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Nurbala A. SULEYMANOV

INITIAL BOUNDARY-VALUE PROBLEM FOR A

CLASS OF QUASILINEAR SOBOLEV TYPE

EQUATIONS

Abstract

The mixed problem is considered for a class of quasilinear Sobolev type equa-
tions. The existence and uniqueness of local solutions is proved. For some class
of quasilinear equations is also considered for which the corresponding mixed
problem is solvable “in large”.

Let Ω ∈ Rn be boundary domain with smooth boundary Γ. Let’s consider in the
cylinder Q = [0, T ]× Ω the following mixed problem

utt + ak (t) ∆kutt + bl (t) ∆lu = f (t, x, δl−k+su, δsut) , (1)

with the boundary conditions

∆iu (t, x) = 0, (t, x) ∈ [0, T ]× Γ, i = 0, 1, ..., l − 1, (2)

and initial conditions

u (0, x) = u0 (x) , ut (0, x) = u1 (x) , x ∈ Ω, (3)

where δiϑ =
(
ϑ,

∂ϑ

∂x1
, ...,

∂ϑ

∂xn
,
∂2ϑ

∂x2
1

, ...,
∂iϑ

∂xi
n

)
, s ≤ 2k.

When f doesn’t depend on δsut and s = 0 problem (1)-(3) is considered in the
paper [1], where the theorem on local solvability is established.

In the present paper a theorem on local solvability at s ≤ 2k is proved and in
some cases theorems on solvability “in large” are proved.

Let’s determine the number r = r (n, k, s) in the following way:

r =


2n

n+ 2 (2k + s)
, n > 2 (2k + s) ,

1 < r ≤ 2, n = 2 (2k + s) ,
1, n < 2 (2k + s) ,

Assume that the following conditions are fulfilled:
10.s ≤ 2k, k ≤ l.

20.ak (t) = (−1)k a (t) , bk (t) = (−1)k b (t), where a (·) , b (·) ∈ C1 [0, T ]
30. The function f (t, x, ξ, η) is determined for all t ∈ [0, T ], x ∈ Ω, ξ =

{ξα}α=(α1,...,αn)∈Rχ1

|α|≤l−k+s

, η =
{
ηβ

}
β=(β1,...,βn)∈Rχ2

|β|≤s

is continuously differentiable with

respect to (t, ξ, η) ∈ [0, T ]×Rχ1+χ2 , where χ1 = (n+l−k+s)!
n!(l−k+s)! .
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40. Let for all (t, x, ξ, η) ∈ [0, T ] × Ω × Rχ1+χ2 the following estimations be
fulfilled:

|f (t, x, ξ, η)| , |ft (t, x, ξ, η)| ≤ c

 ∑
|α|<l−k+s−n/2

|ξα| ,
∑

|β|<s−n/2

∣∣ηβ

∣∣×

×

g (x) +
∑

l−k+s−n/2≤|α|<l−k+s

|ξα|
p(α)/r +

∑
s−n/2≤|β|<s

∣∣ηβ

∣∣q(β)/r

 ,
where c (·, ·) ∈ C

(
R2

+, R+

)
, R+ = [0,∞) , g (·) ∈ Lr (Ω) and p (α) , q (β) satisfy the

following conditions:

at |α| = l − k + s− n

2
p (α) ∈

[
1
r
,∞
)

;

at |α| < l − k + s− n

2
p (α) ≤ 2n

n− 2 (l − k + s− |α|)
;

at |β| = s− n

2
q (β) ∈

[
1
r
,∞
)

;

at |β| > s− n

2
q (β) ≤ 2n

n− 2 (s− |β|)
.

