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INITIAL BOUNDARY-VALUE PROBLEM FOR A
CLASS OF QUASILINEAR SOBOLEV TYPE
EQUATIONS

Abstract

The mized problem is considered for a class of quasilinear Sobolev type equa-
tions. The existence and uniqueness of local solutions is proved. For some class
of quasilinear equations is also considered for which the corresponding mized

problem is solvable “in large”.

Let 2 € R™ be boundary domain with smooth boundary I'. Let’s consider in the
cylinder @ = [0,7] x € the following mixed problem

ugy + ag (1) AFuy + by (1) Alu = f (¢, 2,61 _prsu, 65uz) , (1)
with the boundary conditions
Alu(t,z) =0, (t,z) € [0,T] xT, i=0,1,...,1 — 1, (2)
and initial conditions

uw(0,2) =ug (z), u (0,2) =uy (z), v €Q, (3)

o0 o9 0% 0"
here ;0 = (9, =~ . 22 gV gV
where < 0z Oxy, 8$% oxt,
When f doesn’t depend on dsus and s = 0 problem (1)-(3) is considered in the

paper [1], where the theorem on local solvability is established.

s < 2k.

In the present paper a theorem on local solvability at s < 2k is proved and in
some cases theorems on solvability “in large” are proved.

Let’s determine the number r = r (n, k, s) in the following way:

2n
n+2(2k +s)
"=y 1<r<2 n=202k+s),
1, n<2(2k+s),

, n>22k+s),

Assume that the following conditions are fulfilled:

195 <2k, k<L

2.ai, (1) = (—1)%a(t), b (t) = (—1)Fb(t), where a(-), b(-) € C1[0,T]

30, The function f(t,2,&,n) is determined for all t € [0,T], z € Q, & =

{€atam(ar,amerx s 1 = {ng}p=(s,...8,)crx> is continuously differentiable with
|| <l—k+s 1BI<s

respect to (t,&,m) € [0,T] x RX\1TX2 where x; = %Elf_im
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49, Let for all (t,x,&,m) € [0,T] x @ x RX17X2 the following estimations be
fulfilled:

|f(tvx7§7n)|7 |ft (ta%fﬂ?)’ <c Z |§o¢‘7 Z {T]ﬁ| X

|a|<l—k+s—n/2 |Bl<s—n/2

X |g(z)+ Z €, [P/ 4 Z ‘nﬂ‘q(ﬁ)/r ,

l—k+s—n/2<|a|<l—k+s s—n/2<|Bl<s
where ¢ (-,-) € C(R%,Ry), Ry =1[0,00), g(-) € Ly () and p (a), ¢ (B) satisfy the
following conditions:

1
at \oc\:l—k—i-s—2 p(a) € [r,oo>;

2
n 2n
t l—k — =
at |a| < +s 5 p (@) S0—khts—Ja)’

n

50. At all (¢, x,¢, 77) [O T] x 0 x RX11X2 the following estimations are fulfilled:

< -
at\ﬁ\—s—gq [ )
o
n—2(s—|B)

|fe, (t,2,&m)] < e Z €sl Z I, ] *

|B|<l—k+s—n/2 |v|<s—n/2
x| ox (@) + Z }ég‘m(ﬁ)+ Z Myrn(v) :
l—k+s—n/2<|B|<l—k+s s—n/2<|y|<s

where ¢y (+,) € C (R_2H R+) and py (8), g () satisfy the following conditions:
a) if |\ <l—k+s—g, then
1) gr (x) € L2 (Q);

2) at |ﬂ]:l—k+s—g pr(B) € [%,00) and

n 2n
8> 1=k +s =5 pa(8) < g s
3) at || :s—gand () € [i,oo) and
at | > 5= 5 () S

2 r[n—=2(s =)

b) if|)\|:l—k+s—g,then
1) ga(z) € Lg () g =1,

2)at|ﬁ|:l—k:—i—s—g p,\(ﬁ)e[l,oo) and

at\ﬁ\>l—k+s—g S

3) at [y = s 1 [ )

20—k +s— 8]
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2n(l1—r)
rin=2(s -’

n
at 9] > s— 5 o (7) <
c) if|>\|>l—k+s—g
1) gr(2) € L ();

2)at\ﬁ\:l—k+s—g pA(ﬂ)E[,oo> and

n 2n—rn—-2(1—-k+s— )]
wlf>i-k+s—5  m@=s—mSr e om
Hathl=s-5 e Eoo) and

n 2n—rn—2(1—k+s—|A)]
at [y > s — 5 o (7)< rn—2(s—[7])]

