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Fakhraddin A. NAMAZOV

THE INVERSE SCATTERING PROBLEM FOR A
SYSTEM OF FIRST ORDER ORDINARY
DIFFERENTIAL EQUATIONS ON A SEMI-AXIS
WITH THE SAME INCIDENT WAVES

Abstract

In the paper we study the inverse scattering problem for the system n > 3
of ordinary differential equations on a semi-axis with n — 1 same velocities

1. The scattering problem. On a semi-axis x > 0 let’s consider the system
n > 3 of the first order ordinary differential equations of the form

=1 - (1)

The inverse scattering problem on a semi-axis for a system of Dirac equations
in self-adjoint case was studied in the papers [1,2,5], in the self-adjoint case in the
paper [4], on the axis - in [3]. The inverse scattering problem on the axis for a system
of first order system of equations was studied in the papers [6-10], on a semi-axis
for £, # &; (k # j) (in particular cases) - in [11] and in other papers. When n = 3,
the inverse scattering problem was investigated in [12].

It is assumed coefficients of system (1) are complex-valued, measurable, bounded
functions and satisfy the coefficients

lckj ()| < ce™, >0, c=const. (2)

Let’s consider on the semi-axis n — 1 the problem: the k-th problem is in funding
the solution of system (1) on the given asymptotics

lim yé“ (x, ) et — Aj, j=12,...,n—1, (3)

T—+00

and satisfying the boundary condition
YR (0,0) =yr (0,N), k=1,2..n—1, (4)

The joint consideration of these m — 1 problems is said to be the scattering
problem for system (1) on a semi-axis.

Theorem 1. Let the coefficients of system (1) satisfy conditions (1) and X
be a real number (Im A =0). Then there exists a unique bounded solution of the
scattering problem on a semi-axis for a system of equations (1).

Proof. The scattering problem is equivalent to the following system of integral
equations

vy (2, 0) = A;e™47 40 [ Zl (& = &) cip (1) y) (7) P Tar,
xr p=
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j=1,2,..,n—1

. +oo n .
yE (2, )) = Bpe™on® 4 [ 21 (& —&p) Cnp (7) y’; (1) eXén@=T) g (5)
xr p=
where
to& k i T
BkZAk-Hf[zl(fk—ﬁp)ckp(ﬂyk(ﬂe Hdr—
T p=

— (fn — fp) Cnp (T) y]’; (1) 6—0\5”7} dr, k=1,2,...n—1.

The existence and uniqueness of the solution of a system of equations (5) in the
class of bounded functions follows from the sequential approximation method. The
theorem is proved.

By conditions (2) from (5) we get

lim y* (z,\)e?n® =By, (k=1,2,..,n—1). (6)

T—+00

By theorem 1, to each vector A = (A1, Ao, ..., An,l)t there correspond the solu-
tion of system (5). By (6) these n—1 solutions determine vector B—(By, B, ..., B,_)".

The matrix S (\) = ||.S;; ()\)H:L;:ll transferring the vector A to B will be said to be

the scattering matrix for system (1) on the semi-axis
S(\)A=B. (7)
Later on, for simplicity we’ll take {; = ... =¢,-1 = -1, ¢, = 1.

2. Transformation operators. We can express the bounded solution of system
(1) on a semi-axis by the following vector-function:

g' (z,A) = {yl (0,0) €2, .. yn_1 (0, X)€%, y,, (0, \) e*W} ’

gF (z,\) = {A1e7, A1y (0,0) €,
oo Une1 (0, X) €% g, (0, X) e7122)
k=23, ..mn;
gz, ) = {Alei)\x’ m?An_lei)\x,Be—i)\x}y

gn+k (z,\) = {y1 (0, \) ei)\z,
s Y1 (0, ) e AL A1, Be_i)‘x}

k=2,..,n—1;
g7 (2.2) = {y1 (0.0 €™, oyt (0,0) €2, Bem | (8)
Lemma 1. Let the coefficients of the system of equations (1) be bounded func-
tions and satisfy conditions (2). Then for each bounded solution it holds the integral
representation

p (2, 0) = gy (2, 0) + X [ Gy (w,7) € dry; (0,)), (9)