50. At all (t, x, ξ, η) ∈ [0, T ]×Ω×Rχ1+χ2 the following estimations are fulfilled:

∣∣fξλ
(t, x, ξ, η)

∣∣ ≤ cλ

 ∑
|β|<l−k+s−n/2

∣∣ξβ

∣∣ , ∑
|γ|<s−n/2

∣∣ηγ

∣∣×

×

gλ (x) +
∑

l−k+s−n/2≤|β|<l−k+s

∣∣ξβ

∣∣pλ(β) +
∑

s−n/2≤|γ|<s

∣∣ηγ

∣∣qλ(γ)

 ,
where cλ (·, ·) ∈ C

(
R2

+, R+

)
and pλ (β) , qλ (γ) satisfy the following conditions:

a) if |λ| < l − k + s− n

2
, then

1) gr (x) ∈ L2 (Ω);
2) at |β| = l − k + s− n

2
pλ (β) ∈

[
1
r ,∞

)
and

at |β| > l − k + s− n

2
pλ (β) ≤ 2n

r [n− 2 (l − k + s− |β|)]
;

3) at |γ| = s− n

2
and qλ (γ) ∈

[
1
r
,∞
)

and

at |γ| > s− n

2
qλ (γ) ≤ 2n

r [n− 2 (s− |γ|)]
;

b) if |λ| = l − k + s− n

2
, then

1) gλ (x) ∈ Lq (Ω) q ≥ 1,

2) at |β| = l − k + s− n

2
pλ (β) ∈

[
1
r
,∞
)

and

at |β| > l − k + s− n

2
pλ (β) ≤ 2n

r [n− 2 (l − k + s− |β|)]
;

3) at |γ| = s− n

2
qλ (γ) ∈

[
1
r
,∞
)

and
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at |γ| > s− n

2
qλ (γ) ≤ 2n (1− r)

r [n− 2 (s− |γ|)]
;

c) if |λ| > l − k + s− n

2
1) gλ (x) ∈ L n

l+k−|λ|
(Ω);

2) at |β| = l − k + s− n

2
pλ (β) ∈

[
1
r
,∞
)

and

at |β| > l − k + s− n

2
pλ (β) ≤ 2n− r [n− 2 (l − k + s− |λ|)]

r [n− 2 (l − k + s− |β|)]
;

3) at |γ| = s− n

2
qγ ∈

[
1
r
,∞
)

and

at |γ| > s− n

2
qλ (γ) ≤ 2n− r [n− 2 (l − k + s− |λ|)]

r [n− 2 (s− |γ|)]
60. For all (t, x, ξ, η) ∈ [0, T ]×Ω×Rχ1+χ2 the following estimations are fulfilled

∣∣fηθ
(t, x, ξ, η)

∣∣ ≤ c̃θ

 ∑
|β|<l−k+s−n/2

∣∣ξβ

∣∣ , ∑
|γ|<s−n/2

∣∣ηγ

∣∣×

×

gθ (x) +
∑

l−k+s−n/2≤β<l−k+s

∣∣ξβ

∣∣p̃θ(β) +
∑

s−n/2≤γ<s

∣∣ηγ

∣∣q̃θ(γ)

 ,
where c̃θ (·, ·) ∈ C

(
R2

+, R+

)
and p̃θ (β) , q̃θ (γ) satisfy the following conditions:

a) if |θ| < s− n

2
, then

1) g̃θ (·) ∈ Lr (Ω);

2) at |β| = l − k + s− n

2
p̃θ (β) ∈

[
1
r
,∞
)

and

at |β| > l − k + s− n

2
p̃θ (β) ≤ 2n

r [n− 2 (l − k + s− |β|)]
;

3) at |γ| = s− n

2
qθ (γ) ∈

[
1
r
,∞
)

and

at |γ| > s− n

2
q̃θ (γ) ≤ 2n

r [n− 2 (s− |γ|)]
;

b) if |θ| = s− n

2
, then

1) g̃θ (·) ∈ Lp (Ω) p ∈ [r,∞)

2) at |β| = l − k + s− n

2
p̃θ (β) ∈

[
1
r
,∞
)

and

at |β| > l − k + s− n

2
p̃θ (β) ≤ 2n (1− r)

r [n− 2 (l − k + s− |β|)]
;

3) at |γ| = s− n

2
q̃θ (γ) ∈

[
1
r
,∞
)
,

at |γ| > s− n

2
q̃θ (γ) ≤ 2n (1− r)

r [n− 2 (s− |γ|)]
;

c) if |θ| > s− n

2
, then

1) g̃θ (·) ∈ L n
2k−|θ|

(Ω);

