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ON COMPLETENESS OF EXPONENT SYSTEM
WITH COMPLEX COEFFICIENTS IN WEIGHT
SPACES

Abstract

In the paper the exponents system with complex-valued coefficients is consid-
ered, the equivalence of completeness of this system in the weight space Ly , of

trivial solvability of definite conjugation problem in Hardy weight class is proved.

Consider the following system of exponents

{A ()€™, B (1) e*“nﬂ)t} (1)

with complex-valued coefficients A (t) = |A(¢)| on the segment [—m,7|. Investiga-

b
n>0

tion of basis properties of such system of functions in different functional spaces
is important not only from the view of applications in spectral theory of differen-
tial operators, but it is only of theoretical interest. Such a system in such general
form is considered by B.T.Bilalov [1] and he proved the basicity of this system in
L,=L,(—m,m), 1 <p < 400 at definite conditions on the coefficients A (¢) and
B (t). It should be noted than earlier the basic properties of system (1) at concrete
A (t) and B (t) were investigated by many authors (see for example [2] and [3-5]).
Not much papers were devoted to basic properties of such systems in weight
spaces. In the paper of K.S. Kazayran, P.I.Lizorkin [6] it is found the necessary and
sufficient condition on the weight p (t) for basicity of classical system of the exponents

{emt}jz in the weight space Ly, : (1 <p < 400)

Lo (-rm = {1: [T 17 @F p(0dt < o0} @)

—T

with norm

@ 1/p
Hfl!p,p—</ rf(t)yppdt) .

E.I.Moiseev [7] obtained necessary and sufficient condition on the parameters
a, € R (R is a set of real numbers) for basicity of system of the sines

{sin[(n +a)t + B]},51 in Ly, (0,7) when the weight p has concrete power form.
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In the suggested paper the completeness of system (1) is investigated in weight
space in Ly, , when the weight p has definite power form.

So, in future under L, , we’ll assume the weight space (2) with the weight p:

}B".

Assume the fulfilment of the following conditions:
D [A@®] IBOF € La

2) a(t) and [ (t) are piece-wise Holder functions on [—m,7];

t—TZ'

p(t) = ﬁ{sin

=1

where {7;} C (—m,m), {8;} C R is some set.

{si:—m <8 <..<s <} is the set of break points of the function 6 (t) =
a(t) =B (t);

3) the sets T' = {Tz}l1 and S = {s;}] do not intersect: TN S = {&}

By obtaining the basic result the class H, introduced in S.G.Veliev paper [9]
is used: let H1+ be an ordinary Hardy class analytical inside of unit circle of the

functions and v (t) > 0 a.e. on (—m, ) be some weight. Denote:

H&t,,déf{fEHfLi/ ‘f+(eit)‘qV(t)dt<+oo}’

where fT (eit) are non-tangent boundary values on a unit circle of the function f (z)
inside the unit circle.

The following is true.

Theorem. Let the complex-valued functions A(t), B (t) satisfy conditions 1),
2) and the inequality —1 < (3; < +o0, i = 1,1 be fulfilled. Then exponent system
(1) is complete in the space Ly ,, 1 < p < 400 only in the case if the homogeneous

conjugate problem

A1)
1Bt

Ff (1) Ff(r)=0 ae te(-mmn), t=argT, (0)

has only trivial solution in the class H;:l,, where q is a conjugate to p number,
V= pfi.

Let’s remind that under the solution of problem (0) in the class H;f , it is un-
derstood the pair of the functions {F} (z); F5 ()} from this class whose boundary
non-tangential values on a unit circle a.e. satisfy equality (0).

Proof. The conjugate to L, , space is L, ,, where g : % + % = 1 is a conjugate

to p number. Any functional L on L, , is representable in the following form:
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™

L(g)= [ Jfgpdt, g€ Ly,

—T
where (%) means the complex conjugation for some f € L, ,. Therefore completeness
of system (1) in L, , is equivalent to the existence of only zero function f from L,

for which the following relations are fulfilled:

i F@)A@)e™pt)dt =0, i F@)B@) e ™y (1)dt =0, Yn>0. (3)

In turn from these equalities we have:

/7r fF@)A®) p(t)e™dt = % / f(argT) A(arg7) p (arg 7) 77"dr = 0, V1 > 0.

—T

I7|=1

Denote

®(r) = [ (arg7) A (arg ) p (arg 7) 7, |7] = L.