J

n

L=

1
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yp (2,0) = gk (2,\) +

A ZGm z,7) g} (T, \) dr, (2 <k <n—1), (10)

—o0 j=1

Yp (2, ) = g (x, ) +

LT 2 (z,7) g7 (T,A)dwrj Gn (2, 7) gl (7, \) dr (11)

—00 j=

+oon—1
yp (x, N) = ggH T, A) + f Z G"+1 )g;”'H (1, \)dr+

+ [ G (z,7) gZH (1, \)dr, (12)

+oon—1
yp (T, \) = gch (x,\) + f Z Gn+k (x,7) g;H'k (1,\)dr+

f GtF (@, 7) gt (1, N dr,  (k=2,.,n—1); (13)

yp (2, N) = g2 (z, A) +

+oon—1
+ [ Z G2 (x,7) g™ (1, A) dr + f Gl (x,7) g2 (7, ) dr, (14)
z j=1
The proof of this lemma is carried out similar to the paper [11].
Theorem 2. Let the coefficients of system (1) satisfy conditions (2). Then the
scattering matriz S (\) admits the analytical factorization

L+ Gl () =Gt (V) 0
n+1 _ o+l
S (A) — 0 1+ Gn n— ()‘) GQ,n— ()‘)
0 0
0
0
X

1+Gptt (A) G”H (\)

n—1ln—

TGN = GrE () Gl ) = Gt ()
Gy (N =GRt () 1+GR () - GREl (V)
Gl (A ) Gt () Gl (A ) Gioy ()
G?Ii 1+ (A) = GZ?& 1+ (A)
Gonirr (V) =GRl (V)

+ G N = GL )

n,n—1—
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and the function Si1 () admits the factorization

sn=(1H Ol -Gl M) (G -G ), (9

n,n— 1,n

S () = (L+CH2 ) (1- G2 ) (1- G52 (V) (1+GH_ (V)

nn+ nn—
(17)

where

0
G = / G (0,4) eMdt,

+oo
G () = / G (0,1) M.
0

Proof. From integral representation (12), allowing for boundary conditions (4),
we have:

—1
By=(1+ Gl ) = GIEL ) [(1+ G () - Gt () A+

1,n—

+ (GHE ) = Gt ) A+ (G ) = Gail (V).
-1
B=(14+ Gl () = GEEL ) (G () = Gatl (V) A+
+ (Ghay (V) =GRt (V) g+ 4 (14 Gl (V) =GRl (V) At
ot (G ) =GRl (V) Ana),

—1
By = (1+Gil () =Gl ) [(Git () = Gl () Ar+

(Gl ) = G ) Ao+ (T GREL L1 (V) = Giil iy () A,

Then from definition of scattering matrix (7) we get equality (15). Equality (16)
follows from (15). Factorization formula (17) is obtained from representations (11)
and (13) (for £ = 2). Indeed, from these representations for A = A3 = ... = A,_1 =
0 =0 and y; (0,\) = yi (0, \) we have:

yi(0,0) = (1 -G, - (V)7 (1+ G- (V) Ay

(0,0 = (1- G2 (0) 7 (14 G2 (V) By,

nn+

Consequently

Bi=(1+GH20) " (1-GE W) (1- G () (1= G (V) A,

i.e.

S ) = (1+GmZ ) (1= GrE M) (1= Grn ) (1= G- V) -
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The theorem is proved.

3. The inverse scattering problem. The inverse scattering problem for
system (1) is in the restoration of coefficients of equations by the known scattering
matrix S (\) of the problem on a semi-axis.

The inverse scattering problem on a semi-axis is reduced the inverse problem for
system (1) on the axis with additional condition that the coefficients equal zero for
x < 0.

Theorem 3. Let S(\) be the scattering matriz for system (1) with coeffi-
cients cgp (), cuk () (k=1,2,...,n — 1) satisfying conditions (2) and the functions
det S(N), 1+GEL () = GEL () (k=1,2,.,n—1) 1= G2,_ (\), 1+ G _(N),

1-— GZﬁ (A), 1+ G2 (N) have no zero (the zeros of the problem are absent).