2) at |β| = l − k + s− n

2
p̃θ (β) ∈

[
1
r
,∞
)

and
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at |β| > l − k + s− n

2
p̃θ (β) ≤ 2n− r [n− 2 (s− |θ|)]

r [n− 2 (l − k + s− |β|)]
;

3) at |γ| = s− n

2
q̃θ (γ) ∈

[
1
r
,∞
)
,

at |γ| > s− n

2
q̃θ (γ) ≤ 2n− r [n− 2 (s− |θ|)]

r [n− 2 (s− |γ|)]
;

Let’s determine the Hilbert space Hs = Ĥ l−k+s × Ĥs with the scalar product〈
w1, w2

〉
=
∫
Ω

∇l−k+su1 · ∇l−k+su2dx+
∫
Ω

∇sϑ1 · ∇sϑ2dx,

where wi =

(
ui

vi

)
, ui ∈ Ĥ l−k+s, vi ∈ Ĥs, i = 1, 2;

Ĥm =
{
u : u ∈Wm

2 (Ω) , ∆i u|Γ = 0, i = 0, 1, ...,
(m

2

)}
,
(m

2

)
=
m

2
− 1 if m is

even
(m

2

)
=
[m

2

]
, if m is odd.

Let’s determine also the space H0 = Ĥ2(l−k)+s × Ĥ l−k+s .
Theorem 1. Let conditions 1 0-6 0 be satisfied. Then at any (u0, u1) ∈ H0 there

exists such t0 = ϕ (‖(u0, u1)‖H) that problem (1)-(3) has a unique solution

u (·) ∈ C
([

0, T ′
]
; Ĥ2(l−k)+s

)
∩ C1

([
0, T ′

]
; Ĥ l−k+s

)
∩ C2

([
0, T ′

]
; Ĥs

)
where T ′ ∈ (0, t0] , ϕ (·) ∈ C (R+;R+).

If for solution of problem (1)-(3) a priori estimation

E (t) ≡ ‖u (t, ·)‖Ĥl−k+s +
∥∥u′ (t, ·)∥∥

Ĥs ≤ c (E (0)) , (4)

c (·) ∈ C (R+;R+) is fulfilled then t0 = T . In the other case there exists such
T1 ∈ (0, T ), that

lim
t→T1−0

E (t) = ∞.

Introduce the basic moments of the proof of theorem 1.
Substituting v1 = u, v2 = ut we can lead to problem (1)-(3) the Cauchy problem

wt = L (t)w + F (t, w) (5)

w (0) = w0 (6)

in the Hilbert space H, where D (L (t)) = H0 and at each t ∈ (0, T ) L (t)− ωI gen-
erates the strong continuous construction semi-group in H (ω > 0). The operator
function L (t) is strongly continuously differentiable.

Further, it is proved that F (t, w) satisfies all conditions of the theorem on the
existence and uniqueness of solutions of Cauchy problem in Banach space (see [2]).

We introduce only proofs of fulfillment of Lipschitz local condition:∥∥F (t, w1
)
− F

(
t, w2

)∥∥
H ≤ c

(∥∥w1
∥∥
H ,
∥∥w2

∥∥
H
)
·
∥∥w1 − w2

∥∥
H ,
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at n > 2 (2k + s) , where c (·) ∈ C
(
R2

+;R+

)
.

Let wi =
(
ui, ϑi

)
∈ H0, i = 1, 2,, then∥∥F (t, w1

)
− F

(
t, w2

)∥∥
H ≤

∥∥f (t, δl−k+su
1, δsϑ

1
)
− f

(
t, δl−k+su

2, δsϑ
2
)∥∥

Hs−2k

Using imbedding theorem

Ĥ2k−s ⊂ Lr′ (Ω) ⊂ L2 (Ω) ⊂ Lr (Ω) ⊂ Ĥs−2k,

where r =
n+ 2 (2k + s)

2n
, r′ =

1− r

r
, from the last inequality we’ll get∥∥F (t, w1
)
− F

(
t, w2

)∥∥
H ≤

≤ C
∥∥f (t, δl−k+su

1, δsϑ
1
)
− f

(
t, δl−k+su

2, δsϑ
2
)∥∥

Lr(Ω)
. (7)

