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Yusif A. MAMEDOYV, Saleh Z. AKHMEDOV

ON SOLUTION OF A MIXED PROBLEM FOR AN
EQUATION OF THE FOURTH ORDER WITH
DISCONTINUOUS COEFFICIENT

Abstract

It is known that the solution of mized problem for parabolic equation in sense
of G.E.Shilov doesn’t always exist. In this paper there was considered a mized
problem and found a solution in the form of contour integral for parabolic equa-
tion in the sense of Q.FE.Shilov in one interval and in the sense of I.Q.Petrovsky
in the other one.

We consider the mixed problem of the form

ou 0t 0%u
== = =2 1 1
T p(m)a$4+q(x)aw2, 0<x<l1, t>0, (1)
w(0,2) =g, (2), ap—1) <z <alp-2+p-1, p=12 (2)
OFu ()
L = —27 =0, k=0,1
k+1 (u) oxk 0 ) s Ly
OFu (z,t)
L = —2 7 = k=0,1
k+3 (u) Ok - 0, 0,1,
Lj, (u) + Li (u) =0, k=58 (3)
OFu (z,t)
L]]%+5 (u) = 7k+1w o y k = 07 37
OFu(x,t
Lz+5 (U) = (5k+la(k> , k=0,3,
T r=a+0

where p (z),q (), ¢, (z), ¢y (z) are the known complex-valued functions, vy, 0y are
complex numbers 0 < a < 1

o [ @[+ V-Ir], 2 €0,0),
p()_{ V—1rpo (z), = €[0,1],

po(z) >0, z€0,1], v<0, 7>0, Reqg(z) >0, z € [a,1].

By S;k) (j =1,8; k=1,2) we’ll denote the following sectors of complex A plane:

stk = {A ’(_1)3‘ Re (1 — V1) Vi () A > 0; (—1)’ Rev/—1Vj () A > 0},

J
1=12; k=12
. , |
s — {/\‘(—1)3 Re (1 — v=1) Vi () A < 0; (1) ReVj (z) A > o},
=34 k=1,2:
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S = {A\|(=1V Re Vi, (2) A < 0; (=1 Re (1+ V=T) Vi (2) A > 0},
j=5,6; k=12
S = {0 (=17 Re (14 V=) Vi (2) A < 05 (<1) Re vV=1Vj (2) A > 0],
J=T7.8 k=12

where Vi (z) = 0(z) = (po () \/’m)_iexp [ﬁ (Z - iarctg;)] L at o €

[0, @),
1
Vo(z) =w(z) = (Tpo (x)) *exp 3/—1, at z € [, 1].
Problem (1)-(3) is associated to the following spectral problem:

p@)y" +q @)y =Ny = —p, (x), (4)
ap-l)<z<alp-2)+p-1, p=12,
L1 (y) =y™ (0) =0, k=0, 1,
Lips(y) =y (1) =0, k=01,
Li(y)+Li=0, k=5
Liis () = Yery™ (@ —0),
Lii5 (y) = 6kpay™ (@ +0),

w

0,
=0,3

)

787
k
k

The following theorem is proved:
Theorem 1. Let the coefficients of equation (4) satisfy the conditions:

po (z) € C%0,0), p[()k)(ac)‘ <M, (k=0,2), z€0,0),

po(z) € C*a1], q(2) € C[0,1]

Then at \ € Si(p) (p=1,2; i =1,8) in the period (a(p—1), a(2—p)+p—1)
equation (4) has four linear-independent solution y4(,—1)4x (7, A) (p =1,2; k=1, 4) ,
allowing the asymptotic representations:

A yar g (2, A _ s 3 .,
Ya(p ;;;k( ) _ [(ﬁ)k 1%@))\} vt [1+E()\ )\)} y
xexp | (V=1)"T A / v, (€)de| (6)
a(p-1)

I
—_
4[\3
~

I
_
co

~—

ap—-H)<zx<al-p +p—1;, k=1,4 s=0,3; AGSi(p) (p

where E (z,\) are bounded analytical functions for large |\|.
Solution of spectral problem (4), (5) is found in the form of ([1], pp.162-167).