Thus, the scattering matrix on the axis

In—

LG O GG ) GREO)
GHIN) 1+ NG ) Ga )

(18)

Gl (N Gt (V.G () 1+ ant (Y
is uniquely determined by the elements of scattering matriz S () and factoriza-
tion elements.
Proof. From relation (15) by the Riemann Hilbert problem we find the factor-
ization multipliers

GIFL(N) = G () = g (V)

Gt N =GN =gie V), Gl (V) = Gigl (N = grar (V)
G;;;l_H N =Gt (N =gkm1+ V), k=12,..,n—1 (19)

Their total number is (n — 1) n. From (19) we have:

Gl (A) = G (N) = grn— (V)

G () = G () = g1t (V)
GZE N =GN+ g V) —gnus (N, k=2,...,n—1  (k#1,n),
Gzt (A) = Gl (V) = ga24 (V) (20)
GZ;_J: ()\) = Gg;_—f—l ()\) + gka+ ()‘) — 922+ ()\) ) k= 1737 sy T — 1 (k 7& 2177’) )
GZ,J;Llfl%» ()\) = Gzt%,nfl#» ()‘) —On—-1,n—1- ()‘) 3
GZT# (A) = Gztin—H— (A) + Jkn—1+ (A) = gn—-1,n—14 (A) ,
Taking these values into account in equality (12), we get
ke{l,2,...,n}\{n—1,n}.

y1(0,0) = (1+ GIE (V) Ar + (Go () + grar (A) — goo (V) Ag + .+
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+ (Gzi%,n—l-&- (A) + J1n—1+ ()‘) —9In—1n—1+ ()‘)) Apq + (Gzzl ()‘) — 9in— ()‘)) B,

uk (0,2) = (GT (A) + g (A) — g1 (V) A+
+ (G32++1 (A) + gro+ (A) = g22+ (V) + ...+

+ (Gzi—in—w (A) + gkn—1+ (A) = gn—-1,n—1+ ()\)) Ap_1+

0 (0.0) = (G (0) = g (V) As + (G352 () — g2 (V) Ao+t
+ (Gﬁfi,n_H (A) = gn-1n-1+ (A)) Ap1 + (1= G2 (V) B.
1. Let Ay =...= A,_1 =0. We get from (21)

y1 (0,2) = (L+ G (V) A+ (G (A) = gin— (V) B,
and from representations (19)
n -1 m — N
(0,0 = (1=Ghm (V) (L+GHT (V) Ar = (14 G- (V) Ar
Comparing the last two equalities we have

1+ GHE ) = (G2 () = gin- (V) S (A) =1+ G- (V)

nn—

or

GHEE ) + (G2 (V) = g1 (V) S11 (V) = G- (V). (22)

Since

S11(A) = (L4 gin- (A) 7 (L + g1+ (V) (23)
it follows from (22)
GO+ (Gt () = gin- (V) (14 gin- (V) 7' x

X (1+g11+ (V) =G1_ (V). (24)

Here G7_ ()) is found from factorization (17) and gi,— (\), g11+ (\) from (23).
From (24) we have:

GUE ) (L+ gie (W) 4 (Gt (N) = gin- (V) A+ g1 (V) ! =

=Gl (N A+ g1 W) (25)

Solving this equation we find

Gt () =[Gy (_)\) (1+g11+ ()\))L (1+g11+(N),
Gt L (N) = gin- V) + [GH- (M) A+ g1+ V)] (L4 g1 (V).

Similarly, from other equalities (21) for
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Al=...=Ak 1 =Agp1=...= Ap—1 =0 we get
v (0,0) = (L+ Gt (V) A + (G2 (A) = gn— (V) B,

and from representations (11)

vk (0,0) = (1+ Gl (V) Ag, (27)
where
e () = (1= e )7 (14 Gy (V)
Consequently,
(14 G ) Ak + (Gt (A) = gkn— (V) Be = (1+ Gy (V) As

Gl ) + (G () = gen— (V) S (V) = G (M)

Finally we get

nn—

GZI;:I (A) == [(GL (N) = grn— (V) Sk (V)] _ (k=2,3,...,n—1).

The theorem is proved.

The next theorem follows from this theorem.

Theorem 4. Let the coefficients in system (1) be measurable functions and
satisfy conditions (2) and the zeros of the problem are absent. Then by the known
scattering matrixz S (\) the coefficients are uniquely determined.
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