Consequently,

¢ (1) m"dt =0, Vn > 0. (4)
I7I=1
Let I' = {z € C : |z| = 1} be a unit circle on a complex surface. It is absolutely
obvious that ®; € L;(I'). Then by the results of monograph of ILI.Privalov [§],
equalities (4) are equivalent to the existence of the function Fj (z) from the Hardy
class H;", for which non-tangential boundary values it holds F;" (1) = ® (1) a.e. on
I'. Thus:

Fr(n)=fH At pt)T, €T, t=argr.
Analogously from the second relation (3) we obtain:
Oy (1) Tdt =0, ¥Yn >0,

I7|=1

where
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From those considerations we obtain the existence of the functions Fj (z) from

the Hardy class H; for some F, (1) = ®2 () a.e. on I'. Consequently,

Ff (1) =ft)B(t)p(t), t=argT.

By comparing the obtained expressions for the function f (¢) we have:

Bt Fyf
() = 2 (7) t=argT, a.e. onT.

A)p)7  Bt)p(t)

As a result we obtain the conjugate problem

Fr(r)+G(r)Ef(r)=0 ae. onT, (5)
where G (1) = —%, t=argr.

On the other hand we can represent ®; (7) in the form: (¢t = argr)

@1 (1) = |f O] |Alp = | ()] p1 () |A ()| p7 (1)

1 . 1
Hence we easily conclude that [®1 (7)|p~ » (t) € Ly. Thus Fy" (e) p» € Ly and
1
as a result the function Fj (z) belongs to the class H(;TV, where v = p~ 7. It is easy to

note that the function F3 (2) also belongs to the class H,, thus if system (1) is not
complete in L, , then conjugation problem (5) is nontrivially solvable in the class
H ;f o

And now we assume that the homogeneous conjugation problem (5) is nontrivially

solvable in the class H, (;f . Denote by f (t) the following function:

‘We have:

/7r lf®))9p(t)dt < c/7T |FyF (eit)‘qplfq (t)dt =

—T —T

:c/

The last inequality follows from Fy € H.,. By the definition of the class H,,

Ff (eit) p_% th < 4-o00.

the function F; (z) also belongs to the space H;. Then by the V.I.Smirnov known

theorem we obtain
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/ Fff (r)r"dr =0,

IrI=1

and as a result

/ T AW p () T @t =0, Wn > 0.

—T

Analogously we have;

/ "B () p () " FVEF(#)dt =0, Vn > 0.

T
As a result from the previous considerations it follows that system (1) is not
complete in L, ,.

The theorem is proved.

References:

[1]. Bilalov B.T. Basicity of some systems of exponents, cosines and sines. Diff.
Uravn., 1990, v.26, Nol, pp.10-16. (Russian)

[2]. Sedletskii A.M. Biorthogonal distribution in series of exponent on intervals
of real azis. UMN, 1982, v.37, issue 5(227), pp.51-95. (Russian)

[3]. Moiseev E.I. On basicity of sine and cosine systems. DAN SSSR, 1984, v.275,
No4, pp.794-798. (Russian)

[4]. Wiener N., Paley R. Fourier transformation in complez domain. M.: “Nauka”,
1964. (Russian)

[5]. Devdariani G.G. Basicity of some special systems of eigen functions of not
self-adjoint differential operators. Ph.D. thesis, M.: MSU, 1986. (Russian)

[6]. Kazaryan K.S., Lizorkin P.I.

[7]. Moiseev E.I. Basicity in weight space of a system of eigen functions of dif-
ferential operator. Diff. Uravn., 1999, v.35, No2, pp.200-205. (Russian)

[8]. Privalov I.I. Boundary properties of analytic functions. M.-L., Gostekhizdat,
1950. (Russian)

[9]. Veliev S.G. Completeness of some exponent system with degeneration in L.

Proc. IMM NAS AR, 2003, v.XVIII, pp.141-146. (Russian)



14

Transactions of NAS of Azerbaijan
[B.T.Bilalov, Z.A.Gasimov]

Bilal T. Bilalov, Zaur A. Gasimov

Institute of Mathematics and Mechanics of NAS of Azerbaijan
9, F.Agayev str., AZ1141, Baku, Azerbaijan

Tel.: (99412) 439 47 20 (off.)

Received September 01, 2005; Revised October 24, 2005.
Translated by Mamedova V.A.



