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INITIAL BOUNDARY VALUE PROBLEMS FOR A
CLASS OF THIRD ORDER
OPERATOR-DIFFERENTIAL EQUATIONS WITH
VARIABLE COEFFICIENTS

Abstract

In the paper on a positive axis we consider initial boundary value problems
for a class of operator-differential equations whose principal part undergoes dis-
continuity. Here obtaining upper estimation of the norm of the intermediate
derivatives operators by the principal part of the considered equations we find

sufficient conditions of reqular soliability of the considered initial boundary value
problems.

Let H be a separable Hilbert space, A be a selfadjoint positive-definite operator
in H (A= A* > cE, ¢> 0, FE is a uniqueoperator).

We denote by Ly (Ri; H) a Hilbert space of all vector-functions determined in
R, = [0;4+00) with values from H that have the finite norm

+o0 1/2
s = ([ WO a)

Then we determine the following Hilbert spaces:

SU
Wi (e t) = fu 0 /) € Lo s, o) € o).
W3 (Rys H) = {u(t) futty e w (resry, O g, s=0;1;2}7
0 ’iu
W3 (e 1si) = {u ) fu ) € W3 (o). 0 o)
with norm

2
d3u

1/2
3 12
e (- I L P

where i is a fixed integer, and i may take only one of the values: i = 0;1;2 (on
spaces Lo (Ry; H) and W3 (Ry; H) in detail see [1; ch. 1]).

Here and in sequel the derivatives are understood in the sense of theory of dis-
tributions.

Under L (X,Y) we will understand a set of linear bounded operators acting
from the Hilbert space X to another Hilbert space Y, and Lo, (R+; B) is a set of B
- valued essentially bounded operator functions in Ry, where B is a Banach space.

Now let’s consider the following third order operator differential equation:

La(Ry;H)

d d*u d?u
¢ <> ult) = 2 p(t) A%u(t) + Ay (t) thQ(t)+
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du(t)
o = f(t),te Ry (1)

at fulfillment the initial boundary condition

+A2 (t)

d'u (0)
dtt

=0, (2)

where 7 is a fixed integer that can take only one of the values: ¢« = 0;1;2; f(t) €
Ly(Ri;H), u(t) € Wi (Ry; H), Ap(t) (k=1;2) are linear, generally speaking,
unbounded operators determined almost for all ¢t € Ry, but p(t) =, if 0 <t < T
and p(t) = B if T < t < 400, moreover, a and 3 are positive, generally speaking,
unequal numbers and for definiteness we will assume a < 5.

Definition 1. If the vector function u(t) € W3 (Ry; H) satisfies equation (1)
almost everywhere in R, it will be said to be a regular solution of equation (1).

Definition 2. If for any f(t) € Ly (R4+; H) there exists a regular solution of
equation (1), that satisfies initial boundary condition (2) in the sense

A3—i=1/2 du (t) H 0

li ,
im 7

t—0

and there holds the inequality

||UHW23(R+;H) < cons Hf‘|L2(R+;H) ;

we will say that problem (1), (2) is regularly solvable.

Note that problems on solvability for initial boundary value problems (1), (2)
were studied in the case p(t) = 1, t € Ry and A (t) = Ax (k=1;2),t € R4 in
the papers [2], [3] and for ¢ = 0 in the case when only A (t) = Ax (k=1;2), t €
R, in the paper [4]. The case i = 0 with variable operator coefficients in the
perturbed part of the equation was considered in the paper [5]. Here alongside
with the case i = 0 we study the remaining two cases of initial boundary value
problems on an semi-axis Ry for the equation(l): ¢ = 1 and ¢ = 2. Besides,
we state a new approach, to the estimation of the norms of intermediate derivatives
operators, participating in the perturbed part through the main part of equation (1)

0
in subspaces W3 (Ry; H;i) (i = 0;1;2) that leads to improvement of the estimations
known before and thereby admits to obtain new theorems on regular solvability of
initial boundary value problems of the form (1), (2) in the cases i = 1 and ¢ = 2 but
in the case i = 0 to improve the results of [4], [5].
First of all let’s consider the main part of equation (1)

3u
@ (Gia) w0 =" 4 o0 40 = £ ).

where f(t) € Ly (Ry; H). Let’s denote by Qéi) an operator acting from the space
0
W3 (Ry; H;i) to Lo (Ry; H) in the following way:

. 0
Qu () = Qo (jt;A) wlt)ut) € WE (Rys H3 ).
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Then the following theorem is true.
Theorem 1. The operator Q(()Z) realizes an isomorphism from the space

0
W3 (Ry; H;i) to Ly (Ry; H).
Notice that the case i = 0 was proved in the paper [4] and found its generalization
in [5]. The cases i = 1 and i = 2 are proved similarly.