6°. For all (t,2,&,n) € [0,T] x Q x RX17X2 the following estimations are fulfilled

|fn9<t,a:,5,n>|<ée( > el Do }m)x

1Bl<l—k+s—n/2 |v|<s—n/2

% |:g€ () + Z \gﬁ{”9(5)+ Z %{59(7)] ’

I—k+s—n/2<B<l—k+s s—n/2<y<s
where & (-,+) € C (R%, Ry) and pg (B), Go (7) satisfy the following conditions:
a)if || < s— ﬁ, then
1) go (-) € Lr (2);
2)at B =l—k+s—2 po(B) e [ioo) and

2
n 2n
t b—k+s—3 Po (f) = |
1
Dathl=s—5 w0)e [T’OO> .
n . 2n
at|’Y‘>S_7 qG(W)S

2
b) if |§] = s — %, then
D) go(-) € Ly () pelr,0)
2)3Lt\ﬁ|:l—k—i—s—E ﬁg(ﬂ)e[l,oo> and

2
at |8 >1—k+s— 2  pe(B) < 2n(1 1)

2 rin—20—k+s— |6
Bathl=s-5  @0e|n).
ath>s—0 gy < ——2ni=n

2
c)if |0] > s — g, then

1) 9o (-) € L= (Q);

2k—10]

2) at |ﬁ|:l—k‘—|—s—g Do (B) € [i,oo) and

rin—2(s — )’
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at\ﬁ|>l—k+s—ﬁ 5o (8) < 2n—rn—2(s—|0|)] .

2 X rin—=2(1—-k+s—18])]
3) at |’y]:s—g go (7) € [r,oo>,
whi>s-f < T 2 T

Let’s determine the Hilbert space Hs = H=k+s % H® with the scalar product

(w',w?) = / ViTEtsuy - VRS da + / VoY - VEadr,
Q Q

(%

. U N N
where w' = ( ’ ), u; € HFES v, e HS, i =1,2;

H™ = {u:uEW{”(Q), Al ulp =0, i:O,l,...,<m>},<m) =" titmis

m m 2 2
even <§> = [5}, if m is odd.
Let’s determine also the space Ho = H2(-F)+s 5 fi=k+s
Theorem 1. Let conditions 1°-6° be satisfied. Then at any (ug,u1) € Ho there

exists such to = ¢ (||(uo,u1)ll4) that problem (1)-(8) has a unique solution
u() e C ([0, 7] B2H) et (Jo, 7] A74) ne? (o,77] %)

where T" € (0,t0], ¢ (-) € C(Ry; Ry).

If for solution of problem (1)-(3) a priori estimation
E () = [lu(t, )| grores + [Ju' (& )] o < e (E(0)), (4)

c(-) € C(R4;Ry) is fulfilled then t9 = T. In the other case there exists such
T € (O,T), that

lim FE(t) = oc.
t—T1—0

Introduce the basic moments of the proof of theorem 1.

Substituting v; = u, v2 = u; we can lead to problem (1)-(3) the Cauchy problem
we=L({t)w+ F (t,w) (5)

w (0) = wo (6)
in the Hilbert space H, where D (L (t)) = Ho and at each t € (0,7") L (t) —wI gen-

erates the strong continuous construction semi-group in ‘H (w > 0). The operator
function L (t) is strongly continuously differentiable.

Further, it is proved that F (¢,w) satisfies all conditions of the theorem on the
existence and uniqueness of solutions of Cauchy problem in Banach space (see [2]).

We introduce only proofs of fulfillment of Lipschitz local condition:

1 (8 w") = F (t0) [y, < e ([0l w?lly) - [lw' = [,
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at n > 2(2k + s), where ¢ (-) € C (R%; Ry).
Let w' = (u’,9") € Ho, i = 1,2,, then

177

HF (tu wl) —F (t7w2) HH < Hf (ta 5l—k+su17 55191) - f (tu 5l—k+su2758192)‘

Hs—2k
Using imbedding theorem
H?*=5 ¢ L, (Q) C Ly (Q) € L, (Q) € A2,
where r = nt?2 ;ik + S), r = L ; T, from the last inequality we’ll get
|7 (ko) = F (1) | <
< C|f (8 81-krsut, 050%) = f (b, 01t 659°) || - (7)