AP (4 Y AD2) (4
() = { St p g [S0 S 9w @
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Here
u11 (x &N u%’j) (x,\) . . . ugg’J) (z, )
ugy” (5 A un (A urs (A)
A (z,€,)) = ‘ ' . (8)
ugij) (&N usy (A) ugs ()
uir (A) . .o g (N)
AN : (9)
us1 ()\) . . . Us8s ()\)
where .
ug{]) (l‘,f, )‘) = 5 (1 + (_1)Z+]) 9 (xaga )‘) ) (7'7.] 17 2) ’
a5 (@A) =y (2,2), (=12 ¢=2,5),
w7 (@, 2) =0, (j=1.2 ¢=6,9),
u (@A) =0, (j=1.2 ¢=275),

ugq)(a:)\)—yql(x A), (j:1,2

20 = uf? €N =u@V €N =V €N =0, (j

(ga )‘) = Lpfl (92)50’ (] = 17 2; q = 47 5) s

ulid (€, 0) = (1+( )1+J)L L (g1), +%(1+(—1)j) Ly (92),

(i,j=1,2; ¢=6,9),

q¢=16,9),

1,2),

o Li(yj(x,N) at (i=1,2; j=1,4),
“”(A)_{ 0 at (i=1,2 j=58),

o J 0 at (i=3,4; j=1,4),
Uij ()\)_{ Lz (yj ($,)\)) at (i:3,4; j:5,8),
wij () = Lj (y; (x,A), (i=5,8 j=1,4),
uij (N) = L7 (y; (2,))), (i=5,8; j =5,8),

. —p1 () (z)
fi () pg(x)(7+ﬁr)’f2() =Trpo (2)

4p
(6N =55 Y A ENm @A), (=12,
k=4p—3

<+>» ata(p-1l)<é<z<al-p) +p-1

(10)
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<K=> atap-1l)<z<é<al-p)+p-1, (p=12),

w? A
hrapn €0 = S (=TT p=1.2) (1)

WP (&, ) is Wronskian determinant for fundamental system of partial solutions
Yap—3 (T, A), Yap—2 (2, X) , yap—1 (2, X) , yap (2, A) of homogeneous equation, correspond-
ing to equation (4) at a(p—1) <z <a(2—p)+p—1, p=1,2.

Wi (€, A) is algebraic complement of the element (4,k) of the determinant
Wp(é’)\), (p: 1,2 k :m)

Denote by A, and ,u% (1 =1,2,3,4n=1,2,...) zeros of the determinant A ()
laying on the j-th quarter.

The following theorem is proved: ([2], pp.5-12).

Theorem 2. Let

po (z) € C%0,0),

) (@) <M, (k=02),z€0,0),

o (z) € C*[a, 1], q(x) € C[0,1],
o1 (x) € C0,0), oy ()] <M, z€[0,0), () € [r,1] and By #0, k=1,2

Then solution of problem (4), (5) is out of § neighborhood of the points A = 0,
M, 7, whose asymptotic distributions are determined by the formulae

- o 1

N = eV~150-1) 2/9 (&) de [mo (-ii) + 27rk\/jl] +0 C{) ,

k — 400,
"« 1
. o B 1
W, = eV-150-1) Q/w (&) d¢ {27m\/— —Ing (—;)] +0 (n) ,
L 0 !
n — 400, (12)
analytically and it holds the estimation
1 —
yzO(}\?)), A — 400, Ae P (p=1,2; k=T,8), (13)

where

6
By =a1 +vV—1las — a3 — as — vV—1las + ag, Bg = Zak"
k=1

a1 = 717203040 (@) , ag = 2717302640 () W’ () a3 =717402030° (@) 67 (a)
a1 = 7y7301046% (@) w? (), a5 = 27574810360° (@) w (@), ag = 737401020" () .
Theorem 3. Let the functions p(()k) (x) and gogk) (z) (k=0,2) be continuous and
bounded on [0,«) and conditions

po(i’)a@z(x)ECQ[aJL q(x) € C0,1], 1 (0) = 1 () = g (@) = o (1) =
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be fulfilled. Assume that |Bg| > |B1| > 0.
Then problem (1)-(3) has solution which is represented by the formula

N3Nty (2, \) d. (14)

u(z,\) = 7T\/7

Here Ly is unbounded open circuit contour determined by the relation

le{)\‘)\:—lcot%%—reﬁ@, —gﬁgogg}u

U{)\‘)\ = —lcotg—i—Rei%ﬁ, R > r}.
Here r > 0 is sufficiently big number, and | satisfied the inequality

In|Bs| —In|B
0<i< n|12| n|Bi|

2 cos gf (Tpo (f))_i dg

«

Proof. Let r, be a monotonically increasing and positive numerical sequence
satisfying the condition lim r, = 400 on A complex surface. Consider such O,

n—oo
circumferences of the radiuses r, which do not intersect with the circumferences

‘)\ — )\%‘ = and },u — /ﬂl =9, (j = m) It is always possible.