A 0
Now we denote by ng) an operator acting from the space W23 (Ry; H;i) to

Ly (Ry; H) in the following way:

d?u (t)
dt?
It holds the following theorem.
Theorem 2. Let A = A* > cE, ¢ > 0 and A, (t) A% € Lo (Ry; L(H, H))
(k=1;2).

du (t 0
) ey € WE (Rys B

QVu(t) = Ay (t) + A, (2)

, 0
Then the operator QSZ) 18 a bounded operator from the space W23 (Ry; H;i) to

the space Lo (Ry; H).
0
Proof. Since for any vector function u (t) € W3 (Ry; H; i)

s_pd"u

2
< Ao (t A_3+kH
Ry:H) — ZSEZPH 3 () dtk

k=1

i

La( H—H ’

9
Lo(Ry;H)

we apply the known theorem on intermediate derivatives [1; ch. 1] and from the
inequality obtain

@i

The theorem is proved.

< t ) -
Lo(Ru:H) — cons Hu‘|W§(R+,H)

0

is a norm in the space W3 (R4; H;1),
Lo(ResH) p 5 (R4 )

equivalent to the initial norm ||UHW23 (Ry;H)- Since it is known that the operators of

Theorem 1 implies that HQ((Ji)u‘

intermediate derivatives

kdk 0

AR WS (R H3i) = Lo (R H) (k=1,2)

are continuous [1; ch. 1], the norms of these operators may be estimated by

a5

. But we first study some properties of polynomial operator bundles

La(Ry;H)
that we shall need in our further investigations.
22/3ﬂk/3
Let qr = s k=12
3

3
We consider the following operator bundles that depend on the parameter
ve[0q ), k=1;2:

1
Qr (%75 4) = 5 (iN)° B+ aA® — 5 (i0)*F AT =152,
The typical polynomials responding to them will have the following forms:

1
Qr(Xi730) = 5 (0N +a0® = (N o2, k= 1;2,
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where o € o (A) is a spectrum of the operator A.

The following lemma is true.

Lemma 1. Let v € [0; q,;l), k = 1;2. The polynomial operator bundles
Qr (N7 A), k= 1;2, are invertible on an imaginary axis and they admit the fol-
lowing representations:

Qr (N7 A) = F (M7 A) Fi, (N1 4), k=1;2,

moreover

1i[(AE Yaw, ,(7)4) =

= ﬁA?’E +dy g (V) N2A + dag (7) AA% + ad?,

where Rewyn (v) < 0, n = 1;2;3, and the numbers dy i (7y), day(y) satisfy the
following systems of equations:

1) for k=1 2) for k=2
d d
d%,l (/}/) -2 2\‘/&(7) = 07 2 2\/7%(7) - d%,22(7) =7 (3)
2y/ady (v) —dsq (7) = 2y/adip (v) —d55(v) = 0.

Proof. Let A\ = i, € R = (—00;4+00). Then t is clear that for the typical
polynomials we have be following relations:

&
Qr (Aiy:0) = Q (i&;v;0) = 0° (1 (52>3+a> ( 2> >

Because of

we get

Qr (i&7;0) >0 (4)
for v € [O;QEI), kE = 1;2. It follows from (4) that the polynomials Q (X\;7;0)
have no roots on an imaginary axis for v € [0;q,;1), k = 1;2 . Obviously each
of typical polynomials Q (A;v;0) for o € o (A) has exactly three roots from the left

half plane. Since these polynomials are homogeneous with respect to the arguments
A and o we can represent them in the following forms:

Qr (N;750) = Fr (\v;0) Fi (A v50), k= 1,2, (5)

where Fy (\; )]i[l( ()\fa)zf)\g—i-dlk( YN0+

%\
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da (7) Ao? + ao?, moreover, Rewg, (v) < 0,k = 1;2;3, and the numbers
di i (7), da (7) satisfy the following systems of equations obtained from relations
(5) by comparing coefficients at the equal powers

1) for k=1 2) for k =2
d d
Ry () = 2257 =0, e~y () =,
2y/adia (v) —d51 (v) =7 2y/ady g (v) = d5 4 (7) = 0.