From (7) it follows that

1 (8, wh) = F (,w0?)[f3, <

1
< é { Z fga (t,u™,97) D* (u1 — ug) +

|a|<l—k+s
r

+3° fuo (t,u7,97) DY (91 — ) | dr| d,

6]<s

where u” = (1 — 7)uy + rug, 97 = (1—7)d1 + 7.
Hence using conditions 3%-4% we’ll get

1F (8, wh) = F (t,w?)[f3, <

1
J[ T ol ¥ jov]. X P s+
070 |N<—k+s  \|h|<i—kts—n/2 INs—n/2
B) B)
+ Z <‘D’6u1pA ‘ ﬁUQPA >+
l—k+s—n/2<|B|<l—k+s

+ Y (|D7191|Q>\(7)+|D7192’¢ZA(’7)) %
s—n/2<]y|<s

X

x |D* (Ul—u2>’+ Zce Z ‘DhuT , Z ‘D)‘W

0)<s  \|h|<i—k+s—n/2 IA|<s—n/2

X | gg (x) + Z (’Dﬂm ﬁg(ﬁ)) +

l—k+s—n/2<|B|<l—k+s

Po(B)

+ ‘DﬁUQ
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+ Y (ypwlriem+|Dn92\‘?9<7>) DY (9 — 9)| drda. (8)
s—n/2<]y|<s

Further, we’ll show only how addends are estimated from above

1
J)\://C;\ 3 ‘DhuT‘, 3 ’DWT X
Q" 0 |h|<l—k+s—n/2 IN|<s—n/2
pA(B)r r
X Z ‘Dhul g A (ug — ug)| dxdr.
l—k+s—n/2<|B|<l—k+s
Other addends are estimated analogously.
Allowing for m > & H™C C (ﬁ) from the last we’ll get:
In < Q% (1™l g imes s 1071 <)
px(B)r T
X Z /‘D’gul g D (up —ug)| dz,
l—k+s—n/2<|B|<l—k+sQ
where ¢, (-,-) € C* (R%; Ry).
In case |A| <l —k+s— 5 Ve have the following estimation:
In < Q% (1™l g s 1971l o)
pA(B)r
X HUI - U2Hg17k+s Z ’Dﬁul xT.

l—k+s—n/2<|B|<l—k+s0)
1
In view of condition 5° at |3] = | — k + s — n o (B) > - and at |f] =

2
n 2n
I—kts—5 mB) s a0

Therefore using imbedding theorem

H7Rsmm2 L gy (see [3])
from (8)-(9) we’ll get that

n<w (|

|

||, ) llwn = sl

H’

where ¥ (+,-) € C (R3; Ry).

Other addends are estimated analogously.

Thus, for problem (5)-(6) all conditions of theorems on the existence and unique-
ness of Cauchy problem are fulfilled for quasilinear hyperbolic equations in Hilbert
space H (see [2]).

Now let’s consider some class of nonlinear functions f for which for solutions of

corresponding mixed problem a priori estimation (4) is fulfilled.
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79, Let s > k.
80, Assume that G; and Go are some Banach spaces, moreover Hi-kts <
Gi, H® C G, Let at any u € C([O,T]; flz(l_k)“) N et ([O,T];ﬁl_k+s) N

C? ([0, T); H S) the following one-sided and two-sided estimations are fulfilled:

t

//f (1,2, 01—gtsu (T,2) , dsur (T,2)) ur (1, 2) dedr+
Q

0

t
+QMNﬂN%;Hh/WMﬂN%MTSQ+
0

t
2 2
+C4/ / (’Vlu (T,l‘)‘ dx + ’VkuT (T,.’L‘)’ ) dx + 1 ||u (T, )Hzél1 dr,
0 Q
where c¢1, ¢2, c3,c4 > 0;
||f (ta €, 5l—k+8u (t7 1’) ,(55'&75 (ta :E))||]:[7 <

< ¢ (hullgy > Nurllgy el gues—s, ol gasss ) [+ el guees + el s
J=12,..J0, jo = s—k

Theorem 2. Let conditions 1°-8° be satisfied. Then at any (ug,u1) € Ho
problem (1)-(3) has a unique solution

nxe ([O,T] : ﬁ2<l—k>+s) nc! ([O,T] ;ﬁﬂ—’ﬁs) ne? ([o, 1] H) .
Consider nonlinear equation in the domain [0,T] x
w4 (=1)% AFuy + (=) Alu = ¢ (u) + ¢ (w) + b (8, 2,0, up) 9)

with boundary conditions (2) and with initial conditions (3).
Assume that the following conditions be satisfied
1. k<s <2k k<L
2. ¢ and 1) are continuously differentiable functions.