From (7) it follows that ∥∥F (t, w1
)
− F

(
t, w2

)∥∥r

H ≤

≤
∫
Ω

∣∣∣∣∣∣
1∫
0

 ∑
|α|≤l−k+s

fξα
(t, uτ , ϑτ )Da (u1 − u2) +

+
∑
|θ|≤s

fηθ (t, uτ , ϑτ )Dθ (ϑ1 − ϑ2)

 dτ
∣∣∣∣∣∣
r

dx,

where uτ = (1− τ)u1 + τu2, ϑτ = (1− τ)ϑ1 + τϑ2.
Hence using conditions 30-40 we’ll get∥∥F (t, w1

)
− F

(
t, w2

)∥∥r

H ≤

≤
∫
Ω

1∫
0

∣∣∣∣∣∣
∑

|λ|≤l−k+s

cλ

 ∑
|h|≤l−k+s−n/2

∣∣∣Dhuτ
∣∣∣ , ∑

|λ|s−n/2

∣∣∣Dλϑτ
∣∣∣
 [gλ (x) +

+
∑

l−k+s−n/2≤|β|<l−k+s

(∣∣∣Dβu1

∣∣∣pλ(β)
+
∣∣∣Dβu2

∣∣∣pλ(β)
)

+

+
∑

s−n/2≤|γ|<s

(
|Dγϑ1|qλ(γ) + |Dγϑ2|qλ(γ)

)×
×
∣∣∣Dλ (u1 − u2)

∣∣∣+ ∑
|θ|≤s

cθ

 ∑
|h|≤l−k+s−n/2

∣∣∣Dhuτ
∣∣∣ , ∑
|λ|≤s−n/2

∣∣∣Dλϑτ
∣∣∣
×

×

g̃θ (x) +
∑

l−k+s−n/2≤|β|<l−k+s

(∣∣∣Dβu1

∣∣∣p̃θ(β)
+
∣∣∣Dβu2

∣∣∣p̃θ(β)
)

+
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+
∑

s−n/2≤|γ|<s

(
|Dγϑ1|q̃θ(γ) + |Dγϑ2|q̃θ(γ)

)Dθ (ϑ1 − ϑ2)

∣∣∣∣∣∣ dτdx. (8)

Further, we’ll show only how addends are estimated from above

Jλ =

1∫
Ω

∫
crλ

0

 ∑
|h|≤l−k+s−n/2

∣∣∣Dhuτ
∣∣∣ , ∑
|λ|≤s−n/2

∣∣∣Dλϑτ
∣∣∣
×

×
∑

l−k+s−n/2≤|β|<l−k+s

∣∣∣Dhu1

∣∣∣pλ(β)r ∣∣∣Dλ (u1 − u2)
∣∣∣r dxdτ.

Other addends are estimated analogously.
Allowing for m > n

2 Ĥ
m ⊂ C

(
Ω
)

from the last we’ll get:

Jλ ≤ ϕτ
λ

(
‖uτ‖Ĥ l−k+s , ‖ϑτ‖Ĥ s

)
×

×
∑

l−k+s−n/2≤|β|<l−k+s

∫
Ω

∣∣∣Dβu1

∣∣∣pλ(β)r ∣∣∣Dλ (u1 − u2)
∣∣∣r dx,

where ϕλ (·, ·) ∈ C2
(
R2

+;R+

)
.

In case |λ| < l − k + s− n

2
we have the following estimation:

Jλ ≤ ϕτ
λ

(
‖uτ‖Ĥl−k+s , ‖ϑτ‖Ĥs

)
×

×‖u1 − u2‖Ĥl−k+s

∑
l−k+s−n/2≤|β|<l−k+s

∫
Ω

∣∣∣Dβu1

∣∣∣pλ(β)r
dx.

In view of condition 50 at |β| = l − k + s − n

2
pλ (β) ≥ 1

r
and at |β| =

l − k + s− n

2
pλ (β) ≤ 2n

r [n− 2 (l − k + s− |β|)]
.

Therefore using imbedding theorem

H l−k+s−n/2 ⊂ Lpλ(β)r (see [3])

from (8)-(9) we’ll get that

Jλ ≤ ψr
(∥∥w1

∥∥
Hs
,
∥∥w2

∥∥
Hs

)
‖w1 − w2‖H ,

where ψ (·, ·) ∈ C
(
R2

+;R+

)
.