In sequel, using spectral expansion of the operator A we get the proof of the
lemma from equality (5). The lemma is proved.

Now, let’s formulate the theorem that plays an essential part in further investiga-
tions an indicates importance of study of spectral properties of polynomial bundles
Qr (\;7v; A) and Fy (A\;7; A), k= 1;2 introduced earlier.

Theorem 3. Let v € [0; qk_l). Then for any u(t) € W3 (Ry; H) it is valid the
equality

1 d3u dFul?
+ Jaddy ‘ 3-g U _
Hﬁ dt’ Lo(ReiH) Ll DRTI)
d 2
=7 (i) o (G )bV (©
La(R4;H)
where H3 = élH,
Vadyy (v)  Vadig () ] 0
Gu(y) = | Vadix(y) dig(y)dap(y) 2220 |
0 dz,k(’y) dl,k('Y)
V] VB
dPu (0)\?
— 3—p—1/2% ©\Y)
1/} (w =4 dtp >p:0.

Proof. Now let’s define the space D3 (Ry; H) a set of infinitely differentiable
functions with values in D (A3) having a compact support in R;. Since the space
D3 (Ry; H) is dense in W3 (Ry; H) (see [1; ch. 1]), it suffices to prove the theorem
for vector-functions u (t) € D3 (R4; H). Then

d
Py A
‘ k(dt’% )U

du
vy |2

2 2

2
d?u

a2 +

+di () HA

L(R~H):7 ﬁL(Rﬂ) Lo(Ry;H)
24 25 2(£t4;

+ |47
La(Ry;H)
), ()
VB at*’dt ), m.m

d 3 3
2k (7) Re (dg,AQdu> + 2@ Re (%,Ag’u) +
\/B dt dt LQ(R.HH) \/B dt LQ(R+7H)

d d
+2d1 1, (7) dak (7) Re <A§, A2 “) +
dt dt Lo(R4;H)

2
u||L2(R+§H) +

+2

_l’_

+2




156 Transactions of NAS of Azerbaijan
[S.S.Mirzoyev, A.R.Aliyev]

d d
s2vadi ()Re (AT A)  wavada () Re (452 4%
dt L2(R+, ) dt LQ(R+y )
and here applying integration by parts we have
‘Fk (d"y'A>u : 2 —l—aHA?’uHQ +
at La(RysH) dtg Lo(Ry5H) Falftst)
do . (77) dul®
- <d2 p(7) — 2= -
1, \/B dt2 Lo(Ro:H)
du|? dik (7) 2
+ (B4 () - 2vada () | 4 SO e
(, ) At || 1, Ry m) VB
dak (7) Va
-2 e(?ﬁﬂﬂ)—QiReWﬂ#)*‘
VB S Vi3 270

n (\/fg i () d m) 2 — 2v/ad i () Re (. ) — Vadas (1) [

If we calculate H%‘f;g + a3y ) - similar to
2 +3

d... 2

HFk (E?V?A) u”LQ(R+;H)’ we find
1 du
+ VaAiu -
H\f dt3 La(RasH)
e va Va 2
dt3 (Roi) +a HA UHLQ(RJF;H) - 2% Re (19, %q) + ﬁ |1 I” - (8)

Taking into account (8) in (7) by lemma 1 we get the truth of equality (6). The
theorem is proved.
The following one follows from theorem 3.

0
Corollary 1. If u(t) € W (Ry; H) and v € [O; qk_l), then

1 du dku || d 2
VB dt3 N are s ) dt’ [P
Obviously, the norms Hu||W§,(R+;H) and H ﬁ% + \/aAg’u‘ Lot t) are equivalent
0 0
in the spaces W3 (Ry; H) and W3 (R ; H;i).
Let’s calculate the numbers:
pdFu 1 ddu -
aO,k - Sup A3 kw ‘ \/> dtS + \/7A3 )
0 . .
O ue WS (R H) La(R4;H) La(R4;H)
e dFu 1 d3u -
ai,k = sup 3 k‘ﬁ f dt3 + \/>A3
0 . .
0;£u€W23(R+;H;i) L2(Ry3H) L2(Ry3H)
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First we calculate ag .
Lemma 2. The numbers ag ) = q,i/Z, k=1;2.

