (3)

w (0) = w, (4)

by substitution v; = u, vo = u;, where

The operator A generates the strong continuous semi-group in Hilbert space H.
The operator — function w — F' (w) acts from Us to H and satisfies local lipshitz
shy condition in the sense:

1F (") = F ()| < e ([l [l?[]) - flw” = w?]]

where |||| = <'7 '>¢ C('7 ) eC (Ra—aRl) 5 Rl = [0,00)
Hence, for the problem (3)-(4) the conditions of the theorem on local solvability
are satisfied (see [3]).
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Thus for any (ug,u1) € H there exists 77 > 0 such that the problem (1)-(2) has a
unique weak solution u € C ([0, T ; Wi (R)) NC ([0,T"); Ly (R™)). It is known
that, if

E(t) = [Ju(t, ‘)HW2l—k(Rn) +lu@ ),y <S¢ c=const >0 (5)

then 7”7 = co.
Now, we prove that apriori estimation (5) is valid for small initial datas.
Let’s define the following functional

1 o 1
B () = 5 e (M ooy 5 3 N0 Y amy + 5 6 -
|a|=l—k
It follows from the embedding theorem that
B () < E() < cB (1), (6)

where ¢ > 0 is a constant.
Let v (t, ) be the solution of the problem

vour (t,z) + (—1)% Af vy (¢, 2) + (=1)" Alvg (8, 2) + (—1)" AFwg, (¢, 2) +
Yvgs (t,2) =0, te[0,00), x€R", (7)
vo (0,2) = up (z), vor(0,2) =ui (z), € R, (8)
and 1 (¢, €) be a solution of the problem
Dree (£,€) + €177 Dree () + €7 01 (1) + €177 01 (1) + 01 (1,) =0 (9)

D1t €) =0 i (tE) =1 (10)

where 1 (¢, &) is the Fourier transformation of of function vy (¢, x).
The solution of the problem (1)-(2) can be presented in the following form

u(t,z) =vo(t,x)+ [ vi(t —7,2) f (u(r,x))dr. (11)
]

As in the paper [4] we can prove that, for the functions v (¢, z) and vq (¢,€) the
following estimations are valid

DEDS 0 (02| < 1+ 58)

ltolly o+ a=wz gy + 10ll .y (gny + lMunllyyjorea-mri-n oy + HulHLl(Rn)] ;o (12)

HD DS (v1 (t,x) * ¢ (x HL2(RTL) <

— '_A'_M_f_ﬂ
<c[l+1] (i+5+4) |:”SOHWQIOLH(Z*’C)(FU(RTL)+”SOHLl(R”)} (13)
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where
ug € W ERE Ry A Ly (R, uy € WTERED (pry A 1y (R

e W2|a‘+(l_k)(i_1) (R")N Ly (R"), c¢=const>0.

By substituting ¢ = 0 and |o| =1 — k into (11)-(13) we get

1D (Mg < €00 [ty gy + 0]l oy +

t
ol gy ey + il ey | + / (141 —7) % x
0
”f (u (T7 ))HLl(R") + Hf (u (7_7 ))||L1(Rn):| dT, (14)

where d = % + 5
Further substituting ¢ = 1 and |a| = 0 into (11)-(13) we get the following in-
equality

ot (8 M agny < € (U8 [l oy + 1ol oy +

t
Tl + e, oy +c/ (14t 1)
0
1 G (s Dl ey + 1 1 (7Dl ] (15)

where dy =1+ J;, ¢ > 0.
Similarly, substituting ¢ = 1 and |a| = 0 into (11)-(13) we get also

ot (1Y gy < 1+ ) 7% ol gy + ol oy +

t
—d
llry + il ] +e [ (1 +£=7)7% x

0
17 (G Dyt gy + 17 D | (16)
where d3 = 4l
From the conditions 3° it follows that
1 )l gy + 17 )y < (el gy + il ) (17)
¥/t oy < € [Vl (18)

therefore
17 )l gy < €2 Nl (19)
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At the next step we will use the multiplicate inequality