Other addends are estimated analogously.
Thus, for problem (5)-(6) all conditions of theorems on the existence and unique-

ness of Cauchy problem are fulfilled for quasilinear hyperbolic equations in Hilbert
space H (see [2]).

Now let’s consider some class of nonlinear functions f for which for solutions of
corresponding mixed problem a priori estimation (4) is fulfilled.
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70. Let s ≥ k.
80. Assume that G1 and G2 are some Banach spaces, moreover Ĥ l−k+s ⊂

G1, Ĥ
s ⊂ G2. Let at any u ∈ C

(
[0, T ] ; Ĥ2(l−k)+s

)
∩ C1

(
[0, T ] ; Ĥ l−k+s

)
∩

C2
(
[0, T ] ; Ĥs

)
the following one-sided and two-sided estimations are fulfilled:

t∫
0

∫
Ω

f (τ , x, δl−k+su (τ , x) , δsuτ (τ , x))uτ (τ , x) dxdτ+

+c1 ‖u (τ , ·)‖p1

G1
+ c2

t∫
0

‖u (τ , ·)‖p2

G2
dτ ≤ c3+

+c4

t∫
0

∫
Ω

(∣∣∣∇lu (τ , x)
∣∣∣2 dx+

∣∣∣∇kuτ (τ , x)
∣∣∣2) dx+ c1 ‖u (τ , ·)‖p1

G1

 dτ ,
where c1, c2, c3, c4 ≥ 0;

‖f (t, x, δl−k+su (t, x) , δsut (t, x))‖Ĥj ≤

≤ c
(
‖u‖G1

, ‖uτ‖G2
, ‖u‖Ĥk+j−1, ‖ut‖Ĥk+j−1

) [
1 + ‖u‖Ĥl−k+j + ‖ut‖Ĥk+j

]
j = 1, 2, ..., j0, j0 ≥ s− k

Theorem 2. Let conditions 1 0-8 0 be satisfied. Then at any (u0, u1) ∈ H0

problem (1)-(3) has a unique solution

u ∈ C
(
[0, T ] ; Ĥ2(l−k)+s

)
∩ C1

(
[0, T ] ; Ĥ l−k+s

)
∩ C2

(
[0, T ] ; Ĥs

)
.

Consider nonlinear equation in the domain [0, T ]× Ω

utt + (−1)k ∆kutt + (−1)l ∆lu = ϕ (u) + ψ (ut) + h (t, x, u, ut) (9)

with boundary conditions (2) and with initial conditions (3).
Assume that the following conditions be satisfied
1. k ≤ s ≤ 2k, k ≤ l.
2. ϕ and ψ are continuously differentiable functions.
9. Let the following one-sided estimations be satisfied:

u∫
0

ϕ (τ) dτ ≤ −η1 |u|
ρ1+1 + η2 |u|

2 + η3,

u∫
0

ϕ (τ) dτ ≤ −η1 |u|
ρ1+1 + η2 |u|

2 + η3,
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and for all (t, x, u, ϑ) ∈ [0, T ]× Ω×R2 the following estimations be satisfied

|h (t, x, u, ϑ)| ≤ c

(
1 + η1ξ1 |u|

(ρ1+1)(ρ2+1)
ρ2 + η1 |u|

ρ1+1
2 + ξ1 |ϑ|

ρ2+1
2

)
,

where ηi ≥ 0, ξi ≥ 0, i = 1, 2, 3, c > 0, ρ1, ρ2 ≥ 0.
3. At n ≥ 2 (l − k + s) the following two-sided estimations be satisfied:

|ϕ (u)| ≤ c (1 + |u|pn) ,∣∣ϕ′ (u)∣∣ ≤ c
(
1 + |u|p

′
n

)
,

where c > 0, p2(l−k+s) ∈ [1;∞) , p′2(l−k+s) ∈ [1;∞) and at n > 2 (l − k + s) ,

pn ≤
2n

[n− 2 (l − k + s)] r
, p′n ≤

2n− r [n− 2 (l − k + s)]
[n− 2 (l − k + s)] r

.