Proof. In equality (9), passing to limit as v — qlzl, we have that for any
0
vector-function u (t) € W3 (Ry; H) the following inequality is true

2 2

kdku

A3
dtk

+VaAiu

)

H 1 du
Lo(Ry;H)

TR ar

and thereby we get

-1
> qy
Ly (Ry;H)

1/2
aok < qk/ , k=12
Now we are to show that here it holds an equality. For this purpose for any

0
n > 0 it suffices to construct a vector function u, (t) € W3 (Ry; H), such that the
functional

2

< 0.

Ly(Ry;H)

_ o dku
_(qkl_i_n)HA?) k#

e (uy) = H
"o lvB e Lo(Rei )
The construction method of the function u,, (¢) is similar to the method of the
papers [6], [7].
The lemma is proved.

0 0
By W3 (Ry; H) C W§ (Ry; H;i), then a;), > agr = qp'°, k = 1;2 . Notice

0
that for any vector-function u (t) € W3 (Ry; H;i) and vy € [0; qlzl) it is fulfilled the
equality

1 d3u 2 dku 2
——— +VaAu —7’143’“ =
H\fﬂ dt? La(Ry:H) At || Ly (s
d 2 ~ ~
= || F (;7;A> u + (Gr (i), ) (10)
‘ dt Lo(R.3H) < )H2

2
where H?> = @© H, G}, (7;1) is a matrix obtained from G}, (7) removing the i + 1-th
m=1
~ ~ - 1
column and row, ¥ = (wrj = A3*Tj*1/2d;t71ﬁ§0)> ' O,rj = 4. The truth of equality
]:

(10) directly follows from theorem 3.

The following lemma show’s that the numbers a; 1,k = 1;2 may equal q;/ 2,
k=1;2.

Lemma 3. For a;j = q,i
positive for any v € [0; qk_l).

2 it s necessary and sufficient the matriz Gy (vy;1) be

1/2
qk/ .

Proof. Necessity. Let a;; = The from (10) for any vector-function

0
u(t) € W3 (Ry; H;i) and v € [0; qgl) we have

d 2
‘Fk <Clt777A>u

+ (Ge(ri) 9 B) >

Ly(Ry;H)
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1 d3u
’ + VadPu x (1=~a;,) > 0. (11)
La(Ry;H)

\f a3
As the polynomial operator bundle Fy, (\;7; A) for v € [0; q,?l) has the form (see
lemma 1)

3
F, (N A) = 1 (%\/B)\E— Vawp p, (7) A), where Rewy, , (7) < 0,n = 1;2;3,

n=1

the Cauchy problem

d

Py a - 12
(Gia) un=o, (12)

d'u (0)
e — 1
w0 _y, (13

drj’LL(O) —(3—r:—1/2)77 . ~ .

dt7i =A ( J /)¢]7 Z?érj,¢j€H,j:0;1, (14)

has a unique solution u. (t) € W3 (R4; H), represented in the form

u., (t) = eWWk,l('Y) ©o + e«ﬁwk 2(7)tA o, + eka’3(7)tA902,

where ¢, ¢, @y € D (A5/ 2), subjected to unique determination from the conditions
in zero of (13), (14). Thus, writing inequality (11) for the vector-function u., (t), we

get for v € [0;¢;) (Gk (v:1) ¥, w)
Sufficiency. If for any v € [0;¢; ) the matrix Gy, (y;1) is positive, the equality

0
(10) implies that for all u (t) € W3 (R4; H;i) and vy € [0; qgl)

1 ddu 2 dFu
— 4+ adu HA3 k
H VB dt? Lo(ReH) At |,y
. 1 1/2 1/2
Here we pass to limit as v — ¢, get a;x < ¢,/ ", and have a;; = ¢,’”. The lemma

is proved.G
If should be noted that for specially chosen i and k there may be a;j > qi/ 2,
Lemma 4. a;; > q,iﬂif and only if the equation det Gy (7v;i) = 0 would have a

solution from the interval (O; qlzl), moreover, the least of these roots equals a;,?.