0
e,y < € Nullipg oy - Il 5 (ny (20)
where ¢ >2,0< 6 < 1landatn>2m, 2<gqg< 22 (see [5]).
In the other side
lullyge ey < ¢ [ 32 1D%ul 1y + el o @1)
|a)|=m
c¢>0 (see [5])
From (20)-(21) we get
6
P Z 1Dl ey - Il + €l e (22)

Taking into account 2° from (22) we get

1F @)y -a0 gy + 1 @ ) <

0 (1-61)

LS Dl -l e+l e | (23)

laj=m

where 91 = ﬁ (1 — 1%)

Similarly,
0 (1-6
1 )l gy S €2 | D 1Dl gy - Nl ||]22 RnQ)JrHUHL2 eyl > (24)
|a|=m

where 09 = l% (% — %)
Taking into account (19), (23) and (24) in the (14)-(16) we have the following

estimation
t
1D (t, ) ey < € (148~ Ro+ s / (L+t—m) g (r)dr, |a]=1—k (25)
0

(8 W pyrmy S cA+8)" 2 Ro+es [ (L+t—7)2¢(r)dr, (26)

() pymy S ¢ +8) P Rt [ (1+t—7)"6(7)dr, (27)

S O~

where
Ry = ||UOHW2“’“(RH) + HUOHLl(R”) + ||U1HL2(Rn) + ”U1||L1(Rn) )
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Ry = [uoll,(gry + luoll L, (rny + HUIHWfok)(Rn + [lull, (gry »

o) =D D%t )yl (b)) +

|a|=l—k
« 0 1-62)
+ ) D%t gy - (2, )Hﬁg Rf + ()T, ey -
la|=l—k
Denote
Ru)) = (140" 3 1D sy s Ro(6) = (L 0% e (&) o
|a|=l—k

R3 (t) = (1 + t)ds ||u (ta ')||L2(R") :
From (25)-(27) we get

Ri(t)<ciRo+cs(1+ )0 [ A+t —7)"Dw(r)L(7)dr, (28)

o .

Ry(t) < coRo+cio(L+ )2 [ (14t —7)"2 4 (1) L (1) dr, (29)

Rs(t) <cyiRi+ca(1+0)% [ A+t —7)" %y (r)L(7)dr, (30)

o\FF O Y~ .

where
v(r)=(1+ T)(91Pd1+(1—'91)17d3) +(1+ 7_)(92Pd1+(1—92)l>d3) +(1+ T)—pd3 ,

L(r) = R{™ (r) RS () + R (r) RS () + RY (7).

At the next step we will use the following statement.
Lemma (see [6]). Let 0 < d < 1. Then

t
d/l—i—t—’l’ (1+7)"dr <c, (31)
0

where ¢ > 0 doesn’t depend on t > 0.
If p > max { &8 + 2,2}, then using (31) the (28), (30) we get

Ry (t) < c7Ro+ c13 sup L(71), (32)
0<r<t

R3 (1) < cgRy + c13 sup L(7), (33)
0<r<t

Denote by R (t) = sup R; (t) + sup R3(t) and taking into account that Ry <
0<r<t o<r<t

c14Ro we get from (32)-(33) that

R(t) <cRy+cRP(t), ¢>0. (34)



Transactions of NAS of Azerbaijan 29
[The asymptotic behavior]

For a sufficiently small Ry the function
f(z)=caP —z+cRy

has a positive root.
Let M be the smallest positive root of function f (z). Then for sufficiently small
Ry from (34) it follows, that

R(t) <M, t>0. (35)
Hence it follows from (35) that the following asymptotic estimation takes place

Z D% (£, ) y(rny < coRo (1 +1)70 ut, M rormy < coRo (1+ t)~%. (36)
|oa=l—k

Taking into account the last estimations in (29) we get
Ry (t) < My(1+41)%77,

where M7 > 0 doesn’t depend on ¢ > 0.
From this we get the following asymptotic estimation

e (8 Mz mmy <L+ (37)

Thus, taking into account (6), (36) and (37), for the solution of the problem
(1)-(2) the apriori estimation (5) is fulfilled.
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