9. Let the following one-sided estimations be satisfied:
u
/90 (T)dr < =y [ul " g [ul® + 1,
0
u

/ﬁp (r)dr < —ny Jul” ' + 0y [uf® + 1,
0
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and for all (¢, z,u,9) € [0,T] x © x R? the following estimations be satisfied

(p1+1)(p2+1)

p1t1 pat1
Wtz u,d) <c{T+mélul 2 Fnlul 2 +& 92 ),

where n; Z 0, 52 Z 0, 1= 1,2,3, c > O, P11, P2 Z 0.
3. At n > 2(l — k + s) the following two-sided estimations be satisfied:

o ()] < (X +Juf),

¢ ()] < e (1+[ul™),

where ¢ > 0, pyg_pts) € [1500), pé(lfkﬂ) € [l;00) and at n > 2 (I—k+s),
pu < 2n ’p%_Qn—r[n—2(l—k+s)]
mn—2(1—-k+s)r n—2(1—-k+s)]r
4. At n > 2s the following two-sided estimations be satisfied:

[ (@) < e +[J™),

' )] < e (1+191%),

2n , _2n—r(n—2s)
o S T o
(n—2s)r (n—2s)r
5. h(t,x,u,) is continuously differentiable function in the domain [0, T]x Qx R2.

6. Atl—k+s— g >0, s— g < 0 the following estimation is fulfilled:

where ¢ > 0, g2s € [1;00) and at n > 2s, g, <

(2w, 9)] 5 (e (82w, 9)] < e (u) (1+[9]%),

2n
(n—2s)r

3

1
where ¢ () € C' (R) ats—§:0 qe <,oo>andats—z<0q<
r

Atl—k—i—s—gzo

1 (tyz,u, D)) (e (8 2w, 9)] < e (14 [ul” + [9]),

1 2
where ¢ >0, p € |-, andqgin.
r (n—2s)r

Atl—k+s—g<0

(2w, )], [he (82,0, 9)] < e (L+ [uf” + [9]9),
2n < 2n
n—2(1—k+s)]r’ 7= (n—2s)r

7. At l—k+s— g >0, s— g < 0 the following estimation is fulfilled:

where ¢ > 0, p <

|ht (tvl‘vua 19)| < C(u) (1 + ’19|q) )

2n

Wh@I‘GC(‘)GC(R)ats—g:O qe[l,oo),andats—g<0 qgm
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Atl—k+s— g < 0 the following estimation is fulfilled
|1 (8w, 9)] < e (14 [ul” + [9]),

whereatl—k+s—g:O, s—g:() p € [1,00) and ¢ € [1,00),
2n

n n
tl—k4+s——-= - = 1 dg< ———
a S 5 0, s 2<O pe[ ,oo) and q (n 25)7“’

atl—k+s—g<0

2n—rn—2(1—-k+s)] 2n—rn—2(1—k+ s)]
b= n—2(1—k+s)r 4= (n—2s)r '

8. Atl—k+s— g >0, s— g < 0 the following estimation is fulfilled:

|1y (.2, u,9)] < e (u) (14 [0]9)

2n
(n—2s)r
Atl—k+s— % <0and s— % < 0 the following estimation is fulfilled

where ¢(-) € C'(R) ats—g:O,qE[1,00),andats—g<0 g <

by (t, 2,u,9)| < c(1+|ul’ + |9]9),

Wherec>0atl—k‘+s—g:0, s—g:O p € [l,00) and ¢ € [1, 00),

n 2n
tl—k+s—— 1 dg< ——F——
a +s—5 <0 pelloo)an L P et
n 2n —r(n — 2s) 2n —r(n — 2s)
tl—k+s——<0 p< <
? teTg s p‘[n—2(l—k+s)]r’ 7= (n—2s)r

From foregoing conditions follows the following theorem on solvability “in large”.
Theorem 3. Let conditions 1°-8° be satisfied. Then at any (ug,uy) € H2(-F)+sx
HI=K+s problem (9), (2), (3) has a unique solution

we <[0,T] : FIZ(H“)*S) ncl ([O,T] ;ﬁl*’f“) nC? ([o, T H) .
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