Proof. Let a;) > q,i/2 . Then a;,? € (0;(],;1) .From (10) for v € <0;a;,?> we

have:
d 2
‘ Fy, (dt;v;A) u <Gk (734) ¥, ¢>
Lao(Ry;H)
H L du + VadPu x (1—~aZ;) > 0.
VB dt3 La(Ry;H) "

If in the last inequality we take the solution of problem (12), (13), (14), we find
that the matrix Gy (7;4) is positive for v € [O;w_g), and thereby the last eigen-

value g () of the matrix Gy, (7;1) is greater than zero for any v € [O, a; k) From
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definition of a; ;, we have that for v € (a;,f; q,zl) there exists such a vector-function

0
vy (t) € W3 (Ry; H;i) that

2

3
‘1‘1’/7

3
VB dt? Vel

Lo(Ry;H) Lo(Ry;H)

Taking the last inequality in (10) into account we find
d
‘ F (dt;v;A> Vy

T 1
17}7: <A3rj1/2d“/’y (O)> T A
j=0

2

+ (Gr (;9) 0., 0 <0,
La(RysH) ( ! ’Y)HQ

where
dt’i

By the same there exists such a vector 1717 € H? that for v € (ai_lf ; qk_1>
<Gk (v; 1) 1%7, 1717) S 0, i.e. the least eigen-value p; () of the matrix Gy, (v;1)
is negative for v € (ai_,f; qk_1> . As the p; () is a continuous function of the argument

v € [0; qk_l) we get 1 (az_lf) = 0 and this means that the equation det Gy (vy;1) =

0 has even if one root from the interval (0; qk_l). Inversely if det Gj (v;i) =0 has a
root from the interval (0; qlzl) it means that for any v € [0; qk_l) the matrix Gy, (7;17)

may not be positive. Therefore, by lemma 3 a;; > q;/ 2, Denoting the least root of
the equation det Gy (v;i) = 0 by A; ;, we see that ai_lf < Aip by virtue of the fact

that from the proof of the lemma we get that for v € [O; a;,f) the matrix Gy, (v; 1) is

positive. And as det Gy, (a;’,? ; z) = 0 we find that a;’,f = Ai k- The lemma is proved.
Combining the last two lemmas we get the following theorem being one of the
main results of the paper.
Theorem 4. The following equality is true:

1/2 . _
o] @ Tor detGrni) £0, v € (047,
N )\;]i 2 in the contrary case.

Now, considering the cases ¢ and k we get the statement
1/2 1/6 1/3
Theorem 5. ao1 = a1 = ¢' 1021 = 513,173 00,1 = 35,1765 01,2 = 022 =

1/2
QQ/-

Proof. Considering the above mentioned ones to find the numbers a1 we have
to solve system (3) for & = 1 together with equation det Gy (7;0) = 0. There
det G (7;0) = 0 has only the solution v = 0 ¢ (0; ql_l) . Therefore ag; = q%/z .To
find the numbers a;; we have to solve system (3) for k¥ = 1. Together with
equation det Gy (v;1) = 0. Here det G (7;1) = 0 has no solution from the interval
(O;ql_l) ie,vy=0¢ (O; ql_l) as well. Therefore a;; = q%/2. Considering system

(3) for k =1 with equation det Gy (;2) = 0 we have dy 1 (v) = 22/;170/‘;/6, dai(y) =
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_ 1/6
21510/‘;/3, consequently v = 22;310/‘32,/3 € (O;q1 1). Therefore a1 = 5775775. To find
the number ag2 we have to solve system (3) for & = 2 together with equation
det G2 (7;0) = 0. And we have dy 2 (v) = 21/;17‘7;/6, daa(y) = 22//;1‘;/‘61/3, consequently
2/3.1/3 _ 1/3
=2 52‘}3 € (0; 5 1). Therefore ag 2 = 21§33W To find the numbers a1 2 and ag2

we have do solve system (3) for k& = 2 together with, equations det G5 (7;1) = 0 and
det Go (7;2) = 0, respectively. And such of these equations has only the solution
v=0¢ (0 qgl). Therefore a1 2 = a2 = qém. The theorem is proved.
In sequel, by obtaining conditions of regular solvability of initial boundary value

problems of the form (1), (2) we need the following coercive inequalities.
0
Lemma 5. For any vector-function u (t) € W3 (Ry; H;i) the inequalities

H1d3

JBdr vadlu

< a2 HQEPU‘

,1=0;1;2,  (15)