Really, from formula (12) we have:

- o -1
/0(§)d§ +O<Tll>,n—>+oo,
L0

-1

M1
/w(ﬁ)dﬁ +O<i),n—>+oo.

On positive direction of the axis Oy we’ll choose such points H and K for which

conditions OH =1 and OK = r are fulfilled.

J J
An—i—l )‘n -

J J| =
Hnt1 = Hp| =T

In|Bs| —In|B
Here 0 < I < n| 12’ n| B ,and r is sufficiently large number.
T _1
2cos = (7o (€)) dg

«
On A-complex surface we’ll construct unbounded open contour Ly (k = 1,4)

hu
U{)\‘A:eﬁ%(k’l)(—lcot8+Rei8F) R>r} k=T4 (15

Intersection points of the contour Ly, (k = 1,4) with the circumference O,, we’ll

denote by A, and By, (k‘ = m)

determined by the equalities

Ly, {)\ ‘)\ = V15 (1) <—lcot% + reﬁ@> , % <p<

|3
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Fig.1.

We'll show that the integrals determined by formulae (14) uniformly converges
at t > 0. For this we’ll take into account (13) in (14):

4 4 4 s _ 4 .
‘)\3:[/ (ZL‘,)\) 6)\ t’ < Met|)\| cosdarg A _ Met\)\| cos4(8+6n) — Me t|A|” sin4dy, <

8 areain( L 7in 3 .
—t;arcsm(‘Tlsln%) SMe—t%lsm%p\‘S'

48
< Me %0 — pre

1
Here §,, = arcsin <l sin 37T>

Al 8
Allowing for solution (14) in equation (1) we’ll get:

% _ ($) @ — (.T) @ —
or P\ g T\ g2 T
= = [ W) =@ @) —a @)y (@] A =
Ly
-2 /)xggo () Nd. (16)
v—1
T ..

By the Cauchy integral formula we have:

4
k=1

4
AN+ / ABeMta) = 0, (17)
Apn By F By, k=1
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where 1y, = BinAon, to, = BanAsn, f3, = BsnAan, pay = BanAin.
We’ll show that the truth of the following equality at ¢t > 0:

lim [ AeXtdN =0, k=T,4. (18)

n—oo
Hn

Really for £k = 1 we have:

T—48n, 471'/2
4 1 o r i 2
/ NeMtan| = Zrﬁ / e trnsNedy, < Z" e nxPdp4-
BlnAQn 4571, 46n
47r—45n
T —trd (2—2 ) d —trifs trd
+-2 e mET2)dp = — e nadn — el | <
4 LT
w/2
T 8 s 37
< Zt [e—trg;lsm? _ e—trfg] m 0.

Using the formulae for determination of contour Ly we’ll obtain:

/ AAdN = lim / AN =

n—oo
L1 A1pE1F1 By
— lim / ABeMtd\ = / ABeAtdN, k=24, (19)
n—oo
AknEkaBkn Lk

Passing to limit as n — oo in equality (17) and using equalities (18), (19) we’ll

obtain:
/ AN = 0.

Ly
Allowing for this equality in (16) we see that function (14) satisfies equation (1).
It is easy to check that integral determined by formula (14) satisfies boundary
conditions (3).
Now check the fulfillment of initial condition (2).
Allowing for the conditions of the theorem we can show the truth of the equality

_2SO (.’B) W, va
y(l‘,/\): )\Z + p)(\S )

AeSE (j=1,8k=1,2), (20)

,Oé(p—l)<l'<0é(2—p)+p—1,p:1,2,

Here W), (z,\) (p =1,2) are bounded and analytical functions out of ¢ neigh-
borhood of poles of Green function.

Using the found formulae (12) for pole of Green function we can show that the
function y (z, A) is analytical inside of closed contour Ay, Fy F} B1, A1y, at |Be| > |By.

By the Cauchy integral formula we have:

//\3y(x,)\)d/\— lim / Ny (2, A) d\ = lim / My (z,N)dr. (21)

n—0o0 n—oo

Ly A1nE1F1 B Bk:nAkn
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Allowing for (20) and (21) we find:

—Z—6n
lim Ny (z,\)d\ = =2 (x) vV/—1 lim d\+
n—00 n—0o0
BlnAln %+5n
—5 7 0n V=TI
Wy (x,rne 5") /=1
—11i dp = . 22
+V—1 lim v PR ¢ (x) (22)
I 46n

On the other hand

2
u(x,0) = - _1/)\3y (z,\) d.
Ly

Allowing for (22) in (21) we’ll get the truth of the following equality:

u(z,0) = ¢ (x).

The theorem is proved.
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