4. At n ≥ 2s the following two-sided estimations be satisfied:

|ψ (ϑ)| ≤ c (1 + |ϑ|qn) ,∣∣ψ′ (ϑ)
∣∣ ≤ c

(
1 + |ϑ|q

′
n

)
,

where c > 0, q2s ∈ [1;∞) and at n > 2s, qn ≤
2n

(n− 2s) r
, q′n ≤

2n− r (n− 2s)
(n− 2s) r

.

5. h (t, x, u, ϑ) is continuously differentiable function in the domain [0, T ]×Ω×R2.
6. At l − k + s− n

2
> 0, s− n

2
≤ 0 the following estimation is fulfilled:

|h (t, x, u, ϑ)| , |ht (t, x, u, ϑ)| ≤ c (u) (1 + |ϑ|q) ,

where c (·) ∈ C1 (R) at s− n

2
= 0 q ∈

(
1
r
,∞
)

and at s− n

2
< 0 q ≤ 2n

(n− 2s) r
.

At l − k + s− n

2
= 0

|h (t, x, u, ϑ)| , |ht (t, x, u, ϑ)| ≤ c (1 + |u|p + |ϑ|q) ,

where c > 0, p ∈
[
1
r
,∞
)

and q ≤ 2n
(n− 2s) r

.

At l − k + s− n

2
< 0

|h (t, x, u, ϑ)| , |ht (t, x, u, ϑ)| ≤ c (1 + |u|p + |ϑ|q) ,

where c > 0, p ≤ 2n
[n− 2 (l − k + s)] r

, q ≤ 2n
(n− 2s) r

.

7. At l − k + s− n

2
> 0, s− n

2
≤ 0 the following estimation is fulfilled:

|ht (t, x, u, ϑ)| ≤ c (u) (1 + |ϑ|q) ,

where c (·) ∈ C (R) at s− n

2
= 0 q ∈ [1,∞), and at s− n

2
< 0 q ≤ 2n

(n− 2s) r
.
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At l − k + s− n

2
≤ 0 the following estimation is fulfilled∣∣h′u (t, x, u, ϑ)

∣∣ ≤ c (1 + |u|p + |ϑ|q) ,

where at l − k + s− n

2
= 0, s− n

2
= 0 p ∈ [1,∞) and q ∈ [1,∞),

at l − k + s− n

2
= 0, s− n

2
< 0 p ∈ [1,∞) and q ≤ 2n

(n− 2s) r
,

at l − k + s− n

2
< 0

p ≤ 2n− r [n− 2 (l − k + s)]
[n− 2 (l − k + s)] r

, q ≤ 2n− r [n− 2 (l − k + s)]
(n− 2s) r

.

8. At l − k + s− n

2
≥ 0, s− n

2
≤ 0 the following estimation is fulfilled:∣∣h′ϑ (t, x, u, ϑ)

∣∣ ≤ c (u) (1 + |ϑ|q)

where c (·) ∈ C (R) at s− n

2
= 0, q ∈ [1,∞) , and at s− n

2
< 0 q ≤ 2n

(n− 2s) r
.

At l − k + s− n

2
≤ 0 and s− n

2
≤ 0 the following estimation is fulfilled∣∣h′ϑ (t, x, u, ϑ)
∣∣ ≤ c (1 + |u|p + |ϑ|q) ,

where c > 0 at l − k + s− n

2
= 0, s− n

2
= 0 p ∈ [1,∞) and q ∈ [1,∞),

at l − k + s− n

2
< 0 p ∈ [1,∞) and q ≤ 2n

(n− 2s) r
,

at l − k + s− n

2
< 0 p ≤ 2n− r (n− 2s)

[n− 2 (l − k + s)] r
, q ≤ 2n− r (n− 2s)

(n− 2s) r
.

From foregoing conditions follows the following theorem on solvability “in large”.
Theorem 3. Let conditions 1 0-8 0 be satisfied. Then at any (u0, u1) ∈ Ĥ2(l−k)+s×

Ĥ l−k+s problem (9), (2), (3) has a unique solution

u ∈ C
(
[0, T ] ; Ĥ2(l−k)+s

)
∩ C1

(
[0, T ] ; Ĥ l−k+s

)
∩ C2

(
[0, T ] ; Ĥs

)
.
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