La(RasH) La(Ry3H)

hold.
Proof. Let i = 0. In the paper [4] it is established that if

0
u(t) € W3 (Ry; H;0), then

d3u||? du (0)
~1/2 (4 +H 12 () APu ) HA3/2 H —1” (0) ‘
Hp ®) 3m dt3 ||y om, P Lo(Ry:H) dt QO Lo(Ry;H
Whence we have
du (0) |2 _ 0
A3 2 A3/2 1 H ) ‘ 16
T R R N

0
Applying integration by parts and considering that u (t) € W3 (Ry; H;0) we get

+ VaAy

H 1 du
La(RysH)

VB dt3

A3/2dL(O) ’

. HH (17)

2
+a [ A%,

-5l

Tt 5
La(R;H) (Rl /B
Comparing (16) and (17) we have
1 d®u 0)
+ VaAu < o120 )
H\f dt? Ve Lo(Ri:H) ’ HQO u‘ L2(R+:H)

The truth of inequalities (15) for ¢ = 1 and ¢ = 2 is established similarly. The
lemma is proved.

The investigations carried out up to now allow to establish sufficient conditions
of regular solvability of initial boundary problems of the form (1), (2). The following
main theorem is true.

Theorem 6. Let A= A* > cE, ¢ > 0, the operators Ay, (t) A%, k = 1;2, be
restricted in H and it is fulfilled the inequality

biasup [ Ay () A7y + bizsup |42 () A7y <1,
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where the numbers b1 and b;o (i = 0;1;2) are determined in the following way:

1/3
_ 1/2
bO,l = W; bl,l = 52,1 =« 1/2612/ ) 50,2 = b1,2 =
1/6
_ —1/2 1/2, _
=a g by = 91/3,,5/6"

Then each of initial boundary value problems (1), (2) (i =0;1;2) is regularly
solvable.

Proof. Obviously we can represent the initial boundary value problems (1), (2)
in the form of the following operator equations:

Q) u () + Q) = £ (1) (i=051;2),
where o
f(t) € Ly(Ry; H), u(t) € W3 (Ry; Hyi) (i =0;1;2).
It follows from theorem 1 that the operators Q(()i) (i = 0;1;2) have restricted
N1
inverse operators Qél) (i = 0;1;2) that act from the space Lo (Ry; H) to the space
0
W3 (Ry; H;i) (i = 0;1;2), respectively.
N1
After substitution u () = Qg) v(t) (i=0;1;2), where v (t) € Ly (R4+; H) we
get the following equations

(B+al ) v =r@ (=012).

Now we can show that by fulfilling the conditions of the theorem the norm of

. N1
the operators le) Qg) (1 = 0;1;2) is less than unit. Taking into account theorem
5 and lemma 5 we have

() A& ! II(PNO) d*u
HQl @ v La(RysH) HQ1 u‘ Lo(Ry3H) — HAI ") 42 Lz(R+;H)+
du d?u
+ [|Ag (t) — < supl|A; (1) A7¢ . HA +
” 20 g Lo(ResH) 1 R A ||y r )
o 42 () 472y | 425 <
t dt La(RysH)
< <b,~ ssup [ Ay (6) AN, + biasup ||z (1) A7 ) @] _
AP H—H " 7027 H—H La(Ry;H)

= <bz,1sgp AL () A7,y + b@-,zsltlp | A2 (2) A_2}|H_>H> Wl Lyry ) -
As a result we have

<

HQ@ (()i)il‘ Lo(Ry;H)—Ly(Ry;H) —

< biJS‘;p HAl (t) AilHHHH + bﬁs‘jp ”A2 (t) A72HHHH <L
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. N—1
When these inequalities are true the operators E + ng) (()l) (1 = 0;1;2) have
the inverse in the space Lo (Ry; H) and we can determine wu (t) by the following
formulae: .
N—1 . N1\ —
wt) =@ (E+ePel ) rw,
moreover

X
Lo(R4;H)—W3 (R4 H)

N1
lellwsrm < | @5

-1

X Hf||L2(R+;H) < const ||f||L2(R+;H) :

Lo(R4;H)—La(R4+;H)

(B+0Pf)

The theorem is proved.

Remark. Notice that the results of the paper essentially improve the corre-
sponding results of the paper [4], refine the results of the paper [5] and of these for
p(t) =1, t € Ry we can obtain some results of [7].
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